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ABSTRACT. The moduli space NK of infinitesimal deformations of a nearly Kéhler
structure on a compact 6-dimensional manifold is described by a certain eigenspace of
the Laplace operator acting on co-closed primitive (1,1) forms (c.f. [10]). Using the
Hermitian Laplace operator and some representation theory, we compute the space
NK on all 6-dimensional homogeneous nearly Kahler manifolds. It turns out that the
nearly Kéhler structure is rigid except for the flag manifold F(1,2) = SU3/T?, which
carries an 8-dimensional moduli space of infinitesimal nearly Kéahler deformations,
modeled on the Lie algebra sus of the isometry group.
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1. INTRODUCTION

Nearly Kahler manifolds were introduced in the 70’s by A. Gray [8] in the context of
weak holonomy. More recently, 6-dimensional nearly Kahler manifolds turned out to be
related to a multitude of topics among which we mention: Spin manifolds with Killing
spinors (Grunewald), SUs-structures, geometries with torsion (Cleyton, Swann), stable
forms (Hitchin), or super-symmetric models in theoretical physics (Friedrich, Ivanov).

Up to now, the only sources of compact examples are the naturally reductive 3-
symmetric spaces, classified by Gray and Wolf [13], and the twistor spaces over positive
quaternion-Kéahler manifolds, equipped with the non-integrable almost complex struc-
ture. Based on previous work by R. Cleyton and A. Swann [6], P.-A. Nagy has shown
in 2002 that every simply connected nearly Kahler manifold is a Riemannian product of
factors which are either of one of these two types, or 6-dimensional [12]. Moreover,
J.-B. Butruille has shown [5] that every homogeneous 6-dimensional nearly Ké&hler
manifold is a 3-symmetric space G/K, more precisely isometric with S® = G4/SUj,
S3 x 83 = SU, x SUy x SUy/SU,, CP? = SO5/U, or F(1,2) = SUs/T?, all endowed
with the metric defined by the Killing form of G.

A method of finding new examples is to take some homogeneous nearly Kahler man-
ifold and try to deform its structure. In [10] we have studied the deformation problem
for 6-dimensional nearly Kahler manifolds (M®, g) and proved that if M is compact,
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and has normalized scalar curvature scal, = 30, then the space N'K of infinitesimal
deformations of the nearly Kahler structure is isomorphic to the eigenspace for the
eigenvalue 12 of the restriction of the Laplace operator A9 to the space of co-closed

primitive (1, 1)-forms Aél’l)]\/[ .

It is thus natural to investigate the Laplace operator on the known 3-symmetric exam-
ples (besides the sphere S° whose space of nearly Kihler structures is well-understood,
and isomorphic to SO7/Gy = RP7, see [7] or [5, Prop. 7.2]). Recall that the spectrum
of the Laplace operator on symmetric spaces can be computed in terms of Casimir
eigenvalues using the Peter-Weyl formalism. It turns out that a similar method can be
applied in order to compute the spectrum of a modified Laplace operator A (called the
Hermitian Laplace operator) on 3-symmetric spaces. This operator is SUj-equivariant
and coincides with the usual Laplace operator on co-closed primitive (1,1)-forms. The
space of infinitesimal nearly Kéahler deformations is thus identified with the space of
co-closed forms in Q(()l’l)(12) = {a € C“(Aél’l)M) | Aa = 12a}. Our main result is
that the nearly Kahler structure is rigid on S® x S% and CP?, and that the space of in-
finitesimal nearly Kéhler deformations of the flag manifold F'(1,2) is eight-dimensional.

The paper is organized as follows. After some preliminaries on nearly Kéhler mani-
folds, we give two general procedures for constructing elements in Qél’l) (12) out of Killing
vector fields or eigenfunctions of the Laplace operator for the eigenvalue 12 (Corollary
4.5 and Proposition 4.11). We show that these elements can not be co-closed, thus
obtaining an upper bound for the dimension of the space of infinitesimal nearly Kéahler
deformations (Proposition 4.12). We then compute this upper bound explicitly on the
3-symmetric examples and find that it vanishes for S% x S3 and CP?, which therefore
have no infinitesimal nearly Kahler deformation. This upper bound is equal to 8 on the
flag manifold F(1,2) = SU3/T? and in the last section we construct an explicit isomor-
phism between the Lie algebra of the isometry group sus and the space of infinitesimal
nearly Kéhler deformations on F'(1,2).

In addition, our explicit computations (in Section 5) of the spectrum of the Hermitian
Laplace operator on the 3-symmetric spaces, together with the results in [11] show that
every infinitesimal Einstein deformation on a 3-symmetric space is automatically an
infinitesimal nearly Kahler deformation.

Acknowledgments. We are grateful to Gregor Weingart for helpful discussions and in
particular for suggesting the statement of Lemma 5.4.

2. PRELIMINARIES ON NEARLY KAHLER MANIFOLDS
An almost Hermitian manifold (M?™, g, J) is called nearly Kdhler if

(VxJ)(X)=0, VXeTM, (1)
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where V denotes the Levi-Civita connection of g. The canonical Hermitian connection
V, defined by

VxY :=VxY —L1J(VxJ)Y, VXeTM, VY eC®M) (2)

is a U, connection on M (i.e. Vg =0 and V.J = 0) with torsion TxY = —J(VxJ)Y.
A fundamental observation, which goes back to Gray, is the fact that V1" = 0 on every
nearly Kéhler manifold (see [2]).

We denote the Kéhler form of M by w := ¢(J.,.). The tensor " := Vw is totally
skew-symmetric and of type (3,0) + (0,3) by (1). From now on we assume that the
dimension of M is 2m = 6 and that the nearly Kéahler structure is strict, i.e. (M,g,J)
is not Kéhler. It is well-known that M is Einstein in this case. We will always normalize
the scalar curvature of M to scal = 30, in which case we also have |¥*|? = 4 point-wise.
The form ¥+ can be seen as the real part of a V-parallel complex volume form U+ 40~
on M, where U~ = xU™ is the Hodge dual of ¥*. Thus M carries a SU3 structure whose
minimal connection (cf. [6]) is exactly V. Notice that Hitchin has shown that a SUj;
structure (w, U+, W) is nearly Kéhler if and only if the following exterior system holds:

_ agy+
e g
= —2w A w.

Let A € A'M ®EndM denote the tensor Ay := J(VxJ) = =V, where U denotes
the endomorphism associated to Y U™ via the metric. Since for every unit vector X,
Ax defines a complex structure on the 4-dimensional space X+ N (JX)1, we easily get
in a local orthonormal basis {e;} the formulas

Ax|* =2|X|?, VXeTM. (4)
A A (X)=—4X, VY XeTM, (5)

where here and henceforth, we use Einstein’s summation convention on repeating sub-
scripts. The following algebraic relations are satisfied for every SUj structure (w, W)
on T'M (notice that we identify vectors and 1-forms via the metric):

Axe; Ne; 20U = —2X Aw, VX eTM. (6)
XU~ =—JX 0T, YXeTM, (7)
(XJUH) AT =X Aw? VXeTM. (8)
(JX U Aw=XATT, VX eTM. 9)

The Hodge operator satisfies > = (—1)? on AP M and moreover
*(XANUY)=JX 0", VXeTM. (10)
s(pAw)=—¢, VoeAl"VM. (11)

*(JX ANw?) =-2X, VXeTM. (12)
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JFrom now on we assume that (M, g) is compact 6-dimensional not isometric to the
round sphere (S® can). It is well-known that every Killing vector field £ on M is an
automorphism of the whole nearly Kéhler structure (see [10]). In particular,

ng = O, Lg\Ier = 0, Lg\l’i =0. (13)

Let now R and R denote the curvature tensors of V and V. Then the formula (c.f. [1])
Rwxyz = Rwxyz—19(Y, W)g(X, Z)+ 19(X, Y)g(Z, W)
+39(Y, IW)g(JX, Z) = 39(Y, JX)g(JW, Z) = 59(X, JW)g(JY, Z)

may be rewritten as
Rxy = —XAY +R{
and
Ryxy = =3 (XAY +JX ANJY — 2w(X,Y)J]) + RYY
where R$Y is a curvature tensor of Calabi-Yau type.

We will recall the definition of the curvature endomorphism ¢(R) (c.f. [10]). Let EM
be the vector bundle associated to the bundle of orthonormal frames via a representation
7 :S0(n) — Aut(E). The Levi-Civita connection of M induces a connection on EM,
whose curvature satisfies REY = 7. (Ryy) = m.(R(X AY)), where we denote with .
the differential of 7 and identify the Lie algebra of SO(n), i.e. the skew-symmetric
endomorphisms, with A2, In order to keep notations as simple as possible, we introduce
the notation m,(A) = A,. The curvature endomorphism ¢(R) € End(EM) is defined as

q(R) = 3(ei A ej)R(e; Aej). (14)

for any local orthonormal frame {e;}. In particular, ¢(R) = Ric on TM. By the same
formula we may define for any curvature tensor .S, or more generally any endomorphism
S of A°T'M, a bundle morphism ¢(S). In any point ¢ : R — ¢(R) defines an equivariant
map from the space of algebraic curvature tensors to the space of endomorphisms of E.
Since a Calabi-Yau algebraic curvature tensor has vanishing Ricci curvature, g(R¢Y) = 0
holds on TM. Let R%y be defined by Ry = X AY + JX AJY — 2w(X,Y)J. Then a
direct calculation gives

q(R%) = %Z(ei Aej)ile; ANej)+ 2 Z(ei Ae;)u(Je A Jej), — 3w,wy.

We apply this formula on TM. The first summand is exactly the SO(n)-Casimir, which
acts as —bid. The third summand is easily seen to be %id, whereas the second summand
acts as —id (c.f. [11]). Altogether we obtain ¢(R’) = —20id, which gives the following

expression for ¢(R) acting on T'M:

q(R)|rar = 4idgay. (15)
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3. THE HERMITIAN LAPLACE OPERATOR

In the next two sections (M5, g, J) will be a compact nearly Kihler manifold with
scalar curvature normalized to scal, = 30. We denote as usual by A the Laplace operator
A = d*d+dd* = V*V +¢q(R) on differential forms. We introduce the Hermitian Laplace
operator

A =V*V +¢q(R), (16)
which can be defined on any associated bundle EM. In [11] we have computed the
difference of the operators A and A on a primitive (1, 1)-form ¢:

(A —A)p = (Jd*¢).0™. (17)

In particular, A and A coincide on co-closed primitive (1,1)-forms. We now compute
the difference A — A on 1-forms. Using the calculation in [11] (or directly from (15)) we

have ¢(R) — ¢(R) = id on TM. Tt remains to compute the operator P = V*V — V*V
on TM. A direct calculation using (5) gives for every 1-form 6

PO) = _leAeiAeie — ANV 0=0— A V. 0=0+ %A@Aeﬁ — A, V.0
= —0-A,V.0.
In order to compute the last term, we introduce the metric adjoint o : A2M — T M
of the bundle homomorphism X € TM — X_ U™ € A2M. It is easy to check that

a(X1¥t) = 2X (cf. [10]). Keeping in mind that A is totally skew-symmetric, we
compute for an arbitrary vector X € T'M

<A61(V€i9)7 X> - <AXez'7 vei‘9> - <AX, e; N\ v819> = <Ax, d9>
= _<\Iij7d9> = —<JX,Oé(d9)> = <J&<d9)7X>7
whence A, (V,,0) = Ja(df). Summarizing our calculations we have proved the following

Proposition 3.1. Let (M® g,J) be a nearly Kdihler manifold with scalar curvature
normalized to scaly = 30. Then for any 1-form 0 it holds that

(A = A)f = —Ja(db).

The next result is a formula for the commutator of J and « od on 1-forms.

Lemma 3.2. For all 1-forms 6, the following formula holds:

a(df) =4J0 + Ja(dJ9).
Proof. Differentiating the identity AU+ = JOAU™ gives dOANVT = dJOANY ™ +2J0 Aw?.
With respect to the SUs-invariant decomposition A2M = AGDAM @ ACOTO2D N we

can write df = (d6)") + 1a(df) U and dJ§ = (dJO)V + La(dJO) . Since the
wedge product of forms of type (1,1) and (3,0) vanishes we derive the equation

$(a(df) V) AT = 2(a(dJO) U F) AT + 200 Aw?
Using (8) and (9) we obtain
la(df) Aw® = LJa(dJ0) Aw? + 206 A w?.
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Taking the Hodge dual of this equation and using (12) gives Ja(df) = —a(dJO) — 40,
which proves the lemma. [

Finally we note two interesting consequences of Proposition 3.1 and Lemma 3.2.

Corollary 3.3. For any closed 1-form 0 it holds that
(A —A)§ =0, (A —A)JO = 4J0.

Proof. For a closed 1-form # Lemma 3.1 directly implies that A and A coincide on 6.
For the second equation we use Proposition 3.1 together with Lemma 3.2 to conclude

(A= A)JO = —Ja(dJO) = 4]0 — a(df) = 4.6

since 6 is closed. This completes the proof of the corollary. O

4. SPECIAL A-EIGENFORMS ON NEARLY KAHLER MANIFOLDS

In this section we assume moreover that (M, g) is not isometric to the standard sphere
(S8, can). In the first part of this section we will show how to construct A-eigenforms
on M starting from Killing vector fields.

Let £ be a non-trivial Killing vector field on (M, g), which in particular implies d*¢ = 0
and A& = 2Ric(§) = 10¢. As an immediate consequence of the Cartan formula and (13)
we obtain

dJE = Lew — €odw = —3€ b (18)
so by (4), the square norm of dJ¢ (as a 2-form) is
dJE[ = 18J¢f. (19)

In [9] we showed already that the vector field J¢ is co-closed if ¢ is a Killing vector field
and has unit length. However it turns out that this also holds more generally.

Proposition 4.1. Let £ be a Killing vector field on M. Then d*J& = 0.

Proof. Let dv denote the volume form of (M, g). We start with computing the L?-norm
of d*J¢.
ld*JEl7: = [y {d"IE d*I§)dv = [\ [(AJE, JE) — (d*dJE, JE)]dv
= Jul{V*VIE JE) +5J¢* — |dTE[?dv
JullVIEP +51€)7 — |dJEPdv = [} [[VIEP = 13[¢[*|dv
Here we used the well-known Bochner formula for 1-forms, i.e. A8 = V*V60 + Ric(6),
with Ric(d) = 50 in our case. Next we consider the decomposition of VJ¢ into its

symmetric and skew-symmetric parts 2VJ¢ = dJ§ + Ljeg, which together with (19)
leads to

IVIEP? = 1(1dTEI* + |Luegl?) = 9I&1* + F|Laegl*. (20)
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(Recall that the endomorphism square norm of a 2-form is twice its square norm as a
form). In order to compute the last norm, we express Ljeg as follows:

Lieg(X,Y) = g(VxJEY)+g(X,VyJE)
= g(JVxEY) +g(X, JVyE) + UH(X,6Y) + U (Y, € X)
= _g(VX£7 JY) - g(’]X7 vYé-) = _df(l’l) (X7 JY)7

whence
ILsegll7> = 2| de™V]|7.. (21)

On the other hand, as an application of Lemma 3.2 together with Equation (18) we get
a(df) =4JE+ Ja(dJE) = —2J¢E, so

de®0 = —Je ,ut, (22)
Moreover, A& = 10¢ since € is a Killing vector field, which yields
ldg™ D% = lldgliza — ldg> V7. = 10]l€][72 — 2/i€ll72 = 8lI¢]7-.

This last equation, together with (20) and (21) gives |[VJE||3, = 13]|£]|7.. Substituting
this into the first equation proves that d*J¢ has vanishing L?>-norm and thus that J¢ is
co-closed. OJ

Proposition 4.2. Let £ be a Killing vector field on M. Then
A& = 10¢, and AJE = 18J¢€.
In particular, J€ can never be a Killing vector field.
Proof. The first equation holds for every Killing vector field on an Einstein manifold

with Ric = 5id. jFrom (18) we know dJ¢ = —3£.U*t. Hence the second assertion
follows from:

FdJE = —xd+dJe 'L 3% d(JEATT) = 9% (6 Aw?) D 18T
O
Since the differential d commutes with the Laplace operator A, every Killing vector
field £ defines two A-eigenforms of degree 2:
AdJ¢ = 18dJ¢ and Adé = 10d€

As a direct consequence of Proposition 4.2, together with formulas (18), (22), and
Proposition 3.1 we get:

Corollary 4.3. FEvery Killing vector field on M satisfies
AE = 12¢, AJE = 12J€.
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Our next goal is to show that the (1,1)-part of d¢ is a A -eigenform. By (22) we have
e = ¢ — JEUH, (23)

for some (1, 1)-form ¢. Using Proposition 4.1, we can write in a local orthonormal basis
{ei}:

(d¢,w) = %(dﬁ, e \NJe)) = (V& Je)) =d*JE =0,
thus showing that ¢ is primitive. The differential of ¢ can be computed from the Cartan
formula:

do 2 d(ge v +de) D —d(e ) = —Le + a0 P _2e W = —4JE Aw. (24)

JFrom here we obtain
xdp = —4x (JEANw) =48 Nw,
whence
dedp = ddshw—126 AU B dp Aw — A(JETH) Aw — 126 AT
9

= 4o ANw—16E AN TT.
Using (10) and (11), we thus get
ddd = — % d * do = 4¢ + 16JE,0 .

—~
=

On the other hand,
(29)

dp=—xdr¢ D xdprw) D X(—4Jenw® + 36 AT 2 8¢
and finally
dd*¢ = 8d¢ = 8¢ — 8JE VT,
The calculations above thus prove the following proposition

Proposition 4.4. Let (M®, g, J) be a compact nearly Kahler manifold with scalar cur-
vature scaly = 30, not isometric to the standard sphere. Let § be a Killing vector field on

M and let ¢ be the (1,1)-part of d§. Then ¢ is primitive, i.e. ¢ = (d&)(()l’l). Moreover
d*d = 8¢ and Ad = 12¢ + 8JE U
Corollary 4.5. The primitive (1,1)-form ¢ satisfies

Ad = 12

Proof. From (17) and the proposition above we get
Ap= A — (A — N)d =126 + 8JELUF — (Jd*¢) 0" = 126.
0J

~ In the second part of this section we will present another way of obtaining primitive
A-eigenforms of type (1, 1), starting from eigenfunctions of the Laplace operator. Let
f be such an eigenfunction, i.e. Af = Af. We consider the primitive (1,1)-form

0= (dJdf)§.
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Lemma 4.6. The form n is explicitly given by
_ A
n=dJdf +2df 29" + 3 fw.

Proof. According to the decomposition of A2M into irreducible SUs-summands, we can
write

dJdf =n+y2¥t + hw

for some vector field v and function h. ;jFrom Lemma 3.2 we get 2v = a(dJdf ) = —4df.
In order to compute h, we write

6hdv = hw A w? = dJdf A w? = d(Jdf Aw?) 2 2d * df = 2\f dv.
O
We will now compute the Laplacian of the three summands of 71 separately. First,

we have Adf = Adf and Corollary 3.3 yields Adf = M\df. Since A commutes with J, we
also have AJdf = A\Jdf and from the second equation in Corollary 3.3 we obtain

AJdf = AJdf + (A — A)Jdf = (A +4)Jdf.
Hence, dJdf is a A-eigenform for the eigenvalue A + 4.
Lemma 4.7. The co-differential of the (1,1)-form n is given by

= (2 — 1) Jdf.

Proof. Notice that d*(fw) = —df sw and that d*Jdf = —xdx Jdf = —3*d(df Aw?) =0,

since dw? = 0. Using this we obtain
d'n = AJdf +2d*(df sUF) — 3df sw = (A +4)Jdf — 2« d(df NVT) — 2 Jdf
(12
= (A 4= 2)Jdf — 4 (df Aw?) B (2 - a)gdf.
OJ

In order to compute A of the second summand of 1 we need three additional formulas

Lemma 4.8.
A(XJUT) = (AX)0T.
Proof. Recall that A = V*V + ¢(R). Since U7 is V-parallel we immediately obtain
VV(X2UH) = -V, V(X207 = —(V,, V., X) 0",
The map A — A, UT is a SUs-equivariant map from A2 to A3. But since A% does not
contain the representation Aél’l) as an irreducible summand, it follows that A, U =0

for any skew-symmetric endomorphism A corresponding to some primitive (1, 1)-form.
Hence we conclude

¢(R)(X207") = win R(wi) o (X007 = (win R(w;) X)W = (q(R)X) 0,
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where, since the holonomy of V is included in SU;, the sum goes over some orthonormal
basis {w; } of A(()l’l)M. Combining these two formulas we obtain A(X_0+) = (AX) ¥+,
O

Lemma 4.9.
(A — A)(df2¥T) = 6(df 20 T) — %fw — 2.

Proof. ;jFrom Proposition 3.4 in [11] we have
(A= A)(df297) = (V'V=VV)(df297) + (q(R) — q(R))(df 2¥7)
= (V*V = V*V)(df 2U) + 4df 20T,
The first part of the right hand side reads
(V*V = V) (df 20 ) = =2 A Acpudf 50T — Ap Ve, (df 2T H). (25)
JFrom (5) we get
Aei*Ae,-*df—'\Iri_ = Aei*(Aein A \If+(df, €L, ))

== AeiAeiek VAN ‘1/+(df, €L, ) + Aeiek VAN Aei\l’+(df, €L, )

= —dep ANeg \IJ;} + Ager N Ae,e; V(S er,e5) = —8\112},
where we used the vanishing of the expression E = A, e, A Ac,e; YT (df ey, €;):

E = Ajer NAje,e; Y (df e, e;) = Ae, Jex N A, Je; U (df, ex, €))
= A.ep NAe; VT (df, Jey, Je;) = —E.
[t remains to compute the second term in (25). We notice that by Schur’s Lemma, every

SUs-equivariant map from the space of symmetric tensors Sym?M to TM vanishes, so
in particular (since Vdf is symmetric), one has A, V.. df = 0. We then compute

A Ve Ul = A (Ve df)2U") = (Ae, Ve df) 2™ + (Ve df ) 1A, 0

= (A, Ve, df) 20t — 2(A, A, df) 50 F = 2(Ve,df ) s(e; Aw)

= 2y + 2d"dfw + (A, df  ei)w + 2e; A TV o, df

= 204 4 2\ fw + 2¢; AV Jdf =2V + 2\ fw + 2dJdf —e; A A, Jdf
2Wy + 2\ fw + 2dJdf + 2A 54 = 4V 4 2\ fw 4 2d T df.

Plugging back what we obtained into (25) yields
(V*V — V*V)(df 20 ) = —(2\11% + 2\ fw + 2dJdf),
which together with Lemma 4.6 and the first equation prove the desired formula.  [J

Lemma 4.10.
Afw=A+12)fw —2(df sTT).
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Proof. Since d*(fw) = —df . w = —Jdf we have dd*(fw) = —dJdf. For the second
summand of A(fw) we first compute d(fw) = df A\w+3fUT. Since d*¥F = 1d*dw = 4w,
we get d*fUT = —df U + fd* 0T = —df 2UT + 4fw. Moreover

d*(df N\w) = —xd(Jdf Nw) = —x(dJdf Nw —3Jdf ANTT)
= —x([n—2df 2¥T — 3 fw] Aw) + 3% (Jdf ATT)
= n+ 2% ((df 20 F) Aw) + 2 fw — 3df 2T
= n42df SV + 2 fu — 3df 20T
Recalling that n = dJdf + 2df 2U+ + %fw, we obtain
Afw = —dJdf —3df U + 12fw +n — df 5UF + 2 fw = (A + 12) fw — 2df 20T
O

Applying these three lemmas we conclude
A(df 50F) = Adf20F) + (A = A)(df U T) = (A4 6)(df 20F) — 2 fw — 21
and thus
An = (A+4)dJdf + (A +12)(df 20 ) — B fuw — dn + (A + 12) fw — 2(df 2T T)
= A+ (4—2%) (df20H).

Finally we have once again to apply the formula for the difference of A and A on
primitive (1, 1)-forms. We obtain

An=An— Jd'naUt = An+ (2 —4) (df2¥F) = M.
Summarizing our calculations we obtain the following result.

Proposition 4.11. Let f be an A-eigenfunction with Af = Af Then the primitive
(1,1)-form n = (def)(()l’l) satisfies

An = \n and d'n = (% — 4) Jdf.

Let Q°(12) C C=(M) be the A-eigenspace for the eigenvalue 12 (notice that A = A

on functions) and let Qél’l)(m) denote the space of primitive (1,1)-eigenforms of A
corresponding to the eigenvalue 12. Summarizing Corollary 4.5 and Proposition 4.11,
we have constructed a linear mapping

o i(M) = QM 12), (€)= delY
from the space of Killing vector fields into Qél’l)(12) and a linear mapping
U 0°(12) - 0 (12),  W(f) = (dTd)y.

Let moreover NK C Q(()l’l)(12) denote the space of nearly Kahler deformations, which
by [10] is just the space of co-closed forms in Q(()l’l)(12).
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Proposition 4.12. The linear mappings ® and ¥ defined above are injective and the
sum Im(®) + Im(¥) + NK C Q(()l’l)(12) is a direct sum. In particular,

dim(NVK) < dim(Q{""(12)) — dim(i(M)) — dim(Q°(12)). (26)
Proof. Tt is enough to show that if £ € i(M), f € Q°(12) and a € NK satisfy

des + (dJdf)§" +a =0, (27)

then £ = 0 and f = 0. We apply d* to (27). Using Propositions 4.4 and 4.11 to express
the co-differentials of the first two terms we get

8¢ + 8Jdf = 0. (28)
Since J¢ is co-closed (Proposition 4.1), formula (28) implies 0 = d*J§ = d*df = 12f,
i.e. f=0. Plugging back into (28) yields & = 0 too. O

5. THE HOMOGENEOUS LAPLACE OPERATOR ON REDUCTIVE HOMOGENEOUS
SPACES

5.1. The Peter-Weyl formalism. Let M = G/K be a homogeneous space with com-
pact Lie groups K C G and let 7 : K — Aut(FE) be a representation of K. We denote
by EM := G x, E be the associated vector bundle over M. The Peter-Weyl theorem
and the Frobenius reciprocity yield the following isomorphism of G-representations:

L*(EM) = PV, @ Homg (V;, E), (29)

~eG

where G is the set of (non-isomorphic) irreducible G-representations. If not otherwise
stated we will consider only complex representations. Recall that the space of smooth
sections C°°(EM) can be identified with the space C°°(G; E)¥ of K-invariant E-valued
functions, i.e. functions f : G — E with f(gk) = n(k)~'f(g). This space is made
into a G-representation by the left-regular representation ¢, defined by by (¢(g)f)(a) =
f(g7ta). Let v € V, and A € Homg(V,, E) then the invariant E-valued function
corresponding to v ® A is defined by g — A(g~'v). In particular, each summand in the

Hilbert space direct sum (29) is a subset of C*°(EM) C L*(EM).

Let g be the Lie algebra of G. We denote by B the Killing form of g, B(X,Y) =
tr(adxoady). The Killing form is non-degenerated and negative definite if G is compact
and semi-simple, which will be the case in all examples below.

If 7: G — Aut(FE) is a G-representation, the Casimir operator of (G, 7) acts on E
by the formula

Casf =) "(m.X,)*, (30)

where {X;} is a (—B)-orthonormal basis of g and 7, : g — End(FE) denotes the differ-
ential of the representation 7.
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Remark 5.1. Notice that the Casimir operator is divided by k if one use the scalar
product —kB instead of —B.

If G is simple, the adjoint representation ad on the complexification g® is irreducible,
so0, by Schur’s Lemma, its Casimir operator acts as a scalar. Taking the trace in (30)
for m = ad yields the useful formula Cas$; = —1.

Let V, be an irreducible G-representation of highest weight 7. By Freudenthal’s
formula the Casimir operator acts on V,, by scalar multiplication with ||p||* — o + 7||?,
where p denotes the half-sum of the positive roots and || - || is the norm induced by —B
on the dual of the Lie algebra of the maximal torus of G. Notice that these scalars are
always non-positive. Indeed [[p[|> = [lp+ 7[> = —(v,7 + 2p)5 and (v, p) > 0, since v
is a dominant weight, i.e. it is in the the closure of the fixed Weyl chamber, whereas
p is the half-sum of positive weights and thus by definition has a non-negative scalar
product with .

5.2. The homogeneous Laplace operator. We denote by V the canonical homoge-
neous connection on M = G/K. It coincides with the Levi-Civita connection only in
the case that G/K is a symmetric space. A crucial observation is that the canonical
homogeneous connection coincides with the canonical Hermitian connection on nat-
urally reductive 3-symmetric spaces (see below). We define the curvature endomor-
phism ¢(R) € End(EM) as in (14) and introduce as in (16) the second order operator
A, = V*V + q(R) acting on sections of the associated bundle EM := G x, E.

Lemma 5.2. Let G be a compact semi-simple Lie group, K C G a compact subgroup,
and let M = G /K the naturally reductive homogeneous space equipped with the Rie-
mannian metric induced by —B. For every K -representation m on E, let EM := G X E

be the associated vector bundle over M. Then the endomorphism q(R) acts fibre-wise
on EM as q(R) = —Casf. Moreover the differential operator A acts on the space of
sections of EM, considered as G-representation via the left-reqular representation, as

A = —Cas{.

Proof. Consider the Ad(K)-invariant decomposition g = ¢@p. For any vector X € g we
write X = X'+ X*, with X* € £ and X* € p. The canonical homogeneous connection is
the left-invariant connection in the principal K-fibre bundle G — G/K corresponding
to the projection X ~ X*. It follows that one can do for the canonical homogeneous
connection on G/K the same identifications as for the Levi Civita connection on Rie-
mannian symmetric spaces.

In particular, the covariant derivative of a section ¢ € T'(EM) with respect to
some X € p translates into the derivative X (gZ;) of the the corresponding function
b€ C>=(G; E)¥, which is minus the differential of the left-regular representation X (é) =
—0,(X)¢. Hence, if {e,} is an orthonormal basis in p, the rough Laplacian V*V trans-
lates into the sum —£,(e,)l.(e,) = (—Casf + Cas'). Since A = V*V +¢(R) it remains
to show that ¢(R) = —Casf = —Casf in order to complete the proof of the lemma.
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We claim that the differential 4, : € — so(p) = A?p of the isotropy representation
i: K — SO(p) is given by i,(A) = —1e, A [A, e,] for any A € €. Indeed

(3eu N [A €)X = —1B(e,, X)[A,e,] + 1B([A e,], X)e, = —[A, X].

Next we recall that for X, Y € p the curvature Ry y of the canonical connection acts by
—7m.([X,Y]") on every associated vector bundle EM, defined by the representation 7.
Hence the curvature operator R can be written for any X,Y € p as

R(XANY) =le,NRxye, = —2e, N[X, Y] e,] = i.([X,Y]).

Let Psop) = G %; SO(p) be the bundle of orthonormal frames of M = G /K. Then any
SO(p)- representatlon 7 defines a K-representation by m = 7 o i. Moreover any vector

bundle E'M associated to Pso(p) via 7 can be written as a vector bundle associated via
7 to the K-principle bundle G — G/K, i.e.

EM = Psog) x: E=G x, E
Let {f,} be an orthonormal basis of €. Then by the definition of ¢(R) we have
g(R) = 37u(enNe) Tu(Rlew Aen)) = 57a(en A en) Tallen, %)
= —3Blew el fo)Tulen New) Tl fa) = =5B(ew, [fa eu)Tulen A er) ma(fa)
= g(en A o ) malfa) = —ma(fa) malfo)

= —Cask.
We have shown that ¢(R) € End(EM) acts fibre-wise as —CaSK Let Z € ¢ and
[ € C=(G; )X, then the K-invariance of f implies 7.(Z)f = —Z(f) = (.(Z)f and
also Cas® = Cas*, which concludes the proof of the lemma. O]

It follows from this lemma that the spectrum of A on sections of EM is the set
of numbers A\, = ||p + 7||> — ||pl|?, where v is the highest weight of an irreducible G-
representation V, such that Homg (V,, EY) # 0, i.e. such that the decomposition of V,,
considered as K-representation, contains components of the K-representation E.

5.3. Nearly Kahler deformations and Laplace eigenvalues. Let (M, g, J) be a
compact simply connected 6-dimensional nearly Kahler manifold not isometric to the
round sphere, with scalar curvature normalized to scal, = 30. Recall the following result
from [10]:

Theorem 5.3. The Laplace operator A coincides with the Hermitian Laplace operator
A on co-closed primitive (1,1)-forms. The space NK of infinitesimal deformations of
the nearly Kdhler structure of M 1is isomorphic to the eigenspace for the eigenvalue 12
of the restriction of A (or A) to the space of co-closed primitive (1,1)-forms on M.

Assume from now on that M is a 6-dimensional naturally reductive 3-symmetric space
G/K in the list of Gray and Wolf, i.e. SU; x SUy x SU,/SU,, SO5/Uy or SU3/T?. As

was noticed before, the canonical homogeneous and the canonical Hermitian connection



THE HERMITIAN LAPLACE OPERATOR ON NEARLY KAHLER MANIFOLDS 15

coincide, since for the later can be shown that is torsion and its curvature are parallel,
a property, which by the Ambrose-Singer-Theorem characterizes the canonical homoge-
neous connection (c.f. [5]). In order to determine the space N'XC on M we thus need to
apply the previous calculations to compute the A-eigenspace for the eigenvalue 12 on
primitive (1, 1)-forms and decide which of these eigenforms are co-closed.

According to Lemma 5.2 and the decomposition (29) we have to carry out three
steps: first to determine the K-representation Aé’lp defining the bundle Aé’lTM , then
to compute the Casimir eigenvalues with the Freudenthal formula, which gives all pos-
sible A-eigenvalues and finally to check whether the G-representation V,, realizing the
eigenvalue 12 satisfies Homg (V, A(l)’lp) # {0} and thus really appears as eigenspace.

Before going on, we make the following useful observation

Lemma 5.4. Let (G/K,g) be a 6-dimensional homogeneous strict nearly Kdahler man-
ifold of scalar curvature scal, = 30. Then the homogeneous metric g is induced from
—1—123, where B is the Killing form of G.

Proof. Let G/K be a 6-dimensional homogeneous strict nearly Kdhler manifold. Then
the metric is induced from a multiple of the Killing form, i.e. G/K is a normal homo-
geneous space with Ad(K)-invariant decomposition g = € @ p. The scalar curvature of
the metric h induced by —B may be computed as (c.f. [3])

scal, = 3 — 3Casy

where A : K — so(p) is the isotropy representation. ;From Lemma 5.2 we know

that Casf\( = —q(R), which on the tangent bundle was computed in Lemma 15 as
q(R) = 25;—;]" id. Hence we obtain the equation scal, = %—I—%sealh and it follows scal;, = g,
i.e. the metric g corresponding to —1—123 has scalar curvature scal, = 30. [

5.4. The A-spectrum on 5% x S3. Let K = SU, with Lie algebra £ = su, and
G = K x K x K with Lie algebra g = ¢® €@ . We consider the 6-dimensional manifold
M = G/K, where K is diagonally embedded. The tangent space at o = eK can be
identified with

={(X,)Y,Z)ctptat| X+Y + 7 =0}
Let B be the Killing form of ¢ and define By = —%B . Then it follows from Lemma 5.4
that the invariant scalar product

BU((Xa Ya Z)> (Xa}/aZ)) = BO(XaX) + BO(Y7 Y) + BO<Za Z)
defines a normal metric, which is the homogeneous nearly Kahler metric g of scalar
curvature scal, = 30.

The canonical almost complex structure on the 3-symmetric space M, corresponding
to the 3rd order G-automorphism o, with o(kq, ko, k3) = (ka, ks, k1), is defined as

J(X,Y, Z) = Z(Z,X,Y)+ (XY, 2).
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The (1,0)-subspace p¥ of p* defined by J is isomorphic to the complexified adjoint
representation of SU; on suj. Let E = C? denote the standard representation of SU,
(notice that F = E because every SUy = Sp, representation is quaternionic).

Lemma 5.5. The SUs-representation defining the bundle A(()l’l)TM splits into the irre-
ducible summands Sym*E and Sym?E.

Proof. The defining SUs-representation of ASDTM is p'0 @ p®! = Sym?*E @ Sym?E =
Sym*E @ Sym?*E @ Sym’FE from the Clebsch-Gordan formula. Since we are interested
in primitive (1, 1)-forms, we still have to delete the trivial summand Sym’E = C. O

Since G = SU, x SUsy x SUj, every irreducible G-representation is isomorphic to one
of the representations V, ;. = Sym*E ® Sym’E ® Sym®E. The Casimir operator of the
SU,-representation Sym*E (with respect to B) is —5k(k+2) and the Casimir operator
of G is the sum of the three SU,-Casimir operators. Hence all possible A-eigenvalues
with respect to the metric By are of the form

3(a(a+2) +b(b+2) + c(c +2)). (31)

for non-negative integers a, b, c. It is easy to check that the eigenvalue 12 is obtained
only for (a, b, ¢) equal to (2,0,0), (0,2,0) or (0,0,2). The restrictions to SUs (diagonally
embedded in G) of the three corresponding G-representations are all equal to the SUy-
representation Sym?E, thus dim Homgy, (Va,.0, Agl’l)p) = 1, and similarly for the two
other summands. Hence the eigenspace of A on primitive (1, 1)-forms for the eigenvalue
12 is isomorphic to Va0 @ Vo2,0 @ Vo2 and its dimension, i.e. the multiplicity of the
eigenvalue 12, is equal to 9.

Since the isometry group of the nearly Kéhler manifold M = SU, x SUy x SU,/SU,
has dimension 9, the inequality (26) yields

dim(NVK) < dim(Q{""(12)) = dim(i(M)) — dim(Q°(12)) = — dim(22°(12)) < 0.
We thus have obtained the following

Theorem 5.6. The homogeneous nearly Kihler structure on S® x S3 does not admit
any infinitesimal nearly Kahler deformations.

Finally we remark that there are also no infinitesimal Einstein deformations neither.
In [11] we showed that the space of infinitesimal Einstein deformations of a nearly Kéhler
metric g, with normalized scalar curvature scal, = 30, is isomorphic to the direct sum
of A-eigenspaces of primitive co-closed (1, 1)-forms for the eigenvalues 2,6 and 12. It is
clear from (31) that neither 2 nor 6 can be realized as A-eigenvalues.

Corollary 5.7. The homogeneous nearly Kahler metric on S® x S3 does not admit any
infinitesimal Einstein deformations.
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5.5. The A-spectrum on CP3. In this section we consider the complex projective
space CP? = SO5/U,, where U, is embedded by Uy C SO, C SO5. Let G = SOj5 with
Lie algebra g and K = U, with Lie algebra €. We denote the Killing form of G with
B. Then we have the B-orthogonal decomposition g = € @ p, where p can be identified
with the tangent space in 0 = eK. The space p splits as p = m & n, where m resp.
n can be identified with the horizontal resp. vertical tangent space at o of the twistor
space fibration SO5/Uy — SO5/SO4 = S*. We know from Lemma 5.4 that By = — 5B
defines the homogeneous nearly Kahler metric g of scalar curvature scal, = 30.

Let {€1,e2} denote the canonical basis of R%. Then the positive roots of SOj are
Qp = €1, Qg = €9, (g = €1 + €9, Qg = €1 — E9, with P = %81 + %82. Let g"‘ C gc be the
root space corresponding to the root a. Then

m(C — goq D g—al D gag D g—t)cg7 n(C — goz3 D g—oc3.

The invariant almost complex structure J may be defined by specifying the (1,0)-
subspace p'¥ of p©:

pPl={X—iJX | Xept=g"Dg™Dg *,

It follows that J is not integrable, since the restricted root system {ay,as, —as} is
not closed under addition (cf. [4]). We note that replacing —as by asz yields an inte-
grable almost complex structure. This corresponds to the well-known fact that on the
twistor space the non integrable almost complex structure J is transformed into the the
integrable one by replacing J with —.J on the vertical tangent space.

Let Cj, denote the Uj-representation on C defined by (z,v) + zFv, for v € C and
z € Uy 2 C*. Then, since Uy = (SUy x Uy)/Zs, any irreducible Us-representation is
of the form F,, = Sym“E ® Cp, with a € N, b € Z and @ = b mod 2. As usual let
E = C? denote the standard representation of SUs.

With this notation we obtain the following decomposition of p*? considered as Us-
representation

P2 Ey ,®E, with FEo o =g * and Fp; =g" @g™. (32)

Since p®! is obtained from p'? by conjugation we have p*! = Fy, & E; ;. The defin-
ing Us-representation of AGDTM is p'¥ @ p®!, which obviously decomposes into 5
irreducible summands, among which, two are isomorphic to the trivial representation
Ey. Considering only primitive (1,1)-forms we still have to delete one of the trivial
summands and obtain

Lemma 5.8. The Usy-representation defining the bundle A((]l’l)TM has the following
decomposition into irreducible summands

Let V, 4 be an irreducible SOs-representation of highest weight v = (a, b) with a,b € N
anda>b>0,eg Vig= A and Vipg = A2%. The scalar product induced by the Killing
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form B on the dual t* = R? of the maximal torus of SOj is —é times the Euclidean
scalar product. By the Freudenthal formula we thus get

Casy,, = (7,7 +2p)p = —3(ala+3) + b(b+ 1)). (33)

Notice that we have V;; = sof and Casy, , = —1, which is consistent with CasS, = —1.

It follows (c.f. Remark 5.1) that all possible A-eigenvalues with respect to the metric
induced by By are of the form 2(a(a + 3) + b(b+ 1)). The eigenvalue 12 is realized if
and only if (a,b) = (1,1). We still have to decide whether the SOs-representation V; ;

actually appears in the decomposition (29) of L2(Ay'T'M). However this follows from

Lemma 5.9. The SOs-representation Vi restricted to Uy C SOs has the following
decomposition as Ug-representation:

Vii = (Eoo® Eap) @ (Eo—2® Ev1 @ Eos @ Ey 1)
and in particular

dim Homg, V31, Ay'p®) = 2 and dim Homy, (V11,C) = 1.

Proof. We know already that V;; = sof is the complexified adjoint representation and
that sof = uS @ (p10 @ p®l). The decomposition of the last two summands is contained
in (32). Hence it remains to explicit the adjoint representation of U, on uS. It is clear
that its restriction to U; acts trivially, whereas its restriction to SUy decomposes into
Ceo Sug, ie. U(QC = E0,0 D Egy(). U]

The eigenspace of A on primitive (1, 1)-forms for the eigenvalue 12 is thus isomorphic
to the sum of two copies of Vj, i.e. the eigenvalue 12 has multiplicity 2 - 10 = 20.

It is now easy to calculate the smallest eigenvalue and the corresponding eigenspace
of the Laplace operator A on non-constant functions. We do this for A, which coincides
with A on functions. Then we have to replace Aél’l)p in the calculations above with
the trivial representation C and to look for SO5-representations V, ; containing the zero
weight. It follows from Lemma 5.9 and (33) that the A-eigenspace on functions Q°(12)
is isomorphic to V;; and is thus 10-dimensional. Since the dimension of the isometry
group of the nearly Kéhler manifold SO(5)/U, is 10, the inequality (26) shows that

dim(NVK) < dim(A{(12)) = dim(i(M)) — dim(A°(12)) = 20 — 10 — 10 = 0,
so there are no infinitesimal nearly Kéhler deformations in this case neither.

Finally, we remark like before that there are also no other infinitesimal Einstein
deformations, since by (33), the eigenvalues 2 and 6 do not occur in the spectrum of A

on A(()l’l) M. Summarizing, we have obtained the following:

Theorem 5.10. The homogeneous nearly Kihler structure on CP? = SO5/Us, does not
admit any infinitesimal nearly Kdhler or Einstein deformations.
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5.6. The A-spectrum on the flag manifold F(1,2). In this section we consider the
flag manifold M = SUs/T?, where T? C SUj3 is the maximal torus. Let g = suz and let
£ = t, the Lie algebra of 7?. We have the decomposition

g=tdp and p=mon.

Denoting by FEj;, S;; are "real and imaginary” part of the projection of the vector
Xi; € gls (equal to 1 on ith row and jth column and 0 elsewhere) onto sus;:

Eij = Xi; — X} Sij = 1(Xi; + Xii),
the subspaces m and n are explicitly given by
m = span{ Es, S1o, E13, S13} = span{ey, e, €3, €4},
n = span{ Fas, So3} = span{es, €4}
The dual of the Lie algebra t of the maximal torus 7 can be identified with
22 {( A\, Ao, A3) ER? | A\ + Ay + X3 = 0}

If {&;} denotes the canonical basis in R*® then the set of positive roots is given as
t={a;; =¢e;i—¢; |1 <1< j <3} and the half-sum of the positive roots is p = ; —¢3

Let B denote the Killing form of SU;. By Lemma 5.4, By = —%B defines the
homogeneous nearly Kahler metric g of scalar curvature scal, = 30.

The almost complex structure J is explicitly defined on p by
J(e1) = eo, J(e3) = —ey, J(es) = eg.
Alternatively we may define the (1,0)-subspace of p®:
pt? =g @ g™ @ g°% = span{X1o, X351, Xos},

where g¢ is the root space for a. It follows that J is not integrable, since the restricted
root system {aa, as1, ez} is not closed under addition (c.f. [4]).

Let E = C? be the standard representation of SUs with conjugate representation E.
Any irreducible representations of SUj3 is isomorphic to one of the representations

Vi = (Sym"E @ Sym' E),,
where the right hand side denotes the kernel of the contraction map
Sym"E ® Sym'FE — Sym* 'E ® Sym' ' E,
i.e. Vi is the Cartan summand in Sym*E @ Sym'E. The weights of Sym*E are
aeq + beg + ces, with a,b,¢ >0, a+b+c=k.

If vy, v9,v3 are the weight vectors of F, then these weights correspond to the weight
vectors v - v - v§ in Sym”E. Since the weights of Sym'E are just minus the weights of

Sym'E, we see that the weights of Vi are
(a—ad)er+(b—b)ea+(c—)es, a,be,d b, >0, atb+c=k, a'+b+ =1. (34)
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JFrom the given definition of the almost complex structure J it is clear that the
T2-representation on p'¥ splits in three one-dimensional T?-representations with the
Welghts 19, (X371, (X23.

Since the weights of a tensor product representation are the sums of weights of each
factor and since €1 + €9 + €3 = 0 on the Lie algebra of the maximal torus of SU3, we
immediately obtain

Corollary 5.11. The weights of the T?-representation on Ab'p = ph0 @ p®1 are
:|:3€1, :|:3€2, :|:383, and 0.

It remains to compute the Casimir operator of the irreducible SUs-representations
Vi1 The highest weight of Vj; is v = ke — leg and p = €1 — €3, thus

Casy,, = (7,7 +2p)p = —5(k(k +2) + (1 +2)). (35)

Here we use again the Freudenthal formula and the fact that the Killing form B induces
—¢ times the Euclidean scalar product on t* C R? (easy calculation). Notice that we
have Vi, = su§ and Casy,, = —1, which is consistent with Cas$; = —1 as in the
previous cases.

It follows that all possible A-eigenvalues (with respect to the metric By) are of the
form 2(k(k + 2) + I(l + 2)). Obviously the eigenvalue 12 can only be obtained for
k =1 = 1. Moreover, the restriction of the SUs-representation V;; contains the zero
weight space. In fact, from (34), the zero weight appears in Vj; if and only if there exist
a,b,c,d V., >0, atb+c=k, a'+V+c = lsuchthat (a—a')e1+(b—b)ea+(c—)eg =
0, which is equivalent to k = [. We see that dim Homz2(V] 1, A((Jl’l)p) =2-2=4.

Hence the eigenspace of A on primitive (1, 1)-forms for the eigenvalue 12 is isomorphic
to the sum of four copies of Vi i, i.e. the eigenvalue 12 has multiplicity 4 - 8 = 32.

Computing the the smallest eigenvalue and the corresponding eigenspace of the
Laplace operator A on non-constant functions we find Vg for the eigenvalue 0 and
Vi1 for the eigenvalue 12. All other possible representations give a larger eigenvalue.
Hence, the A-eigenspace on functions QY(12) is isomorphic to two copies of Vi 1, i.e. the
eigenvalue 12 has multiplicity 8 - 2 = 16.

Since the dimension of the isometry group of the nearly Kéhler manifold SU3z/7T? is
8, we obtain from (26)

dim(NVK) < dim(Q{""(12)) — dim(i(M)) — dim(Q°(12)) = 8. (36)

In the next section we will show by an explicit construction that actually the equality
holds, so the flag manifold has an 8-dimensional space of infinitesimal nearly Kahler
deformations.

Before describing this construction we note that there are no infinitesimal Einstein
deformations other than the nearly Kéhler deformations. It follows from (35) that the

eigenvalue 2 does not occur in the spectrum of A on A(()l’l)M . The eigenvalue 6 could be
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realized on the SUs-representations V' = Vi or V = Vj ;. However it is easy to check
that Homq2(V, Al"Vp) = {0}.

Corollary 5.12. Every infinitesimal Einstein deformation of the homogeneous nearly
Kdhler metric on F(1,2) = SU3/T? is an infinitesimal nearly Kahler deformation.

6. THE INFINITESIMAL NEARLY KAHLER DEFORMATIONS ON SUj3/T?

In this section we describe by explicit computation the space of infinitesimal nearly
Kihler deformations of the flag manifold F(1,2) = SU3/T?. The Lie algebra us is
spanned by {hq, ho, hs,e1,. .., €6}, where

hi =B, hy = il5s, hs = 1 E33,
e1 = Fig — Eoy, e3 = Lz — LEs, e5 = Loz — Ls,
ey = i(F12 + Far), eqs = i(E3 + E31), e = i(Fa3 + E3g).
We consider the bi-invariant metric g on SUj3 induced by —B/12, where B denotes the
Killing form of sus. It is easy to check that |e;|*?=1 and |h; — h;|? = 1 with respect to
g. We extend this metric to Us in the obvious way which makes the frame {e;, v/2h;}
orthonormal. This defines a metric, also denoted by ¢, on the manifold M = F(1,2).

From now on we identify vectors and 1-forms using this metric and use the notation
€ij = € A €5, etc.

An easy explicit commutator calculation yields the exterior derivative of the left-
invariant 1-forms e; on Us:

d61 = —262 N (hl — hg) + es5 + €46,
d€2 = 261 N (hl — hz) + e45 — €36,
d€3 = 264 A (hg - hl) — €15 + €26,
dey = —2e3 A (hs—hy) — e — e,
des = —2eg A (hy — h3) + e13 + e,
d€6 = 265 N (hg - hg) + €14 — €23.

(37)

Let J denote the almost complex structure on M = F(1,2) whose Kéhler form is
w = e13 — e34 + e56 (It is easy to check that w, which a priori is a left-invariant 2-form
on Us, projects to M because Lp,w = 0). J induces an orientation on M with volume
form —eqa3456. Let U +4W ™ denote the associated complex volume form on M defined
by the adrs-invariant form (ex +iJes) A (eq +iJes) A (e + iJeg). Explicitly,
UF = er36 + €16 + €235 — C1a5, U™ = €936 — €146 — €135 — €245.

Using (37) we readily obtain

d(e12) = —d(ess) = d(ess) = o, (38)
S0

dw =30, and AV~ = —2uw?.

The pair (g, J) thus defines a nearly Kéhler structure on M (a fact which we already
knew).
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We fix now an element £ € suz C uz, and denote by X the right-invariant vector field
on Uz defined by &. Consider the functions

Z; :g(Xaei)> V; :g(Xahi)' (39)

The functions v; are projectable to M and clearly v; + vy + v3 = 0. Let us introduce
the vector fields on Us

ay = xges — Tseq, (g = XT3e4 — Ty€3, az = Tae1 — T1€3.
One can check that they project to M. Of course, one has
Ja, = xses + xges, Jaos = x3e3 + x4ey, Jas = x1e1 + xoes.
The commutator relations in SUj3 yield
dvi = as — as, dvy = as — aq, dvs = a; — as. (40)
Using (37) and some straightforward computations we obtain
d(Ja1) = (—a1+ag+az) 2V 4+ 4(vy — v3)ese,

d(JClQ) = (Cll — Q9 + ag) _ \IJ+ + 4(’01 — U3)€34, (41)
d(Jag) = (CL1 “+ ag — a3) _ \I]+ -+ 4(1)1 — U2>€12.

We claim that the 2-form
¥ = V1€56 — V2€34 + V3€12 (42)
on M is of type (1,1), primitive, co-closed, and satisfies Ap = 12¢. The first two
assertions are obvious (recall that vy + ve + v3 = 0). In order to prove that ¢ is co-
closed, it is enough to prove that dp A w = 0. Using (38) and (40) we compute:
ng Nw = [(CLQ — (lg) N es6 — (Clg — al) N ey + (a1 — CLQ) VAN 612] VAN (612 — €34 + 656)

= (a1 — az) A ejase — (a3 — az) A erazs + (a1 — az) A esqs6 = 0.
Finally, using (41), we get

Ap = d'dp=—xdx[(az —az) Nesg— (a3 — ar) A egq + (a1 — az) A ey

= —xd[Jaz Neo+ Jazg Aesy + Jaz N esg — Jay A eyg — Jag A esqg — Jag A esg)

= —x[d(Jag) A (e12 — e56) + d(Jaz) A (esq + es6) — d(Jay) A (e12 + €34)]

= —x[(a1+az+az) U A (e12 — €56+ €34 + €56 — €12 — €34)
—2(ag W) A (€12 — e56) — 2(az 3 UT) A (e3q + es6) +2(a1 2UT) A (e19 + e34)
+4(v1 —v3)ess A (€12 — es6) + 4(v1 — v2)era A (esq + es6)
—4(vy — v3)ese A (€12 + €34)]

= — % [4(2v1 — vy — v3)e1234 + 4(v1 + vz — 209)e1956 + 4(2v3 — V1 — Va)€3456]

= — % [12’0161234 — 12U2€1256 + 121)363456] = 12g0

Taking into account the inequality (36), we deduce at once the following
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Corollary 6.1. The space of infinitesimal nearly Kdhler deformations of the nearly
Kahler structure on F(1,2) is isomorphic to the Lie algebra of SUs. More precisely,
every right-invariant vector field X on SUs defines an element ¢ € N'K via the formulas
(39) and (42).
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