GENERALIZED KILLING SPINORS ON SPHERES
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ABSTRACT. We study generalized Killing spinors on round spheres S”. We show that on
the standard sphere S® any generalized Killing spinor has to be an ordinary Killing spinor.
Moreover we classify generalized Killing spinors on S™ whose associated symmetric endomor-
phism has at most two eigenvalues and recover in particular Agricola—Friedrich’s canonical
spinor on 3-Sasakian manifolds of dimension 7. Finally we show that it is not possible to
deform Killing spinors on standard spheres into genuine generalized Killing spinors.
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1. INTRODUCTION

A generalized Killing spinor on a spin manifold (M, g) is a non-zero spinor ¥ € I'(XM)
satisfying for all vector fields X the equation VxW¥ = A(X) - ¥, where A is some symmetric
endomorphism field. If A is a non-zero multiple of the identity, ¥ is called a Killing spinor
[3, 5]. We will call generalized Killing spinors with A # Aid genuine generalized Killing
spinors.

Generalized Killing spinors arise naturally as the restrictions of parallel spinors on spin
manifolds M to hypersurfaces M C M (see [4, 11, 12, 16, 17]). In this case the endomorphism
A is half of the second fundamental form of M. The converse is true under certain conditions,
e.g. when both the manifold (M, g) and the spinor ¥ are real analytic [2].

In low dimensions any generalized Killing spinor ¥ defines a G-structure on M, where G
is the stabilizer of U at some point. The intrinsic torsion of this G-structure is determined
by the endomorphism A, and since A is assumed to be symmetric, some part of the intrinsic
torsion has to vanish. This leads to interesting reformulations of the existence of generalized
Killing spinors, e.g. they correspond to half-flat SU(3)-structures [8, 13] in dimension 6 and
to co-calibrated Ga-structures [9, 10] in dimension 7.
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In [17] we started an investigation of generalized Killing spinors on Einstein manifolds,
motivated by an analogue of the Goldberg conjecture. We showed that any generalized Killing
spinor on the standard spheres S? and S°, as well as on any 4-dimensional Einstein manifolds
of positive scalar curvature has to be an ordinary Killing spinor and we have constructed
examples of genuine generalized Killing spinors on S?. Moreover, we gave an account of the
other examples of genuine generalized Killing spinors on Einstein manifolds which can be
found in the recent literature on S* x §* and CP? (cf. [9, 15, 18]), and on 7-dimensional
3-Sasakian manifolds (cf. [1]).

In the present article we concentrate on the existence question for generalized Killing
spinors on standard spheres. It is a classical theorem that any Einstein hypersurface of
positive scalar curvature in the Euclidean space R"™! is locally isometric to S®. Thus spheres
are the only hypersurfaces in R""! admitting generalized Killing spinors. Our problem can
be rephrased into the question: Is it possible to realize standard spheres as hypersurfaces of
non-flat manifolds with reduced holonomy, e.g. Calabi-Yau or hyperkdhler manifolds?

Even on such simple manifolds as the standard spheres, the problem of proving existence
or non existence of genuine generalized Killing spinors turns out to be extremely difficult.
In this article we obtain the following partial results: in Section 3 we show that on S®
any generalized Killing spinor has to be an ordinary Killing spinor. The same statement
is true for any 8k-dimensional standard sphere if a natural vector field associated to the
spinor does not vanish identically. In Section 4 we consider generalized Killing spinors for
which the symmetric endomorphism A has exactly two eigenvalues. We show that this is
possible only in dimension 3 and 7, where the generalized Killing spinors coincides with the
examples mentioned above. In the last section we investigate deformations of generalized
Killing spinors. Using the Weitzenbock formula for trace-free symmetric tensors we prove a
rigidity result for Killing spinors on spheres, similar in some sense with the rigidity of Einstein
metrics [6, Sect. 4.63].

2. PRELIMINARIES

We refer to [5, 14] for basic definitions in spin geometry and list below some of the most
important facts which will be needed in the sequel. Let (M", g) be an n-dimensional Rie-
mannian spin manifold with real spinor bundle ¥M. The Levi-Civita connection V induces
a connection on XM, also denoted by V. In addition the real spinor bundle XM is endowed
with a V-parallel Euclidean scalar product (., .).

Throughout this article we will identify 1-forms and bilinear forms with vectors and endo-
morphisms respectively, by the help of the Riemannian metric.

The Clifford multiplication with tangent vectors is parallel with respect to V and skew-
symmetric with respect to (.,.):

(1) (X -0, ®)=—(U,X-d), VX, YeTM VU &ecM.
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In particular (X - ¥, &) = 0 for any vector field X and spinor W. The Clifford multiplication
with 2-forms is defined via the equation

(2) (XAY) U =XV U+ g(X,Y)VU.
Using (1) and the basic Clifford formula X - Y - +Y - X - +2¢(X,Y)id = 0, we easily get
(3) (XY 0,0) = —g(X,Y)(T,¥), VX, YeTM, ¥e3M,

which together with (2) shows that Clifford product with 2-forms is also skew-symmetric.
The curvature R* of the spinor bundle and the Riemannian curvature are related by
(4) RV U = IR(XAY)- ¥ VX YeTM VeXM,
where R : A2M — A2M denotes the curvature operator defined by
JR(XANY),UAV):=g(RxyUV), Rxy = [Vx,Vy] = Vixy].
Note that with our convention the curvature operator on the standard sphere acts on 2-forms
as minus the identity.
A generalized Killing spinor [2, 4, 12, 17] on (M, g) is a spinor ¥ satisfying the equation
(5) V¥ =AX)- U, VXeTM,
where A € I'(End(TM)) is some symmetric endomorphism field, sometimes called the endo-

morphism associated to W. Clearly a generalized Killing spinor ¥ has constant length and by
rescaling we may always assume that |¥|* = 1.

After taking a further covariant derivative in Eq. (5) and skew-symmetrizing one obtains
the curvature equation (see [17, Eq. (9)]):

(6) (dVA)(X,Y) = [(VxA)Y — (VyA)X] ¥ = 2AX)NAY) U +LIR(XAY) 0.
Moreover, one has the following constraint equations ([17, Egs. (11) and (12)]):
(7) 0 = 6VA + dtrA,

(8) scal = 4(trA)? — 4trA®,
where 6VA := —>"" (V. ,A)e; denotes the divergence of A.

It is well known that the standard sphere S™ admits the maximal possible number of real
Killing spinors trivializing the spinor bundle XM, cf. [3]. About the existence of generalized
Killing spinors much less is known. We quote the following previous results:

e There are no genuine generalized Killing spinors on S, S* and S°, cf. [17].

e There are examples of genuine generalized Killing spinors on S* of the form ¥ = ¢ - ®,
where £ is a unit length left-invariant Killing vector field and ® is a Killing spinor with
Killing constant % In this example the symmetric endomorphism A has eigenvalue %
of multiplicity 1, and eigenvalue —% of multiplicity 2, cf. [17].
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e There is a genuine generalized Killing spinor on S”, which again is of the form ¥ = ¢-®,
where ¢ is a unit length Killing vector field on S” and ® is a certain Killing spinor.
Like in dimension 3, the eigenvalues of A are % and —%, this time with multiplicities
3 and 4, respectively, cf. [1].

3. GENERALIZED KILLING SPINORS ON S8

The aim of this section is to show that every generalized Killing spinor on S® is a Killing
spinor, as well as a partial result in the same direction for all spheres S8.

Recall that in dimension 8% the real spin representation splits as ¥g, = 3§, ®3g, , where Egtk
are the £1-eigenspaces of the multiplication with the volume element and are interchanged
by Clifford multiplication with vectors. Correspondingly, ¥ splits as ¥ = U+ + U™, Let n
be the vector field on S* given by

(9) g(n, X) = (X -0 ¥7),  VXeTs™
If the form 1 does not vanish identically, we have the following:

Theorem 3.1. Let U be a generalized Killing spinor on S®. If the one-form defined in (9)
1s non-vanishing on a dense subset, then ¥ is a Killing spinor.

Proof. We assume that ¥ is scaled to have unit length. Denoting a := tr(A) and using the
fact that the scalar curvature of S® equals 8k(8k — 1), Eq. (8) reads a® — trA? = 2k(8k — 1).
From (5) we get:

(10) VxU* = A(X) - UF.

Let S~ denote the open set of points p € S® with W # 0. Tt is easy to see that S~ is
dense. Indeed, if U were a non-empty open subset of S%\ S~ then (10) yields A(X)- ¥+ =0
for all X € TU, so A|y = 0. By (10) again, U™ is parallel (and non-zero) on U, so the Ricci
tensor of S® vanishes on U, which is absurd. A similar argument shows that the set ST
where ¥+ is non-vanishing is also dense, so the set S := S~ N S7 is dense in S,

We denote by h := |U~|? the length function of ¥~. Since ¥ has unit length, [UF|> = 1—h.
From (10), the derivative of h in the direction of any tangent vector X reads

dh(X) =2(Vx ¥~ U7) = 2(A(X)- U7 ¥7) = 2(A(X)) = 29(A(n), X),

(11) dh = 2A(n).



GENERALIZED KILLING SPINORS 5

Taking the covariant derivative in the direction of Y in (9), assuming that X is parallel at

some point and using (10) yields
g(Vyn, X) = (X-A®Y) ¥~ 07) + (XU A®Y)-¥T)
= —g(X,AY)) [T + g(X, A(Y)) [T
= (1=2h)g(A(Y), X),

SO

(12) Vyn=(1-2n)AY), VY ¢cTS™

Taking the covariant derivative with respect to some vector field X in this equation, using
(11) and skew-symmetrizing, yields:

Ryxn=(1=20)((Vy )X — (VxA)Y) — 4g9(A(n), V) A(X) + 49(A(n), X)A(Y),

and since the curvature of the round sphere satisfies Ry xZ = g(X,Z)Y — g(Y, Z)X for all
vectors X, Y, Z, we get

(1=2h)((VyA)X = (VxA)Y) = 4g(A(n),Y)A(X) —4g9(A(n), X)AY) +g(X,n)Y —g(Y,n) X.

Using this last equation in the curvature equation (6) we obtain that for every vectors X, Y
the following relation holds:

(2h = 1) (2A(X) - A(Y) + 29(A(X), A(Y)) = 53X Y — 39(X.Y)) - ¥
= (49(A(n), Y)A(X) — 4g(A(n), X)AY) + g(X,n)Y — g(V,n)X) - ¥

(we have used the well known formula X AY = XY +¢(X,Y) and the fact that the curvature
endomorphism of the round sphere is minus the identity).

(13)

In (13) we take the Clifford product with X and sum over an orthonormal basis X = e;.
Using the standard formulas in Clifford calculus this yields

(2h — 1) (—2aA(Y) + 24%(Y) + £1Y) - ¥
= (—4ag(A(n),Y) —4A(n) - A(Y) +n-Y +8kg(n,Y)) - .
Taking the scalar product with ¥ in this formula gives
0 = —4ag(A(n),Y) + 4g(A(n), A(Y)) + (8k — 1)g(n,Y), VY € TS™,
whence
(14) A*(n) = aA(n) — =7,

We now take the Clifford product with A(X) in (13) and sum over an orthonormal basis
X = e; to obtain

(2h — 1) (—2trA?A(Y) + 24°%(Y) + 2aY — JA(Y)) - ¥
= (—4trA2g(A(77), Y) —4A%(n) - AY) + A(n) - Y + ag(n, Y)) .
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Taking again the scalar product with ¥ and using (8) yields
0= (8k<8k - 1) - 4@2)9(14(77), Y) _'_49(‘42(77)7 A<Y)) - g(A<77)7 Y) +ag<777 Y)? VY e TS8k7
whence
(15) AP(n) = (a* — 2k(8k — 1) + 1) A(n) — §n.
Plugging (14) into this equation shows that A(n) = #an, so from (14) again we get
a? _ a2 8k—1
6ar2’l = 8" T T
As 7 is non-vanishing on a dense subset, we obtain a?> = 16k? on S®F. This, together with

(8), shows that the square norm of the trace-free symmetric tensor A — grid vanishes:

A — &id|? = tr(A — &id)? = trA? — 2trA+ & = trA® — & = 16k% — 2k(8k — 1) — 2k = 0.

This implies that A = gid = :I:%id and thus finishes the proof. 0

Corollary 3.2. Every generalized Killing spinor ¥ on S® is a Killing spinor.

Proof. For every p € ST the injective map X € T,S® — X - UT € (X3), is bijective since
dim T,S® = dim(Xg ), = 8. Consequently, the vector field 7 is non-vanishing on S. O

4. GENERALIZED KILLING SPINORS WITH TWO EIGENVALUES

In this section we consider generalized Killing spinors ¥ on the sphere (M, g) := S™ (n > 3)
and assume that the associated symmetric endomorphism A has at each point at most two
eigenvalues A and p. If these eigenvalues coincide at each point, then it is well known that
their common value is constant on M, so ¥ is a Killing spinor. We assume from now on that
A # u at least at some point of M, and thus on some non-empty open set S (it turns out
that they are actually constant on M, cf. Lemma 4.1). We will denote by T* € TM and
T# C TM the eigenspaces corresponding to A and p respectively. These two subspaces are
mutually orthogonal at each point and are well-defined distributions on S.

We start with calculating the derivative dV A at points of S in three different cases. First,
let X,Y € TH:

(VxA)Y — (VyA)X = X(p)Y —(VxA)Y +uVxY - Y(u)X + A(VyX) — puVY X
(1t =N (VxY ) = (1= (Vv X'+ X ()Y =Y ()X
XY+ X ()Y — Y () X.
A similar calculation for a pair of vectors U,V € T* leads to
(VvA)U — (Vg A)V = (A= p)[U,VIF+V(NU = UNV.
Finally, on a mixed pair of vectors X € T#, V € T*, we find
(VxA)V = (VvA)X = (A = p)(Vx V)" = (= N)(VyX)* = V()X + XNV,
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Substituting the equations above into the curvature equation (6), with R = —id for the
sphere, we obtain for every X,Y € T# and U,V € T*:

(16) (2’ =) XAY U = (u=N[X Y] U+ (X(n)Y - Y(u)X) - T,
(A7) @ =LHVAU-T = A=)V, U T + (VU = UNV) - T,

(18)  (2u—5) XAV T = A=) ((VxV)" + (Vv X)) + (XA)V = V(n)X) - T.

Lemma 4.1. The eigenvalues A and ju are constant on S™.

Proof. Since the sphere is connected, it is enough to show that A and p are constant on the
open set S. Taking the scalar product with X - ¥ in equation (16) for X € T* implies that
i is constant in TH-directions. Similarly the second equation gives that A is constant in all
T*-directions.

Let p and ¢ denote the dimensions of T* and T* respectively (which are constant on S).
Then (8) yields

(19) (pA + qu)® — (PA* + qu®) = in(n —1);

Differentiating this relation with respect to some vector V' € T* gives V (u)(u(g—1)+q)\) = 0.
Assuming that V() is different from zero on some open set S” C S, then

(20) plg—1)+qA=0

on S’. Differentiating again with respect to V' and using the fact that A is constant in T*-
directions, we get (¢ — 1)V (u) = 0. The assumption that V(u) is different from zero on S’
implies that ¢ = 1, so (20) implies A = 0, which contradicts (19). Hence p is constant on S
and a similar argument shows that A is constant too. 0

Lemma 4.2. One of the eigenvalues A and p1 has to be equal to :I:%.

Proof. Assume first that Ay = %. Then for any vector fields X,Y € T# and U,V € T?, taking
the scalar product in (18) with Y - ¥ and U - ¥ yields

g(VX‘/v Y) =0= g(VVXa U)7

ie. (VxV)*=0=(VyX)) Thus T* and T# are two non-trivial parallel distributions on
S™, which is clearly a contradiction. This shows that Ay # %.

Since even-dimensional spheres do not have any non-trivial distributions, it follows that
n = 2k + 1 is odd. By changing the notations if necessary, we can assume that dim(T#*) >
dim(T?). If p? = % we are done, so for the remaining part of the proof we assume that p? # }1.
From (16) it follows that for every z € S® and X,Y € T# with X 1 Y, the vector [X,Y]*
is non-zero (note that this expression is tensorial in X and Y, so it only depends on their
values at x). Consequently, the map Y — [X,Y]* from the orthogonal complement of X in
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T# to T is injective. From the dimensional assumption it follows that dim(T#) =k + 1 and
dim(T?) = k, so in particular the above map is bijective. It follows that for every X € T*
and V € T there exists a unique Y € T# Y L X, such that [X,Y]* = V. Applying (16)
and (18) to these vectors yields

A=) (VxV)*+(VyX)N) - U = (2)\u—%)X-V-\IJ:(2>\u—%)X-[X,Y]*-\IJ
A= ) = X XY v
= L@y -Hew-Hy-w

This shows that for every X € T# and V € T2, the vector (VyX)* vanishes, thus T? is a
totally geodesic distribution. From (17) we deduce that A\* = 1 unless & = 1. It remains to
rule out the case where n = 3.

In this case T? is one-dimensional, so we can consider a unit vector V which spans it at
each point. Then V is geodesic and taking the scalar product with X - ¥ in (18) shows that
g(VxV,X) = 0 for every X € T#. Thus V is a unit Killing vector field on S3. It is well
known that every such vector satisfies |V x V| = | X]| for every X orthogonal to V. Comparing
the norms of the two spinors in (18) yields 2\ — 3 = £(X — ), which can be rewritten as
(2A£1)(2u F 1) = 0. This proves the lemma. O

Up to a change of orientation we thus may from now on assume that A = %

Lemma 4.3. The distribution T* is totally geodesic. Moreover, the following equations hold
for any vectors X,Y € TH and V € T*:

(21) Qu+DXAY ¥ = [X, Y]} U,

(22) X V.U =—(VxV)* 0

Proof. We have A = § and p # A constant. Equation (21) thus follows directly from (16).

Next, taking in (18) the scalar product with V- ¥, gives 0 = g((Vy X)), V) = —g(X, V' V),
and by polarization (VU + Vi V)* vanishes for every vector fields U,V in T*. On the other
hand, (17) implies [V, U]* = 0, so adding these two relations we obtain that (VyV)* = 0, i.e.
T is totally geodesic.

In particular this can also be expressed by the fact that (Vi X)* vanishes for every X € T*
and V € T, so (22) follows directly from (18). O

Remark 4.4. With a similar argument we get (VxY +Vy X)* = 0 for all vectors X, Y € T*,
Thus the distribution T# would also be totally geodesic if integrable.

Corollary 4.5. For every x € S™ there is a representation of the real Clifford algebra C1(T?)
on T%.
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Proof. For V € T) and X € T# we define
pv(X) = (VxV)".
Then (22) can be re-written as py (X)W =V - X - ¥, whence
(v opy(X) U=V py(X) T=V.-V.- X -¥=—|VX 7,
showing that py o py = —|V|%id. This proves the lemma. O]

Lemma 4.6. The second eigenvalue of A is u = —%.

Proof. Taking in (21) the scalar product with V' - ¥ and applying (22), gives
(X, YLV) = —@Qu+ 1)V -X Y -0, 0) = —(2u+1)(X V-0,V T)
= —(2u+1)g(VxY,V)

This equation can be rewritten as ¢((2u +2)VxY — Vy X, V) = 0. Interchanging X and Y
and subtracting the resulting equations we obtain (2u + 3)[X,Y]* = 0.

If u # —%, the distribution T# is totally geodesic (see Remark 4.4), and since T* is also
totally geodesic, both distributions would be parallel, which is of course impossible on S™. [J

Lemma 4.7. The multiplicities p and q of A\ and p are related by ¢ = p + 1.

Proof. Introducing the values A = § and p = —% in (8) we obtain the equation
in(n—l):aQ—trA2:(§—%)2—§—%.
Substituting n = p + ¢ immediately leads to p = ¢ — 1. 0

Corollary 4.8. The pair (p,q) of multiplicities of X and u is one of (1,2),(3,4) or (7,8).

Proof. By Corollary 4.5 and Lemma 4.7, there exists a Cl, representation on RP*!. From the
classification of real Clifford algebras (cf. [14]), this can only happen when pis 1, 3 or 7. O

We thus see that a generalized Killing spinor whose associated endomorphism has two
eigenvalues can only exist on S™ for n = 3, n =7 or n = 15. We will now further investigate
the geometry determined by ¥ and at the end we will consider these three cases separately.

For every V € T? consider the skew-symmetric endomorphism py of T# defined above by
pv(X) = —(VxV)*. Equation (22) then reads

(23) X-V-U=py(X)-¥, VXecTHVVeT\
For every U,V € T* with g(U,V) = 0 we pick some arbitrary vector X € T# with |X| = 1
and write using (21) and (23):
UVl = (XU) (X V)W = (X U) (X)W = py(X) - (X -U) - ©
= pv(X) pu(X) T eT V.



10 ANDREI MOROIANU, UWE SEMMELMANN

This shows that A?2T* - ¥ C T* . W. Moreover, this also shows that for every X € T* and
UV eT

(24) (U-V-U X -0)=0.
Lemma 4.9. The sub-bundle TA U of ¥S" is parallel with respect to the modified connection
VX = V — %X

Proof. For X € T* and V € T* we have

(Vx =3 X)(V-0) = (VxV)- U+ V- AX) T —-1X.-V-U
= (VxV) v -3V.X . U-1X.V.U¥
= (VxV)- U -V -X U= (VxV)-VU+p,(X) ¥
)

= (V)W eT v,
and for U,V € T, keeping in mind that T? is totally geodesic and that A?2T* - ¥ C T* . U:
(Vo — LUV W) = (VyV) W +V-AU)- T - 30UV 0
= (V) UV U0V
= (VuV)- U+ VAU -V eT U,
O

Since V is flat on XS, it follows that T*- ¥ can be trivialized with V-parallel (i.e. Killing)
spinors. We denote by K the p-dimensional vector space of Killing spinors on S™ obtained
in this way. By definition, for every ® € K, there exists a vector field &5 € T? satisfying
(o -0 = &. Clearly (U, ®) = 0, and as ¥ has unit norm, |£3|*> = |®|*>. For every tangent
vector X we have g(¢p, X) = (X - ¥, ®). Using the obvious fact that A(X)* = $X* and
A(X)* = —3X* we compute using (24):

9(Vxés, X) = (X -VxU,®) + (X U, Vxd) = (X AX) ¥,0) + (X T, X.)
= (X AX)-0,8) = (X' + XY - (53X = 3X7) - 0,6 - 1)
_g<Xu.XA.\1;7§@.\p>+%<XA.X#.\1/,§¢-\I/>:O.

This shows that &g is a Killing vector field on S™ for every Killing spinor ® € K. There exists
thus a linear map F from K to A2R"*! which associates to each ® € K a skew-symmetric
matrix Fp € A?R™! such that (€s), = Fp(z) for every x € S* C R™"!. In fact Fy is related
to the covariant derivative of {g by

(25) Vxés :Fq>(X), vV X eTS".

As |€3]? = |®)%, we obtain (Fgp)? = —|®[%idgn+1. If we choose now an orthonormal basis
®y,..., P, of £, and denote by F; := I, for simplicity, the previous relation becomes

(26) (F})?=—id, F,oF;j+FjoF,=0fori#j.

We now consider the three cases above separately.
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The case n = 3. In this case the distribution T? is 1-dimensional, and the unit vector
field generating it (unique up to a sign) is Killing. The symmetric tensor A thus coincides
with the one defined in [17, Sect. 4.2]. Of course, the space of generalized Killing spinors
with respect to this tensor A is 4-dimensional, since the spin representation in dimension 3
has a quaternionic structure.

The case n = 7. We have seen that {£;, &, &3} is an orthonormal basis of T at each point
consisting of unit Killing vector fields. It is well known that every unit Killing vector field on
the round sphere is Sasakian. The relation (26) just tells that the triple {£1, &2, &3} defines a
3-Sasakian structure.

We remark that the spinor ¥ is exactly the canonical spinor constructed by Agricola and
Friedrich [1] on any 3-Sasakian manifold of dimension 7.

The case n = 15. It would have been interesting to obtain examples of generalized Killing
spinors with two eigenvalues on S' similar to those constructed above in dimension 3 and 7.
Unfortunately this turns out to be impossible.

Assuming the existence of such a spinor ¥, we would obtain from the construction above
an orthonormal set of Killing vector fields &,...,& on S¥ whose defining endomorphisms
F; € A’R' satisfy (26). This shows that there exists a representation of the real Clifford
algebra Cl; on RS such that Fj(z) = e; - x for every x € R and 1 <1i < 7. By definition of
F; we thus have (&), = e; -z for every v € S and 1 < < 7. As Cl; = R(8) @ R(8), this
representation decomposes in a direct sum R'6 = ¥, &¥, of two 8-dimensional representations
of Cl;. Each z; € ¥; (i € {1,2}) defines a vector cross product P, on R” by the formula
(uAv)-x; = Py, (u,v) - ;.

Using (25) we can write for every = = (z1,75) € S and i # j € {1,...,7}:
(Vei&i)e = Fj(&)e = Fi(Fi(2)) = ¢ - ei-x = (e Nei-1,¢5 N e; - )
= (le(ej,ei)-xl,PIQ(ej,ei)-xg).

Recall now that &, ..., &; span a totally geodesic distribution on S'°. This implies that there
exist functions fi,..., fr on S* such that

(Ve i) ka =" ful2)Fy(z) =
k=1

Comparing these last two equations yields Py, (e;,e;) = P, (e, €;) for every (z1,12) € S¥ C
R and for every i # j € {1,...,7} . This implies that the vector cross product P, is
independent of x, which is of course a contradiction. There are thus no solutions on the
sphere S'°.

We have proved the following

(7~
=

7
x)eg - x = ka(x)(ek Ty, € - T).
k=1

k=1

Theorem 4.10. Let ¥ be a generalized Killing spinor on the sphere S™ whose associated
symmetric endomorphism A has at most two eigenvalues A and p at each point. Then X and
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i are both constant. If X = p, then A = j:%id and V is a Killing spinor. If X # u, then up
to a permutation of A\ and p and a change of orientation one has A\ = %, W= —% andn =3
orn="7.

o [fn =3, the %—ez’genspace of A is spanned by a unit left-invariant Killing vector field
EonS? and ¥ =& - @ for some Killing spinor ® with constant %

o I[fn =T, the %-ez’genspace of A is spanned by three Killing vector fields &1,&2, &3
defining a 3-Sasakian structure on ST and ¥ is the canonical spinor of the 3-Sasakian

structure introduced in [1].

5. DEFORMATIONS OF GENERALIZED KILLING SPINORS

In this section we study the deformation problem for generalized Killing spinors on spheres,
and show in particular that Killing spinors are rigid, in the sense that they cannot be deformed
into generalized Killing spinors.

For every spin manifold (M, g), the set GKC(M, g) of generalized Killing spinors is a Fréchet
manifold. On the round sphere S”, the (finite dimensional) vector spaces K 1 (S™) and K_1(S™)

1
2
consisting of Killing spinors with Killing constants j:% respectively, are Fréchet submanifolds

of GIC(S™).
Theorem 5.1. The submanifolds Ki%(Sn) are connected components of GIC(S™).

Proof. Let M be the connected component of GIC(S™) containing IC%(S") and let U, be a
curve in M starting at some point of I 1 (S™), i.e. a smooth 1-parameter family of spinors on
S™ satisfying

(27) VxU; = A(X) - ¥y,

where 4, € I'(End*(TS")) is symmetric for all t and Ay = $id. Without any loss in generality
we can assume that W, has unit norm for every t. We will denote the derivative with respect to
t by a dot and drop the subscript whenever the objects are evaluated at ¢ = 0. Differentiating
(27) with respect to ¢ and evaluating at ¢ = 0 yields

(28) Vil = A(X) T+ 11X,
Taking the covariant derivative in this equation and skew-symmetrizing gives
RyxV = —[(VxA)Y — (Vy A)X] U+ [AX)AY + X ANAY)]- T+ 1XAY - 0.

Using the fact that the spinorial curvature on the sphere satisfies Ry x® = %X ANY - ® for
every spinor ®, the previous equation reads

(29) (VxAY — (VyA)X]- U =[AX)AY + X NA(Y)] - .

On the other hand, differentiating at t = 0 the equation (8) satisfied by A; yields
0= 2(trA)(trA) — 2tr(AA) = (n — 1)trA,
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whence A is trace-free at t = 0. Moreover, from (7) we also get 6V A = 0.

We now use the fact that |X - ®|* = | X|? for every X € TM and for every unit spinor ®,
whereas |w - ®|* < |w|? for w € A2M. From (29) we thus get (using a local orthonormal ba81s
e; of the tangent bundle):

|dV A2 = Z'V A)ej — (Ve, Aei|* <3 " |A(es) Aej + e A Aley)?

i,7=1 i,7=1

= (n—1AP + Z L(e;) Nej e A Aley)) = (n — 2)| A%
i,j=1
Recall now the Weitzenbéck formula for trace-free symmetric tensors h (cf. [7, Prop. 4.1]):
(30) (dV6Y +6VdY)h = V*Vh + h o Ric — R(h),

where
X) =Y Rxpe)e
=1

(note that there is a sign change between Bourguignon’s and our curvature convention). On
the round sphere S" we have Ric = (n — 1)id and R(h)(X) = —h(X). Applying (30) to
h := A and using the relation above 6V A = 0, we get

VdVA = V*VA+nA.

Taking the scalar product with A and integrating over S” (whose volume element is denoted

by vol) yields
/ |dV A|*vol = / <|VA|2 + n|A|2> vol,
sn sn

which together with the previous inequality |dVAJ? < (n — 2)|A|? implies A = 0.

Going back to (28) we thus see that W is a Killing spinor. In other words, we have shown
that for every W € K1 (S"), the tangent space Ty M is contained in K1 (S"). This shows that
M = /C%(S”). The proof of the statement for IC_%(S") is similar. O

6. APPENDIX. THE CANONICAL SPINOR ON 3-SASAKIAN MANIFOLDS OF DIMENSION 7

We give here an alternative definition of the canonical spinor on 3-Sasakian 7-dimensional
manifolds discovered by Agricola and Friedrich [1]. This approach makes use of the Riemann-
ian cone construction which we now recall.

The Riemannian cone over (M, g) is the Riemannian manifold (M, g) := (R* x M, dt*+t2g).
The radial vector £ := t ; satisfies the equation

(31) Vxé=X, VXeTM,
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where V denotes the Levi-Civita covariant derivative of §. Assume now that M is 3-Sasakian.
It is well known (and is nowadays the standard definition of 3-Sasakian structures) that M
has a hyperkihler structure .J;, Jo, J3, such that the vector fields &; := J;(£) on M are Killing
and tangent to the hypersurfaces M; := {t} x M. When restricted to M = M,  are unit
Killing vector fields satisfying the 3-Sasakian relations.

Suppose now that M has dimension 7. The real spin bundle of M is canonically identified
with the positive spin bundle X M restricted to M; = M. With respect to this identification,
if ¢p € T'(XM) is the restriction to M of a spinor ¥ € T'(X*M) and X is any vector field on
M identified with a vector field on M along M;, then

(32) X p=X-£. 0
and
(33) Vxtp=VxU+1X. .- 0.

Recall now that the restriction to Sp(2) of the half-spin representation 3¢ has a 3-dimensional
trivial summand. Correspondingly, on M there exist three linearly 1ndependent V-parallel
spinor fields on which every 2-form from sp(2) (i.e. commuting with Jy, Js, J3) acts trivially
by Clifford multiplication. Moreover, there exists exactly one such unit spinor Wy (up to sign)
on which the Clifford action of 2; (the Kéahler form of .J;) is also trivial (cf. [19]).

Lemma 6.1. The spinor Vg := #5 - &1 - Uy satisfies

(34) Vx¥y = A(X)- ¢ ¥,

where

A(X) = 0 if X belongs to the distribution D = (£, &y, &s, E3)
) —2X if X € D-.

Proof. Since J; are V-parallel, (31) yields Vx&; = J;(X) for all X € TM. We thus have
(35) VW= gm(X & -0+ & Ti(X) - 01) = Z2g(6, X)E- &

This relation gives immediately VW, = 0 and V¥, = 0. Moreover, since the 2-form
ENE — & NE commutes with Jp, Jo, J3, it belongs to sp(2) and thus acts trivially by Clifford
multiplication on Wy. We then obtain £ - & - Uy = & - &3 - Uy, which together with (35) yields
Ve,V = Ve, ¥ = 0.

It remains to treat the case where X is orthogonal to (&, &;,&,&3). Assume that X is
scaled to have unit norm. We consider the orthonormal basis of TM at some point z € M;
given by e; = £, e9 = &1,e3 = &a,e4 = &3,65 = X, e = J1(X),e7 = Jo(X), es = J3(X). Since
Q1 -W¥; =0 where Q; = €1 -ea+e3-e4+ €5 €5+ e7-eg, we obtain € - ¥g = 0. Now, the
2-form e5 A eg — e7 A eg belongs to sp(2) and its Clifford action commutes with e; - ey, thus
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~eg- Vg =e7-eg- ¥y Together with the relation ey - ey - Wy = e3-e4 - ¥y proved above and

the fact that 2y - Uy = 0, we get
(36) (61 - €9+ €5 - 66) : \IJQ =0.
Using (35) we then compute at z:

VW = (X-& U +&-N(X)-U1) = (e5-ea+er-eg) (—er-ez- )
= (61'65"‘62'66)'\1/0:65'62'(61'€2+65'66)'\I/0+2€1'65'\1[0
261'65'\110:—2)('5'\1]0,

thus proving the lemma. Il

As a direct consequence of this result, together with (32)—(33), we obtain the following;:

Corollary 6.2 ([1], Thm. 4.1). The spinor vy := Wo|ar is a generalized Killing spinor on M

satisfying
(37) Vxtho = A(X) - ¢o,
where
A(X) = %X zfX belngs to the distribution D := (&, &, &3)
—3X ifX € Dt
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