KILLING FORMS ON SYMMETRIC SPACES
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ABSTRACT. Killing forms on Riemannian manifolds are differential forms whose co-
variant derivative is totally skew—symmetric. We show that a compact simply con-
nected symmetric space carries a non—parallel Killing p—form (p > 2) if and only if it
isometric to a Riemannian product S* x N, where S* is a round sphere and k > p.
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1. INTRODUCTION

There are two equivalent definitions of Killing vector fields on Riemannian manifolds.
A vector field X is Killing if its local flow consists of isometries. Equivalently, X is
Killing if the covariant derivative VX? of the dual 1-form X’ is skew-symmetric.

This second definition can be generalized to forms of higher degree as follows. A
p—form wu is called Killing if its covariant derivative is totally skew—symmetric, i.e. if it
exists some p + 1-form 7 such that

Vu=r.

It is easy to check that in that case 7 is necessarily equal to ﬁdu. In contrast to
Killing 1-forms, which are just dual to infinitesimal isometries, there is no geometrical
interpretation of Killing p—forms for p > 2.

The aim of this paper is to show the following

Theorem 1.1. If a symmetric space M of compact type carries a non-parallel Killing
p—form and p > 2, then the universal cover M is either a round sphere, or has a factor
1sometric to a round sphere in its de Rham decomposition.

Together with the fact that a Killing form on a product splits as a product of Killing
forms on the factors [2], we get therefore a complete description of all Killing forms on
locally symmetric spaces of compact type.

This result can be thought of as a generalization of the following weaker assertion:
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Proposition 1.2. A symmetric space admitting real Killing spinors is locally confor-
mally flat.

To see that Theorem 1.1 implies Proposition 1.2, we recall the fact that a manifold
M which carries Killing spinors is locally irreducible (cf. [1]). Now, using the squaring
construction one can construct non—parallel Killing p—forms for some p > 2 starting
from a Killing spinor. Thus the universal cover of M has to be the sphere, so M is
conformally flat.

Of course, one can give a more direct proof of Proposition 1.2 (cf. [1], p.35). If ¥ is a
Killing spinor, an immediate calculation shows that M is Einstein and W (X,Y)-¥ = 0,
where W is the Weyl tensor, for all X, Y € TM. Differentiating this relation several
times and using the fact that the Weyl tensor is parallel, we obtain that for every vectors
X and Y, the Clifford product of the 2—form W (X,Y") with every spinor vanishes, so
finally W = 0.

The strategy for the proof of Theorem 1.1 is somewhat similar, although much more
involved. We first show that if M is a Riemannian product, then at least one of the
factors carries a Killing p—form, too. We then interpret Killing p—forms as parallel
sections of AP M @ AP M with respect to some modified natural connection V acting
on this bundle. The curvature R of this connection can be computed explicitly in terms
of the Riemannian curvature of M, and the sections of AP M @& AP M which lie in the
kernel of R define some V-parallel sub-bundle Ey @ Fy of APM @ APT'M. The point
is that this sub-bundle is not necessarily V-invariant. By an inductive procedure, one
can construct a sequence of V-parallel sub-bundles F;,; & F;11 C E; & F; such that
V(Ei;1) C F; and V(F;,;) C E;. This sequence is of course stationary, and defines
some V- and V-parallel sub-bundle E @ F = E;, & F, of A’M & APT'M for some k
large enough.

A tricky argument (which is the core of the paper and is described in detail in Section
3) allows one to show that the projection F of E & F onto APT'M is either zero, or the
whole space. The first case just says that every Killing form has to be parallel, while in
the second situation it is easy to show that the Weyl curvature of M has to vanish.

2. PRELIMINARIES

Throughout this paper we use Einstein’s summation conventions on double subscripts.
Vectors and 1-forms are identified via the metric. In the sequel, {e;} will denote a local
orthonormal basis of the tangent bundle, parallel at some point.

Definition 2.1. A p—form u is called a Killing p—form if and only if

1

VXu:p+1XJdu, (1)

for all vector fields X .
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Let u be a Killing p—form. Obviously X JV xu = 0 for all vectors X so in particular
du = 0. Let us take the covariant derivative in (1) with respect to some vector field Y,
wedge with X and sum over an orthonormal basis X = e; (X, Y and e; are supposed
to be parallel at a point):

1
eiNRe,yu = e ANV ,Vyu—e; AVyVeu=¢e; A Vei(?Y adu) — Vydu
p

1 1

— Y e;AVedut ——Vydu— Vyd
P Je du P yvdu yvdu
1 P p

= ——Y Jd(du) — ——Vydu = ———Vydu.
P ad(du) P ydu | ydu

Thus, denoting by R™ the operator
R* : TM — End(A?M, AP M), R (X)u :=e; A Rxu,

the above equation reads

Vxdu = ’%R*(X)u. (2)

Consider the connection V on A?M @& APT1M given by

~ 1 1
Vx(u,v):=(Vxu— mXﬂ}, Vxv— %RJF(X)U).

We have just shown that (u,du) is a V-parallel section of APM @ AP*'M for every
Killing p—form u. We will not discuss here the consequences of this important fact, but
rather refer to [4] for details.

Taking the covariant derivative with respect to some vector field Y in (1), skew—
symmetrising in X and Y and using (2) yields

1
Ryyu = —5()( LRYY)u—Y RN (X)u) VXY € TM, (3)

which we rewrite as
(Z A R")u = —pRu, Yu € A’M Killing form. (4)

Here Z stands for the interior product, Z(X)u := X Ju, and R* for the operator defined
before, both of which are viewed as a 1-form with values in End(A*M). Therefore their
exterior product is a 2—form with values in End(A*M), and so is the curvature operator
R. Note that Z decreases and R* increases the degree of the form by 1.

If M is locally symmetric, then R is parallel, and so is R (Z is always parallel).
Thus, taking the covariant derivative with respect to Y in (2), skew—symmetrising in
X and Y and using (1) yields

1

RX,ydu =
D

(RT(X)Y sdu— RY(Y)X odu) VX,Y € TM, (5)
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or, equivalently,

(R ANT)du = —p Rdu, Yu € A’M Killing form. (6)

We end up this section by deriving some useful algebraic relations satisfied by R™.

Lemma 2.2. On any manifold we have

R*ANI =T AR'+ R, or, equivalently, 2I[R" ANZ] = R. (7)

Here we define, for two 1-forms A, B with values in some algebra bundle 2, their
commutator [A,B] : TM @ TM — Q by [A,B](X®Y) := A(X)B(Y) — B(X)A(Y),
and [AA B] : A2 (TM) — Q, resp. [A® B] : S*(TM) — Q denote its skew—symmetric,
resp. symmetric, part.

Proof.

RY(X)I(Y)u = e ARxe (Y u)=e; ARxeY su+e; ANY JRxeu
= ¢; ANRx.,Y Ju—Z(Y) JR"(X)(u) + Rxyu,

which, after skew—symmetrization and using the Bianchi identity on the first term of
the right hand side, yields the desired result. O

Corollary 2.3. Let E be a parallel (i.e., V—stable) sub-bundle of APM. The induced
operator [R*,I] : TM @ TM — Hom(E,A’PM/E) is a symmetric 2-tensor.

Lemma 2.4. Let E be as before. Then the induced 3-tensor

T2R+ : TM®* — Hom(E,N""*M/(Z(F) + ZR'I(E)))
vanishes identically.
Proof. First note that
1
T*RY=IR"I+I|I,RT| =IR'T - §IR +ZI[Z® R,

therefore

I°R+ =I|Z ® R*] mod Z(E) + IRZ(E).

The tensor Z2R+ is clearly skew—symmetric in the first two arguments, because two
interior products anti-commute. On the other hand, the previous equation shows that
Z2R* is induced by the tensor Z[Z ® R*], which is, by its very definition, symmetric in
the last two arguments.

But a 3-tensor which is symmetric in the last two arguments and skew-symmetric in
the first two arguments is necessarily zero. O
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3. FORM BUNDLES ON SYMMETRIC SPACES
The results in this section could have been stated in terms of abstract representation
theory, but we prefer the more geometric presentation below.

Let M be a symmetric space with curvature tensor R. We define the following vector
bundles on M:

1
Ey:={u€ A’M | Ru=—-T A R"u},
P

Fo:={veAN'""M | Rv= —lRJr AZTv}.
We then define inductively the vector bundles g
Ey={u€eE, | R"(X)ue F,, VX eTM},
Fp={velF,,| XiveE,_, VXeTM}.

Since R is parallel, we see that Ej and Fj are parallel vector bundles for every k. We
denote by

By definition, for every sections u and v of F and F' respectively we have
1
Ru=—-TZTAR"u 9)
p
Loy
Rv=—-R"ANTIv (10)
p
R*(X)ue F and X.iveE VXeTM (11)
Notice that from (11) we get
IR"(E)CE. (12)
Lemma 3.1. Let k be an integer k > 1. For every tangent vectors Xi,--- , Xk,
Y1, -, Yy and for every section u of E we have
X1 ..._leJR—i_(}/l)...R—i_(Yk)UEE. (13)

Proof. The statement claims that Z%(RT)*, as a 2k—tensor with values in Hom(E, AP M),
takes actually values in End(E).

We use induction on k. For k =1 the result follows from (12).
Step 1. First we show (also by induction), using the Lemma 2.4, that
T'RY(V) c ZRYT (V) + T 4(V), (14)

for any [ > 1 and any V-parallel form sub-bundle V. Indeed, for [ = 2 this is ex-
actly Lemma 2.4, and for [ > 2, we get from the induction step that Z'RT(V) C
T?°RTT'72(V) + Z(Z-%(V)), from which the claim follows using again Lemma 2.4.

Step 2. Let us denote now by E’ := (RT)*"}(E) C AP™*~! the image of the last
factors in the product Z¥(RT)*. Then E’ is a parallel bundle. We have to show that
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TFRT(E') C E. From (14) we get ZFR*(E') C ZRTI*Y(E') + I 1(E’), and from the
induction step Z*"1(E’) C E, so we get in the end ZF(RT)*(F) C E+ZR"(E) C E by
(12).

OJ

Corollary 3.2. If there exist n — p tangent vectors Yi,...,Y,_, and a p-form u € E
such that RT(Y1) ... R (Y,—p)u is non—zero, then E = APM.

Proof. This follows simply because the different contractions of the volume form with
n — p vectors span APM.

OJ

We now examine under which circumstances the hypothesis in the corollary above can
fail, that is, what can one say about E if RT(Y})... R*(Y,—,)u=0forallY},...,Y,_, €
TM and u € E.

Lemma 3.3. Let E C ATM be some invariant summand in the decomposition of q—
forms under the holonomy representation.

(i) If RY(X)u = 0 for all tangent vectors X and u € E then the holonomy represen-
tation on E is trivial.

(ii) Suppose that the holonomy representation is irreducible on TM and that M is
not Kdhler. If there exists some sub-bundle W of A"XM on which the holonomy repre-
sentation is trivial and such that RT(X)u € W for every tangent vector X and u € E,
then either q=n—1, or RY*(X)u =0 for all X € TM and u € E.

Proof. (i) Taking the interior product with X and making the sum over an orthonormal
basis yields

0=r¢; 1R (e;)u=—q(R)u.

But ¢(R), being the Casimir operator of the holonomy group on F, is a non—negative
constant on each irreducible component of E. Moreover, these constants are all zero if
and only if each irreducible component of FE is trivial.

(ii) Let H be the holonomy group of M. Since M is irreducible, it has to be Einstein,
and we denote its Einstein constant by r. The operator R defines an equivariant map
Rt : TM ® E — W. Suppose first that E is irreducible. We have two possibilities:
either F is isomorphic (as H-representation) to 7'M, or not. In the latter case, the
Schur Lemma shows that the map R™ vanishes. Otherwise E is isomorphic to T'M
and in particular, ¢(R) acts on E by multiplication with the scalar r (remember that
q(R) = Ric on TM ~ A'M). Let {v,}, @« =1,...,dim(W) be an orthonormal basis of
W. Since the curvature acts trivially on W we can write for every u € E

(RT(X)u,va) = (e; A Rxe,u,v4) = —{(u, Rx., (€ 104))
= —(u,(Rxe€i) 10a) = —1(u, X 10,),
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whence
RTY(X)u = (R (X)u, va)ve = —1{t, X 10,)04.
Taking the interior product in this formula yields

1 1
u=~-q(R)u=——e; sR"(e;)u=e; 1{u,e; 104)Vq = (U, €; 1V,)€; 1V,. (15)
r r

Since M is not Kéahler, it turns out that every H—-equivariant bilinear form on T'M is a
real multiple of the metric. In particular, we get
(X 500, Y Jug) = cap(X,Y).

Taking X =Y = ¢; and summing yields

NCap = Capl€i, €i) = (€i 1Va, €; 1vg) = (€; N\ €; 1V, Vg) = (¢ + 1)0ags, (16)
so finally
1
(X v, Y sug) = L5260, 7). (17)
n
We take the scalar product with e; Jvg in (15) and use (17) to obtain
1
(u,ej 1vg) = (U, €; 1V4)(€; JVa, €5 JVg) = 4+ (u,ej 1vg).

Since u is non—zero by assumption, this shows that ¢ =n — 1.

Finally, if E is reducible, the above argument applied to each of its irreducible com-
ponents (say E;) shows that if ¢ # n—1, then R (X)u =0 for all X € TM and u € E;,
and the result follows by linearity. O

Corollary 3.4. Let M be a compact irreducible non—Kahlerian symmetric space. If
the bundle E defined in (8) is a proper sub—bundle of APM then RT(X)u = 0 for all
XeTM andu € E.

Proof. Let k be the smallest positive integer such that R*(Y)... RT(Y;)u = 0 for all
Yi,...Yp, € TM and uw € E. Clearly 1 < k < n—p+ 1. If F is strictly included
in APM, Corollary 3.2 shows that &k < n — p. Let W be the maximal sub—bundle of

APTR=L M on which the holonomy group acts trivially. From Lemma 3.3 (i) we see that
RY(Y1)...R"(Yy1)u e Wiorall Yy,... Yy 1 € TM and u € E.

Suppose that £ > 2. Lemma 3.3 (ii) shows that either R*(Y))... RT(Ys—1)u = 0 for
all Yi,...Y, 1 € TM and u € E, or p+ k —2 =n — 1. The first case contradicts the
minimality of k, and the second case contradicts the inequality & < n — p. This shows
that k = 1, thus proving our assertion. O

4. KILLING FORMS ON SYMMETRIC SPACES

Let u € APM be a Killing form on a compact simply connected symmetric space M.

Proposition 4.1. The pair (u,du) is a section of the bundle E & F defined in the
previous section.
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Proof. (From (3) and (5) we see that (u,du) is a section of Ey @ Fy. Moreover (1) and
(2) show that if (u, du) is a section of Ej & Fj, for some k > 0, then it is also a section
of Ery1 @ Fii1. A simple induction argument ends up the proof. ]

Suppose now that p > 2. Then M is not Kéahlerian:
Lemma 4.2. A Killing p—form on a compact Kahler manifold is parallel if p > 2.

Proof. We make use of the classical Kahlerian operators

d°:=> Je;AV.,  6==) JeV,,

J:ZJei/\eiJ, AZ:%ZGZ'_IJ&'J

acting on forms, which satisfy the well-known relations
[d, J] = —d°, [d, A] = §°, d°6 + 6d° =0 =09 + 90°
on Kahler manifolds.

Let u be a Killing p—form. We take the wedge product with JX in (1) and sum over
an orthonormal basis X = e; to obtain:

1
du:=Je; ANVe,u=——Jdu = (dJu + d°u),
p+1

p+1
whence

pd“u = dJu.
Since du = 0 and d° anti-commutes with §, the two terms of this equation are L?-
orthogonal, so they both vanish.

Taking now the interior product with JX in (1) and summing over an orthonormal
basis X = e; yields

2 2
——Adu = ——

0u=—Je; sV u =
p+1 p+1

(dAu + 6“u),

SO
(p — 1)6° = dAu.
By L2?-orthogonality again, (using also the fact that p > 2) we get 6°u = 0. Thus
Au = d°0“u + 0°d°u = 0, showing that du = 0, and by (1), Vu = 0.
O

This result (which already appears in [5]) shows that we can assume that M is not
Kahlerian. If M is reducible, then u is a sum of pull-backs of Killing forms on the factors
(see [2]). We can therefore suppose, without lost of generality, that M is irreducible.
From Corollary 3.4 we deduce that either RT(X)u = 0 for every X, or E = APM. The
first case implies that du is parallel, so in particular Au = 0. The Weitzenbock formula
(ct. [4)

Au=(p+1)V*'Vu
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then shows that u is parallel.

Consider now the second possibility: £ = AP M.

Lemma 4.3. If (3) holds for any p—form u, 2 < p < n — 2, then the Weyl tensor of M
vanishes.

Proof. The equation (3) is O(n)-invariant, so if it holds for a given non-zero curvature
tensor, it must hold for all curvature tensors belonging to the corresponding O(n)-
invariant space.

The equation holds trivially for the scalar part of the curvature tensor, and, on the
other hand, all irreducible symmetric spaces are Einstein, so we only need to consider
Ricci-flat curvature tensors. Therefore, if (3) holds for the curvature tensor R, it equally
holds for W, where W is the Weyl component of R. If this is non-zero, (3) must hold for
all tensors of Weyl type, because the space of Weyl tensors is O(n)—-irreducible for n > 4.
(For n = 4 there are two SO(4)-irreducible components, but these are distinguished by
the orientation only, so they are not O(4)-invariant).

We will give an example of a Weyl tensor in dimension 4, and of a particular 2—form
up, for which (3) fails.

In higher dimensions we complete this Weyl tensor in the trivial way, and for higher
degree forms we simply take products of ug with some p — 2 form depending only on
the last n — 4 variables. Note that this operation will produce examples of Weyl tensors
and p—forms that do not satisfy (3), as long as 2 < p <n — 2.

Consider a := g(I-,-), 8 := g(J-,-),~ := g(K-,-) a basis of self-dual 2-forms A in R*,
obtained by composing the Euclidean metric with three orthogonal complex structures
on R?* that induce the quaternionic structure on R* = H. In suitable coordinates we
have

a=e Nest+e3Ney, [P=e ANes—eyNey, Y=eNes+eses.

Define the curvature tensor R by R(a) = a ~ I, R(f) = -8 ~ —J, R(vy) = 0, and
extend it by 0 on anti-self-dual 2—forms. It is a Ricci-flat, self-dual curvature tensor.

Let us compute R™(X)u, for any 2—form u:
1 1
RY(X)u=e; A Rxcu=e; A <§<X Aep, o)l — §<X A ei,6>J> u,

where the factors 1/2 come from the fact that ||a|* = [|8]* = 2.
Setting © = ug := £ and using I3 = 2y and J§ = 0, we get

RT(X)B=e; A(X Neg, o) = e; Ay(X, I(e;)) = —T(X) ANy =J(X) Jw,
where w = e; A eg A eg A ey is the volume form.
We get

e1 s R (e3) —ea sRY(e1)B =7,
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but R, ., = 0, which contradicts (3). O

The above lemma shows that if £ = AP(M), and the locally symmetric space M is
not a space form, one has necessarily p = n — 1 (recall that we assumed p > 2 since
Killing 1-forms are just duals of Killing vector fields).

Then the Hodge dual, say &, of u is a closed 1-form satisfying the equation

1
Vxé = —EXéf. (18)
In particular d§ = 0, and since M is Einstein, the Bochner formula yields
Scal -1
;“ ¢ = Ric(£) = Af — V*'VE == s,

so A(6¢) = 5eals¢. 1f 6¢ = 0, (18) shows that £ — and thus u — is parallel. Otherwise, the
Obata theorem (cf. [3]) shows that 0§ is a characteristic function of the round sphere,
so the Weyl curvature of M vanishes. Since M is also Einstein, it has to be locally
isometric to the round sphere. This proves Theorem 1.1.
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