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Abstract

In [KSW97a] we proved a lower bound for the spectrum of the Dirac operator on quaternionic Kahler
manifolds. In the present article we show that the only manifolds in the limit case, i. e. the only manifolds
where the lower bound is attained as an eigenvalue, are the quaternionic projective spaces. We use the
equivalent formulation in terms of the quaternionic Killing equation introduced in [KSW97b] and show
that a nontrivial solution defines a parallel spinor on the associated hyperkahler manifold.
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1 Introduction

The square of the first eigenvalue of the Dirac operator on the sphere S™ of scalar curvature x is §-"5. In
[Fri80] Friedrich showed that this eigenvalue is a universal lower bound for all eigenvalues on an arbitrary
compact Riemannian spin manifold (M™, g) with positive scalar curvature x in the following sense: all
eigenvalues of the Dirac operator satisfy
A2 > miny K N .
4 n—1
An eigenspinor realizing this lower bound is characterized by a special differential equation called the Killing
equation. Conversely, on manifolds admitting Killing spinors, i. e. nontrivial solutions of this Killing equation,
the lower bound is realized as an eigenvalue. These manifolds have been characterized by C. Bér [Bar93]

translating the Killing equation on M into the equation of a parallel spinor on the cone M =R+ X2 M.
The existence problem of solutions of the Killing equation was thus reduced to the description of manifolds
with parallel spinors by M. Wang [Wan89).

Despite the fact that Friedrich’s estimate is sharp, it is not optimal if M is assumed to have additional
geometric structure, namely special holonomy. Due to a result of O. Hijazi and A. Lichnerowicz ([Hij84],
[Lic87]), there is no solution of the Killing equation if M possesses a non—trivial parallel k—form, k # 0,n.
There are two canonical classes of such manifolds which in addition have positive scalar curvature: K&hler
manifolds and quaternionic K&hler manifolds.

The eigenvalue estimate for Kahler manifolds has been improved by K.—D. Kirchberg in [Kir86] and [Kir90]
(see also [Lic90] and [Hij94]). Again, this estimate is sharp: the lower bound is attained as first eigenvalue
on the complex projective space CP™ resp. on its product with a flat 2—torus in odd resp. even complex
dimensions. On Ké&hler manifolds of odd complex dimension, a spinor with smallest possible eigenvalue is
characterized by a suitable modification of the Killing equation, the K&hlerian Killing equation. A. Moroianu
showed in [Mor95] that a Kéhlerian Killing spinor defines an ordinary Killing spinor on the canonical S!-
bundle over M. Hence, the holonomy argument of Bar’s work can be used to study the limit case. In even
complex dimensions, the problem of characterizing the limit case is still open. Nevertheless, there are partial
results by A. Moroianu [Mor97] and A. Lichnerowicz [Lic90].

A quaternionic Ké&hler manifold is an oriented 4n—dimensional Riemannian manifold with n > 2 whose
holonomy group is contained in the subgroup Sp(1) - Sp(n) C SO(4n). Equivalently they are characterized
by the existence of a certain parallel 4—form {2, the so—called fundamental or Kraines form (cf. [Bon67],
[Kra66]). All quaternionic Kéhler manifolds are Einstein with constant scalar curvature (cf. [Ale68b] or
[Ish74]) and possess a unique spin structure if n is even, whereas for odd n only the quaternionic projective
spaces are spin (cf. [Sal82]). In [KSW97a] we proved that on a compact quaternionic Kéhler spin manifold
(M*", g) of positive scalar curvature x the eigenvalues \ of the Dirac operator satisfy

a2 fnts
T4 n+2

Asin the Riemannian or Kéhler case, this estimate is sharp, and the lower bound is attained as first eigenvalue
on the quaternionic projective space (cf. [Mil92]).

The natural task is to study the limit case and to find all manifolds which have Z—ig in the spectrum of
D?. A first step in this direction was taken in [KSW97b], where we introduced the equation characterizing
an eigenspinor with this particular eigenvalue. A new feature of this quaternionic Killing equation is that
it involves not only the eigenspinor but also an auxiliary section of an additional bundle, which is not
itself a spinor. We used it to show that no compact symmetric quaternionic Kéhler manifolds besides the
quaternionic projective spaces carry quaternionic Killing spinors. In the present article we prove the following
more general

Theorem 1 Let M be a compact quaternionic Kdhler manifold of quaternionic dimension n and positive
scalar curvature k. If there is an eigenspinor for the Dirac operator with eigenvalue \ satisfying
g kn+3
C4n+2’



then M 1is isometric to the quaternionic projective space.

For the proof we follow the approach of C. Biar and A. Moroianu. We consider the canonical SO(3)-bundle
S associated with any quaternionic Kéhler manifold. Introducing an appropriate metric on the total space
S the warped product M := RT x,2 S has a natural hyperkihler metric. Reformulating the Killing equation
in terms of equivariant functions on the Sp(1) - Sp(n)—frame bundle of the quaternionic Kéahler manifold we
show that a quaternionic Killing spinor induces a Killing spinor on S and a parallel spinor on M. The result
of M. Wang then implies that the hyperkahler manifold M has to be locally isometric to H"*! forcing M to
be isometric to the quaternionic projective space.

We would like to thank A. Swann for several hints and comments and W. Ballmann for encouragement
and support.

2 Semiquaternionic Vector Spaces and Representations

The tangent space of a quaternionic Kéhler manifold is not a priori a quaternionic left vector space because
in general the three local complex structures are not defined globally. This ambivalence gives rise to the
weaker notion of a semiquaternionic structure on a real vector space:

Definition. A semiquaternionic structure on a real vector space T is a subalgebra @ C End T with idr € @
and @ = H as R-algebras. It is said to be adapted to a euclidean scalar product (,) on T if

(qt1, t2) = (11, qt2)
for all t1,t, € T and ¢q € @, where g denotes conjugation defined by @ = R®Im@Q := Ridr & [Q, Q).

Thus, choosing an isomorphism from H to Q makes T" a quaternionic left vector space, however no particular
isomorphism is preferred. Accordingly, the notion of quaternionic linear map has to be refined:

Definition. An R-linear map f : T — T" between vector spaces T, T” with semiquaternionic structures @,
Q' is semilinear, if there exists an isomorphism of R-algebras f@ : Q — Q' such that f(qt) = f2(q)f(t) for
allt € T and ¢ € Q. If f is semilinear and not identically zero f? is uniquely defined, because id 7 € Q’
and ' = H implies that every non—zero endomorphism in Q' is invertible.

If T is a euclidean vector space with an adapted semiquaternionic structure, then the group of all semilinear
isometries of T' is isomorphic to Sp(1) - Sp(n) := Sp(1) x Sp(n)/Zz. Choosing a particular isomorphism
makes T a true representation of Sp(1l) - Sp(n) and any two representations T', T’ defined this way are
intertwined by a semilinear isometry, which is unique up to sign. For this reason we will call any such 7" the
defining representation of Sp(1) - Sp(n) with a choice of isomorphism tacitly understood. It turns out that
the defining representation 7' comes along with a preferred isomorphism H — @ given by the infinitesimal
action of ¢, j, k € sp(1) ZIm Hon 7.

Similarly, one may construct the defining representation of the group Sp(n) of unitary quaternionic
n X n—matrices. If F is a complex vector space of dimension 2n endowed with a symplectic form og
and an adapted positive quaternionic structure J, i. e. og(Je1, Jea) = og(e1, e2) for all ey,eq € E
and og(e, Je) > 0 for all 0 # e € E, then the group of all C-linear symplectic transformations of E
commuting with J is isomorphic to Sp(n). Choosing a particular isomorphism makes E a true Sp(n)-
representation and any two representations FE, E’ defined this way are intertwined by a C-linear symplectic
map preserving the quaternionic structure, which is unique up to sign. For this reason we will call any such F
the defining representation of Sp(n). Note that the Lie algebra of all infinitesimal symplectic transformations
of FE is canonically isomorphic to Sym2E with ejeq acting as the endomorphism og(eq,-)es + op(es,-)er,
and elements of Sym?E commute with J if and only if they are real with respect to the real structure
Sym?®.J. Hence, the defining representation comes along with a canonical real Sp(n)-equivariant isomorphism
C ®g sp(n) — Sym>E of Lie algebras. We will denote the defining representation of Sp(1) by H.

There are several possibilities to give explicit realizations of the representations introduced above. In
calculations and proofs below we will use the following standard picture, differing somewhat from Salamon’s



conventions (cf. [Sal82]). Consider the space of row vectors H" over the quaternions with complex and
quaternionic structure given by multiplication with ¢ and j from the left. The group of unitary quaternionic
matrices Sp(n) := {A € M,,,H : AT A = 1} acts on H" from the left by multiplying with A? from the
right. Thus, it commutes with the complex and quaternionic structure and preserves the linear form

omn (v1, v2) i= [v1vdj]c,

where [g]¢ := 3(q—igi) € C is the C—part of ¢ € H. The C—part is obviously C-bilinear, i. e. [zqy]c = zy[q]c

for all z,y € C C H, and satisfies o

[@lc = ldle = [-Jgilc -
Using these properties it is easily checked that ogn is indeed C—bilinear symplectic and that the quaternionic
structure is adapted and positive. In this way H™ becomes the defining representation of Sp(n).

With a slight modification of the construction above we can make H" the defining representation of
Sp(1) - Sp(n), too. The scalar multiplication with ¢ € H from the left on the row vectors in H" determines
a subspace Q C End H", which obviously is a semiquaternionic structure adapted to the standard scalar
product on H" given by

(v1, v2) :=Re ’ulfuf = Re ogn (01, jug).

The group Sp(1) -Sp(n) ={z-A: z € Sp(1) and A € Sp(n)} acts on H" from the left through semilinear
isometries by (z - A)v := zvAH.

An important point is particularly obvious in this standard picture and in consequence true for every
defining representation of Sp(1) - Sp(n). The infinitesimal action of 7,7,k € sp(1) C sp(1) & sp(n) on T
defines a canonical Sp(1) - Sp(n)—equivariant isomorphism of algebras H — @ making T" a quaternionic left
vector space. Thus, the natural homomorphism Sp(1) - Sp(n) — Aut Q, z- A +— (z - A)? is trivial on
the subgroup Sp(n) and descends to an isomorphism SO(3) := Sp(1)/Zs = Aut @ on the complementary
subgroup Sp(1) sending z - 1 € Sp(1) to 29 := (z-1)%.

This observation allows a construction which becomes fundamental for quaternionic Kéahler geometry
once it is “gauged”. Let T be the defining representation of Sp(1) - Sp(n) and 7" an arbitrary euclidean
vector space with an adapted semiquaternionic structure @’. The representations of Sp(1) - Sp(n) on T and
SO(3) on @ define simply transitive right group actions on

P={f: T— T semilinear isometry}

and
S={f%: Q— Q" isomorphism of algebras}

such that the natural projection f +— £ is Sp(1)-equivariant. Fixing a base point in P to identify P with
Sp(1) - Sp(n) we get the following diagram:

P

ANYA

S (r

The quaternionic structure on 7' can be used to construct two important relations between the defining
representations H, E and T of Sp(1), Sp(n) and Sp(1) - Sp(n):

Lemma 2.1 Let T be the defining representation of Sp(1) - Sp(n). Define the complex and quaternionic
structure on T by the infinitesimal action of i, j (and k) in sp(1) = Im H. With the C-bilinear symplectic
form op(ty, ta) = (jt1, ta) + i(kty, to) the vector space T becomes the defining representation of Sp(n).
Conversely, the complex and quaternionic structure of the defining representation E of Sp(n) generate a
subalgebra Q in the R-linear endomorphisms of E, which is a semiquaternionic structure adapted to the



scalar product (-, -) ;== Re og(-, J-) making E the defining representation of Sp(1) - Sp(n). In particular,
there is up to sign a unique Sp(n)—equivariant, C—linear symplectic isomorphism ¥ : T — E preserving the
quaternionic structure. In the standard picture this isomorphism is simply the identity.

This isomorphism has the disadvantage of spoiling the Sp(1)—action on 7. Consequently, it is impossible
to use it directly on quaternionic K&hler manifolds. Nevertheless, we may use it to define a family of Sp(n)—
equivariant isomorphisms C g T' — H ®¢ E depending on the choice of a canonical base p, ¢ := Jp of H
satisfying o (p,q) = 1 by

P:x@pt— %(xp ®c U(t) + zq @c JU(t)) . (2.2)

All these isomorphisms are real with respect to the real structure J ®¢ J on H ®¢ E and isometries from
(,)tooy Qcog:

on @op(P(1@rt1), (1@rt2) = 3(0p(¥(t),JU(ts)) —or(JU(t1), U(t2)))
= 5((gta, gta) +ilkte, jta) + (t1, ta) —i(its, t2)) = (t1, t2),

since JU(t) = U(jt) and og(¥(t1), ¥(t2)) = (jt1, ta) + i{kt1, t2) by construction. It turns out that
there are exactly two canonical bases p, ¢ for which the isomorphism above is not only Sp(n)— but already
Sp(1) - Sp(n)—equivariant, thus defining a more fundamental isomorphism better suited for globalization:

Lemma 2.3 Up to sign there is a unique real Sp(1l) - Sp(n)—equivariant isomorphism of complex vector
spaces
d: CeopT>2H@cE,

which is an isometry from the the C-bilinear extension of {,) to oy @ og.

Proof. It is sufficient to prove this lemma in the standard picture as it translates immediately to arbitrary
realizations of the defining representations. In this picture the canonical base to choose is p = j and ¢ = —1
(or p= —j and g = 1) leading to:

d: CopgH" — H ®c H? ' HecH" — C ®p H"

TRV (xj cv — x Q¢ jv) gRcv —> %(1@]}@6]’1}“‘7:@]]{6}?7}).

(2.4)
Note that ®~1(ig ®c v) = ®71(¢ ®c iv) = iP (¢ ®c v). Thus, ®~! is well defined and C-linear. As
Sp(1) - Sp(n)-equivariance of ®~! is obvious and ® is an isometry it remains to show that ® and ®~! are
mutual inverses:

S

2

(1o ®)(r R v) 1 (1 ®r (—jTjv + Tv) + i @r (—jTijv + Tiv))
= 1(1®r2Re(z)v+i®r2Re(—zi)v)
= TRRU.

A direct calculation of ® o @~ =1id is more tedious, but can be done. O

3 Principal Bundles on Quaternionic Kahler Manifolds

“Gauging” the pointwise constructions of the previous section leads to the definitions of the basic objects
of quaternionic Kéahler geometry. However, in strict analogy with Kéhler geometry one has to impose an
additional integrability condition:

Definition. A quaternionic K&hler manifold is a Riemannian manifold M of dimension 4n, n > 2 with an
adapted semiquaternionic structure @, M C End T, M on every tangent space which is respected by the
Levi—Civita connection of M:

VIN(Q) cT(T"M ® Q).



Thus, parallel transport of endomorphisms along arbitrary curves = induces isomorphisms of R—algebras
QvoyM — QyM, and a fortiori parallel transport of tangent vectors defines semilinear isometries
TyoyM — T,M. In particular, the Levi-Civitd connection is tangent to the reduction of the frame
bundle to the principal Sp(1) - Sp(n)-bundle of semilinear orthogonal frames

P:={f:T —T,M semnilinear isometry} (3.5)
with projection 7y : P — M, f+ x. Additionally, P projects Sp(1)—equivariantly to
S:={f%:Q — Q.M isomorphism of algebras} (3.6)

via 7g : P — S, f ~ f9, which is in turn a principal SO(3)-bundle over M with projection 7 : S —
M, f9 + x. In this way P may be considered as a principal Sp(1) - Sp(n)-bundle over M or as a principal
Sp(n)-bundle over S:

P [ T—=T,M
TS M s ™

S T - M f9:Q—Q.M

X

The tangent bundle TM of M is canonically isomorphic to the bundle associated to P by the defining
representation 7" sending the class [f,t] € P Xgp(1).8pm) T to f(t). Alternatively, this isomorphism can be
expressed by the soldering form 0y, := f~'o (mpy)s € T(T*P ® T) of M. Considering the fundamental
isomorphism ® : C®r T — H ® E one might try to define vector bundles H and E from the defining
representations H and E of Sp(1) and Sp(n). In this generality, this is only possible on the quaternionic
projective spaces, because only for these manifolds the bundle P can be covered by a principal Sp(1) x Sp(n)—
bundle. Nevertheless, representations of Sp(1) x Sp(n) contained in some H®? @ E®? with p+q even descend
to Sp(1)-Sp(n) defining vector bundles on M associated to P. In this way M carries a multitude of naturally
defined vector bundles besides bundles constructed out of the tangent bundle. The usefulness of these vector
bundles has been shown by [Sal82] (see also [KSW97a]). In particular, the bundle HRQE is globally defined and
canonically isomorphic to TMC as expressed e. g. by the soldering form 9H®E =Poly eT(T*PR(HRE)).

By definition, the Levi—Civitd connection is tangent to P and determlned by a connection 1-form wys
with values in the direct sum sp(1) @ sp(n); accordingly, was splits into wyy HASNE sp(n). Additionally,
the Levi—Civitd connection defines a connection on the principal bundle S. Recall that horizontal lifts
Xh e Ty, P of tangent vectors X = %‘oxT € T,,M can be represented by curves of semilinear orthogonal
frames f; : T — T, M over =, satisfying dVT | fr = 0. Likewise the connection on S is defined by representing
horizontal lifts X" T QS by curves 9 : Q — Q.. M of algebra isomorphisms over z, satisfying -y - ’ fe=o.

More succinctly, the connectlon 1-form w on S for arbitrary tangent vectors % ’ 0 ff? is given by

(Gl ) = 07 g

Using the Leibniz rule for the covariant derivative along curves, it is immediately seen that mg projects
horizontal vectors d% | o/~ on P to horizontal vectors d% ’ o f% on S, because for arbitrary ¢ € Q, t € T

(o] )@ = (] )@ nw + 12@ (5] #) .

and consequently 5= ‘ofT = 0 implies dT’ 9 = 0. Since the projection g : P — S is Sp(1)-equivariant, and
vectors tangent to the Sp(n)—action on P are surely vertical with respect to the projection mg we conclude:

Lemma 3.7 Tow = wﬁ( ).



Remarkably, the curvature of this connection on S depends only on the scalar curvature s of M. In fact,
according to the classification of sp(1) & sp(n)—curvature tensors due to Alekseevskii (cf. [Ale68al, [Sal82])
the curvature tensor of a quaternionic Kéahler manifold can be expressed in terms of the scalar curvature s
and a section R of Sym*E*. We have

K

- H E hyper
R Sn(n+2)(R +R )+R , (3.8)

where R, R and R"re" are Sym?H- or Sym*E-valued 2-forms defined on sections of H® E =~ TMC:

R,I;Il®el7h2®62 = (TE(el, 62)h1 -hy € SymzH
R’?1®617h2®62 = UH(hl? h2)€1 “e2 € Sysz (39)
RZ?%?’;JLQ@@Z = opn(hi, h2)R(er, e2,-,) € SmeE* = SmeE )

acting as endomorphisms on H® E. Analyzing these terms leads to the following formula for the pull-back
of the curvature 2—form {2 of the connection w to P:

Lemma 3.10 The curvature 2—form of the connection w on S pulled back to P is given by

B )((QM/\iQM)i—f—<0M/\j9M>j+(9M/\k9M>k),

16n(n + 2
where by definition (Op Ni0p )(X,Y) :=2(0p (X)), 0y (Y)).

Proof. Instead of calculating the curvature on S directly we will calculate the curvature of the bundle
Sym®H, which can be associated to S or P inheriting the same connection due to ToWw = w;:}(l). Its
curvature considered as an sp(1)-valued 2-form on P is thus 75Q. Obviously only RH acts non-trivially on
Sym?H and neglecting for a moment that it is defined for sections of vector bundles we may consider it as
a real Sp(1) - Sp(n)—equivariant morphism

Cor AT =5 A2(H @ E) 25 Sym?H =5 C 0z sp(1),

where the first isomorphism is the extension of C®r T = H ® E and the second is the canonical isomorphism
C ®g sp(1) = Sym?H, which makes H the defining representation of Sp(1). To make this isomorphism
explicit in the standard picture we choose the canonical base j, —1 of H with og(j, —1) = 1 and find for the
infinitesimal action of ¢, j and k € Im H:

it 1o —i = i(—1) jile —j ki 1o —k = i(—j)
i k= i()) js 1 j —i = i(=1).
Hence, the isomorphism C®gsp(1) = Sym*H maps i to i(17), j to 1(j%+1?) and k to £(j2—1?%). Accordingly,
the morphism R reads in the standard picture
H _ 1(pH H H H
R1®mv171®mv2 - 5(R3'®v17j®v2 - R1®jv17j®v2 - Rj®v1,1®jvz + Rl@jm,l@jvz)
= 2(own(v1,v2)5% — omn (jv1,v2)1 5 — own (v1, jv2)1j + own (jo1, jv2)1?)
= Reomn(v1,v2) - 5(j% + 1%) + Im ome (v1,v2) - 2(5% — 1%) — Im ogn (v1, jva) - i(15)
= —(v1, ju2)j — (v, kvg )k — (w1, iv2 )i

for vy, v, € H". Being Sp(1) - Sp(n)-equivariant R can be made a C ® (P x aq 5p(1)) = Sym?H-valued
2-form in a straightforward way and becomes the R defined above. Alternatively, fW"‘“)RH can be
thought of as the horizontal Sp(1) - Sp(n)-equivariant sp(1)-valued curvature form 7§ on P and is given
by the stated formula. The additional factor % comes from the definition of the wedge product. O



4 The Levi—Civita Connection on S and ]/\4\

Let m# : S — M be the canonical SO(3)-bundle over M defined in (3.6), with connection form w and
Riemannian metric

16n(n+2) B(w

gs = W) + W*gMa

where B is the standard metric on sp(1) = Im H, and ~ denotes the scalar curvature of M. This metric is
Einstein, and if we rescale the metrics of M and S so that £ = 16n(n+2), then (S, gs) has a natural Sasakian
3-structure. The structure group of S reduces to Sp(n), and we can embed the principal Sp(n)-bundle P
into the frame bundle of S in such a way that the soldering form 0g € T'(T*P ® (sp(1) @ T)) of S on P is

given by
b — /16n(:+2) w;g(l) @ Oy (4.11)

In this way the Riemannian metric of S is associated to the standard metric B® (, ) on sp(1) ®T. In terms
of covariant derivatives the Levi-Civitd connection of gg is easily computed, and we obtain:

Lemma 4.12 Let U, V be vertical vector fields given as fundamental vector fields induced by elements of the
Lie algebra sp(1). Further, let X", Y" be the horizontal lifts of vector fields X, Y on M and {e,},=1.. . an a
locally defined horizontal orthonormal frame on S. Then the only non—zero covariant derivatives are given

by

VoV = 1[0, V]
VarYP = (VxY)r — Lo(xh vh
VU = VpX' = L3I gs(UX", e,), U) ey

Here and in the sequel we identify elements of sp(1) with their associated fundamental vector fields. The
Levi-Civita connection of S is determined by a so(sp(1) @ T')—valued 1-form wg on the orthonormal frame
bundle of S, but as the structure group reduces to Sp(n), it is sufficient to know its restriction to the
Sp(n)-reduction P again denoted by wg.

Lemma 4.13 The connection form wg on P can be written as

ws = wit™ + Lad(Wi") + \/1onterz (100 A i+ 00 AG+ KO AK).

Proof. For the proof we identify vector fields on S with equivariant functions on P, i. e.

I(TS) = (C>®(P,sp(l)®T)SPM

A — A.

With respect to this identification the covariant derivative translates as

~ ~ ~ o~

VaB = dB(A) + ws(A)B,

where A denotes an arbitrary lift of A to a vector field on P. We will use this formula and Lemma 4.12
to compute all non—zero terms wS(A) B which then combine to give the stated expression for wg. The
definition of the soldering form fg immediately implies that the function Alis given by GS(A). In particular,
we have for a fundamental vector field U

U = 05(0) = /1900t e (@) = (/160042) () = (/200042 7 gy (4.14)

Let X", Y denote the horizontal lifts of the vector fields X, Y on M. Because of m o mg = mys we can
assume X5 = X. Then,

Var¥h = dV(X) + ws(X) V.



Using Lemma 4.12, Lemma 3.10 and equation (4.14) we find

—

ws(X)Y = (VxY)h — QXM V) - d?o?)
= wn®)Y — Sty ((0a(X), i03(D)) i + (Bar(X), j6:(7)) 5
<0M(X) KOy (Y )>k)
= (@)Y + [ty (D) + (G0u(X), V) + (kOu(X), V) k)
= wuX) Y + it (wM( YA G+ G0u(X) A G+ k(X)) A k)Y

Let U, V be fundamental vector fields. Then V is a constant function and dV (U) = U(V) = 0. Hence,
VoV = ws(@V = LU, V] = 3[0, V] = Lad(wi(0) V.

Finally, let U be fundamental, X" a horizontal lift of X and {ev}v=1,....an a horizontal orthonormal frame
on S, with E, = 0g(é,) = ¢,. Then dU(X) = X(U) = 0 and we obtain
ws(X)U = VU = 138 g5(X", e,), U) E,
K 4n . . oy . .
= 16n(n+2) Zl/:l (<9M(X)7 ZEV> 95(27 U) El/ + <9M(X)7 J EU> 95(37 U) El/

+ <9M()?)7 kE,)gs(k, U) Ey)

- (zX E,)B(, U)E, + (jX, E,)B(j,U)E, + (kX, E,)B(k, U)E,,)
= (B +jB(g,U)+kBkU) , >
= - sp(”(U)X.

Combining these three calculations leads to

ws = wy + 3ad(Wih™) + /ety (100 A+ G0 A G+ kO A K) — Wi

In this formula the last summand —wfv’;(l) acts by the infinitesimal sp(1)-action on T and thus cancels the

sp(1)

action of wy;* "’ as part of the first summand wps. So we end up with the stated formula for wg. O

Besides the manifold S we also need to consider the cone M over S , 1. e. the warped product M :=R* X428

with metric

G = 16n(:+2) a? + 12 gs.

The structure group of M reduces to Sp(n), and we can embed the principal Sp(n)-bundle Pg; :=R* x P
into the bundle of orthonormal frames of M in such a way that the R @ sp(1) & T—valued soldering form on

Pg; is given by
0 = \/@(—dt) D ths = 16"(:+2)(—dt ® twjff”) @ to.

correspond to 1 := 07(Z) € R.

This convention makes the inward pointing vector field = := — m %
This may be surprising at first but it turns out that only this orientation is compatible with a hyperkahler
structure on M introduced later. With this choice of soldering form the Riemannian metric g is associated

to the standard metric (, ) ® B ® (, ) on R@sp(l) ® T



Lemma 4.15 The restriction wg; of the Levi-Civitd connection of]\//.T to the reduction Py of the bundle of
orthonormal frames reads:

wip = ws + /716n(};+2) s N 1

= wf\;}(n) + %ad(wf\;(l)) + wf\fj(l) A 1
+1/m(91\/1/\1 +i9]\/[/\’i+j9M/\j+k9M/\k).
In particular, the connection form wgy is the pull-back of a well defined 1-form on P.

Proof. The proof is similar to the proof of the corresponding formula for wg. Let V denote the covariant
derivative for the Levi-Civitd connection of g. The only non—vanishing terms are

o~ K 1
= VX = —\/1Tentnry t X

(1]

Using the same notation as in the proof of Lemma 4.13 we obtain

~ ~ o~

wip(X)Y = ws(X)Y + \/mter 1 0m(X), 057(V) 2 = ws(X)Y + /5ty (05(X), V) 1.

Having this expression for horizontal vector fields X, Y we immediately derive
/ / 1

An interesting application of the formulas given above relates the curvature tensor R of the manifold (M\ ,q)
to the hyperkihler part R"Pe" of the curvature tensor of (M, g). The proof will be given in appendix B.

Proposition 4.16 The curvature tensor R is horizontal with respect to T : M — M. Its only non—vanishing

terms are N
R(X,Y) = RWPer (7. X, 7.Y).

The right-hand side acts on the orthogonal complement (TVZ\/Z)l of the wvertical tangent bundle, which is
canonical isomorphic to T*TM.

The manifold M has been previously studied by A. Swann using the notation ¢ (M) [Swa9l]. He constructs
M as the Za—quotient of the total space of the locally defined bundle H with zero section removed. The
metric g is a member of the family of hyperkdhler metrics on M introduced in [Swa91]. In particular, the
proposition above is implicit in his work (see also [Swa97]).

5 Quaternionic Killing Spinors

In this chapter we recall the quaternionic Killing equation introduced in [KSW97b]. It will provide us with
an equivalent formulation of the limit case. First, we have to collect some facts for the spinor bundle and
Clifford multiplication on a quaternionic K&hler manifold (cf. [KSW97a]).

The spinor bundle of a 4n—dimensional quaternionic Kéahler spin manifold decomposes into a sum of
n + 1 subbundles, which can be expressed using the locally defined bundles E and H (cf. [BaS83], [HiM95]
or [Wan89]). For this we have to introduce the bundles ASE. They are associated to the irreducible
Sp(n)-representations on the spaces ASE of primitive s—vectors, which are the kernels of the contraction
ops : A°E — A*2E with the symplectic form oz. With this notation the spinor bundle can be written

S(M) = é S, (M) = é Sym™H® A" "E. (5.17)
r=0

r=0
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In order to define the Clifford multiplication we have to fix notations for modified contraction and multiplica-
tion on Sym"H and A*E. Contraction preserves the primitive spaces, i. e. if pisin ASE thenef s n € AST'E,
where ef := op(e, -) € E* denotes the dual of e € E. However, this is not true for the wedge product and
the projection e A, 1 of e A onto ASTLE is given by

eNon=eAn — n%s-',-lLE/\(eﬁJ 7]),

where Ly is the canonical bivector associated to o under the isomorphism A2E =2 A2E*. Let h- denote
the symmetric product with h € H, and for ht := oy (h,-) € H* we define hf 4, : Sym"H — Sym" 'H
by hf 4o == Ihf, . Let h@e € H®E = TMC® be a tangent vector. Then, the Clifford multiplication

o

uwh®e): S(M) — S(M) is given by
pwhoe) = V2(h-®e*s + hfi, @eh,). (5.18)

In particular, it maps the subbundle S, (M) to the sum S,_1(M) @ S,+1(M) and thus splits into two
components

pte TM ® S (M) — S, (M) and p7: TM @ S,(M) — S, 1(M),

with pf(e ® h) =v2(h-®¢* 5 ) and pi(e ® h) =2 (h* 15 ®eAs ). There are two operations defined
similar to Clifford multiplication

pf: TM@SymH®ASE — Sym 'H® AST'E
h®e®1 — V2(h ®@eNo )Y

and
p”: TMRSym"H® A’E — Sym" 'H® A 'E

h®e®y — V2 (W, @ ef o).
Using these notations the Dirac operator D can be written D = Dt + D7 with
DT ==yt oV :S. (M) — S,41(M) DI = pioV:S.(M) — S,_1(M).

The square of the Dirac operator respects the splitting of the spinor bundle, i. e. D? : S,.(M) — S,.(M)
and we have DDt =0 = D Dy.

A quaternionic Killing spinor is by definition (cf. [KSW97b]) a section ¢ = (1o, 11, ¥—) of the Killing
bundle
SKMnI(M) = So(M) & 81(M) & ALT°E = A’E & (Ho ALV 'E) @ ALT°E,

satisfying the following quaternionic Killing equation for some parameter A # 0 and all tangent vectors X:

Vxtpo = — Ay (X))
Vxt = — 2 pu(X) o + Q(%j\rg),ui(X)w,
Vxyp- = - uZ(X) .

We remark that if (¢, 11, ¥_) is a solution for parameter A, then (g, —t1, ©¥_) is a solution for parameter
—\. In [KSW97b] we showed that for any solution ¢ # 0 the spinor ¢+t is an eigenspinor for the minimal

eigenvalue
_ K nt3
A= BT

In particular, only for two values of the parameter A # 0 there can possibly exist non—trivial solutions.
Conversely, any eigenspinor for the minimal eigenvalue is of the form g + 11 € T'(So(M) & S1(M)), and

11



the augmented eigenspinor (vo,¢1,¥-) with ¢¥_ = L Ziﬁ (u” o V)yp; € T(A?2E) is a solution of the
quaternionic Killing equation. Obviously, solutions are sections parallel with respect to a modified connection.
Its curvature is precisely the hyperkihler part R"Pe" of the curvature of M. Since this part vanishes on
the quaternionic projective space the Killing bundle of HP™ is trivialized by augmented eigenspinors with
minimal eigenvalue. Proposition 4.16 then motivates to lift a quaternionic Killing spinor to a parallel spinor
on M.

For our purpose of characterizing the limit case it is more convenient to consider an equivalent version
of the quaternionic Killing equation. Let b = (1bg, 11, ¥_) be a solution of the original equation, then the
scaled section

. scal l caly 3 4
gt o= (i, il vty = (/5 0, v, — /5 - )

is a solution of the equation
Vx ¢Scal = T4/ 16n(l:z+2) Ax wscal )

where 1°¢? is considered as column vector with three entries and Ax denotes the matrix

0 py(X) 0
Ax = | pH(X) 0 S LX)
0 —p_(X) 0

For the remainder of this article, the index denoting the scaling will be omitted. The following lemma shows
that Ax can be interpreted as part of an sp(n + 1)—action.

Lemma 5.19 Let F' = HOFE be the defining representation of Sp(n-+1) with symplectic form op = og+0og.
Restricted to the subgroup Sp(1) x Sp(n) the Sp(n + 1)-representation ASF decomposes into

ANF2NE @ (HATE) @ AST°E,

which descends to a well defined representation of Sp(1) - Sp(n) if s is even. FEuxplicitly, the isomorphism
1 ANSE @ (H®ASTIE) @ A572E — ASF is given by

L(po® (h@¢1)®d_) = ¢o + (hA¢1) + (Ly — =5 Le) Ao

Similarly, Sym*F = C®g sp(n+ 1) decomposes into Sym?’H @ (H ® E) @ Sym*E. For s = n, the subspace
H® E C Sym>F acts on A”F via (h®e)¢ = % Apge -

Proof. It is clear that ¢ is an injective map to A*F'. It remains to show that its image is already contained
in ASF. Since op = oy + og the statement follows from

OfF 1 (LH—%MLE) /\¢_ = [UHJ,LHA]¢_ — n%s_,’_z[O'E’J,LE/\](ﬁ_ = 0,

where we used the relations [og 4, LgAl¢- = ¢_ and [op s, LgA]¢— = (n — s+ 2)¢_. Comparing
dimensions shows that ¢ is in addition surjective, hence it defines an isomorphism.

The action of an element f; fo € Sym®F on F is given by (f1 f2)(f) = or(f1, f)fe + or(fo, f) f1. It
extends as derivation to A F' and can be explicitly written as (f1 fo)(w) = (fa A ffJ + fin f;h )(w). Hence,
for h € H and e € F considered as elements of F, the element h® e € H ® F is identified with he € Sym?F,
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and the action on ¢(¢) = ¢o ® (a A ¢1) & (L — $LE) A ¢— € ATF is given by

(h@e)i(dg) = hAetlgg
= \}QL(Mt(h(@@)%)
(h@e)la®¢) = (hAefs + enhtli)(an¢y)

= —hAaANets ¢y + op(h, a)eN ¢
= —O'H(h, CL) (LH - %LE) A et o1 + O’H(h7 a)e/\o b1

= Li(imheg@es)  nhod @es)

and
(h@e)u(p-) = —2hAe's(LpA¢-) + eANhia(LyAg-)
= ThAheNd_ — ShALEA(efL ¢_) — eNhAG
= 3hnenod

= %L(ui(h@ezw,).

Hence, we see that operation of (h ® €) on ¢(¢) is just application of the matrix % Apge to the column
vector ¢. O

To stress the origin of the operation %Ax from a group action, we introduce x: H @ E @ AJF — AT F for
the infinitesimal action of H ® E on ATF. With this notation the quaternionic Killing equation reads

Vx¥ = =\ /Tty AxY = — /ooy ®X) 1, (5.20)

where @ is the isomorphism defined in Lemma 2.3.

6 The Geometry of M and Application to Spinors

The aim of this section is to show that the quaternionic Killing equation, considered as a differential equation
on equivariant functions on P can be interpreted in three different ways: first, of course, when we think
of its solutions as sections of the Killing-bundle SK#i"9() ) on M they are quaternionic Killing spinors.
Interpreted as a section of the spinor bundle on S, the solutions are Killing spinors, and finally solutions
pulled back to Pg; = R x P are parallel sections of the spinor bundle of M.

6.1 The Hyperkahler Structure of M

First we recall that the structure group of both S and M reduce to Sp(n), i. e. the tangent bundles may
be associated to the principal Sp(n)-bundles P and Pg; through the Sp(n)-representations sp(1) & T and
Ra@sp(1)dT respectively. However, as Sp(n)-representation T' can be identified with F according to Lemma
2.1 reflecting the isomorphism

™TM =P XSp(n) T=P XSp(n) E

of vector bundles on S. More important, this identification is respected by the Levi-Civita connection,
because the infinitesimal sp(1)-action on T present in wy = wf\;(l) ® wf\;}(n) is canceled in the connection
form wg of S. For this reason we will consequently identify 7" with E and consider E as a euclidean vector
space with scalar product (-, -) = Re og(-, J-).

In the same vein we combine the obvious identification R@sp(1) = R@Im H = H with the isomorphism
H — H of defining representations of Sp(1) unique up to sign to get an isometry from the standard metric
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on R @ sp(1) to H with scalar product Re o (-, J-) sending 1, 7, j, k to 1, I, J, K € H. In this way we get
an isometry

Rosp(l)oT — F
with the defining representation F' = H @ F of Sp(n + 1) considered as a euclidean vector space with scalar

product Re op(+,J-). As this isometry is Sp(n)—equivariant by construction the tangent bundles of M and
S are associated to the Sp(n)-representations F and {1}* =: (Im H)® E C F.

Though the structure group of M reduces to Sp(n), the holonomy of M does not. Nevertheless, we will
show that it is a subgroup of Sp(n + 1), i. e. M is hyperkéhler. For this purpose we group the summands
of the connection form wg; of M given in Lemma 4.15 as follows

w;\;(l) = %ad(w;f[(l)) + w;‘;(l) A1
w%p(n) — wf\?(")
WE = ety (Ou AL+ AT+ Oy AT + KOy AK)

(G4 : : e sp(n) H"
Thus, the Levi-Civitd connection can be written wy; = e i

Lemma 6.21 The actions of w;A;(l) and wi'j(l) are the same, i. e.
wip = w4+ 0™ + et (O AL+ iy AT 00 AT+ kO AK). (6.22)

In particular, the connection form wy; takes values in sp(n 4+ 1).

Proof. Note that for ¢ € H and imaginary z € Im H we have %(zq +qz)=(Re ¢)z—(q,z) =—(2 A 1)q.
Using this algebraic identity the infinitesimal sp(1)—action on H in the standard picture can be written as

—qz = 3ad(z)q+ (2 A l)q.

Hence, a particular merit of the identifications above is that the two summands %ad(wf\;(l)) and wf\;(l) Al

of the Levi-Civit4 connection of M acting on R @ sp(1) combine into the infinitesimal action of wff}(l) on H.

Consequently, the summands w%(l) and w;\;(”) take values in sp(n+ 1), i. e. in the infinitesimal quaternionic

. . . . n . . .
linear isometries of F'. The same is true for w% because of its H-linearity. O

With the Levi-Civitd connection being sp(n + 1)—valued the manifold M is hyperkahler, and we may
use the description of the spinor bundle for the more general quaternionic Kahler manifolds given in (5.17).
Consider a complex vector space C2 endowed with a symplectic form o> and a positive quaternionic structure
J. Choosing an isomorphism to the group of all symplectic transformations of C?> commuting with J would
make C? the defining representation of Sp(1). However, on a hyperkithler manifold this Sp(1)-symmetry is
not a local “gauged” symmetry, but a purely global one. For this reason the trivial C2-bundle on M plays
the role of H on M. Accordingly, the spinor bundle of M is associated to the Sp(n)-representation

n+1 n+1
S =@ = Psym CeA TR,
r=0 r=0

where Sp(n) operates trivially on H C F. The Clifford multiplication with complex tangent vectors in
C2 ® F is then given by the formula (5.18). To describe the Clifford multiplication with real tangent vectors
however, we have to choose an isomorphism among the family of isometries ® : C Qg F — C? @ F defined
in equation (2.2). For quaternionic K&hler manifolds this isometry is uniquely fixed by the additional local
Sp(1)-symmetry up to sign, but this is no longer true in the hyperkéahler case. In fact, we get a family of
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Clifford multiplications depending on the choice of ®, i. e. of a canonical base p, ¢ of C? satisfying Jp = ¢
and ocz(p, ¢) = 1. All these are intertwined by the global Sp(1)-symmetry acting on C2. In this sense, to
define the Clifford multiplication with real tangent vectors f € F', we first have to apply the isomorphism

O:1@rfr— e f-qaJf). (6.23)

Note that this isomorphism points out the ambivalence of the vector bundle associated to the defining
representation F' of Sp(n+1). Normally, this vector bundle is the real tangent bundle, but in the description
of the spinor bundle it plays a role strictly analogous to the isotropic subspace T%!'M of the complexified
tangent bundle on Kahler manifolds.

To describe the spinor bundle on S we recall that the spinor module of Spin(4n 4 4) decomposes into
the two half-spin modules ©*. When restricted to Sp(n + 1) the representations X% decompose further into
a sum of certain 3,. Since Clifford multiplication maps ¥, to ¥,_1 @ ¥, 1 and interchanges ¥ with ¥,
we conclude

n+1 n+1
ot = P Sym'C’e AT TF 2T = P Sym'CPeATF,
7‘;1=?2) 7E’U=?2)

at least if m is even. Due to Lemma 5.19 X7 and ¥~ are equivalent as Sp(n)-representations, and the
spinor module of S is associated to the Sp(n)-principal bundle P through either one, e. g. ¥ 1. The Clifford
multiplication with f € {1}* C F is then given by fS =(fA1)=f 1.

6.2 Reinterpretation of the Quaternionic Killing Equation

In this section we will translate the quaternionic Killing equation (5.20) on M into the equation for a parallel

spinor on M. Let 1) be a quaternionic Killing spinor on M, which we will consider as an equivariant function
on P i. e ¢ € C®(P, AQF)SP("). Then the quaternionic Killing equation reads

(d + wum + 1/meﬁ@?’f*w =0, (6.24)

where by definition GfﬁE := ® o0 6,;. The subbundle Sl(J/W\ ) of the spinor bundle of M is associated to Py
by the representation C2 ® A”F. To construct a section of this bundle, we proceed as follows: we lift 1)
to Py; by extending it constantly along the R*-direction and choose an arbitrary constant vector ¢ € C2.

Then, the function £ ® v defines a section in Sl(]\//f ). As function on Pg; it satisfies
(d‘f'UJ]W‘i‘ mid®9ﬁ®]§*)(§®¢) = 0,

where the connection and soldering form are considered to be pulled back to Py;. Obviously, they do not
act on & but only on . Using the crucial Lemma 6.25 below we can replace , /m id ® 9]{1/[®E* by w%n’

so that the resulting equation on Py; reads
(d + Wi + ™ + B E@w) = (@ +wy)E@w) = 0.

Hence, £ ® ¥ defines a parallel spinor on M.

We remark that the parallel spinor £ ® v also gives rise to a Killing spinor on .S. This follows of course
from the general equivalence between Killing spinors on a Riemannian manifold and parallel spinors on its
cone, as described by C. Bar (cf. [Bar93]) and briefly summarized in appendix A. Nevertheless, we will
include this construction since it is an immediate consequence of our approach. We have seen above that
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£ ® 1), considered as function on Py, satisfies (d + wy7)({ ® ¥) = 0. If we substitute the expression wy;
given in Lemma 4.15 we obtain

(d +ws + \/monterzy 05 A D)(E@Y) =

Interpreted as equation on P this is just the Killing equation, i.e.

(d + ws) (€2Y) = =5/ Totegy 05 [(£® V).

The additional factor = is due to the action of the orthogonal Lie algebra on the spinor bundle. Before
closing this section we formulate the lemma needed above.

Lemma 6.25

The proof needs an additional proposition which is analogous to Proposition 2.3 in [KSW97a].

Proposition 6.26 Let p, ¢ be a base of C*> = H with o(p, q) = 1 and f1,f» € F. Then we have the
following identity of operators on the spinor bundle:

PR f)NG® f2) = @@ fLI)ANPp® f2) = id @ f1- fa.

As element of so(4n + 4), the left hand side acts on the spinor module via the isomorphism so(4n + 4) =
spin(4n +4) sending ey A es to %(61 es + (e1, ea)).

We remark that the proof of these two technical Propositions amounts to prove the decomposition (5.17) of
the spinor bundle. With the help of this proposition it is easy to prove Lemma 6.25.

Proof. Let p, ¢ be the canonical base of C? used to define Clifford multiplication. We can then extend the
isomorphism C @ F =2 C? ® F in equation (6.23) to C ®g A’°F = A%2(C2® F) to get

O Al) = LpRO0y+qJ0)APpR1+q®JT)
({0 AI) = —2(p®0y—q@J0u)AN(pR1—q®J)
(0 AT) = L@eJ0m—qe0u)A(peT—qe1)
(kO AK) = —2(p@J0y+q@0)A(p@I+q®1).

In the second and fourth line we use that J is conjugate linear. By summing up the four equations, some
terms cancel, and we obtain

W = ety (020 A g2 D)~ (g2 0) A (p© J)

—(p®J0M)A(q®1)+(q®J0M)A(p®1)).

Applying the proposition above yields the following equivalence

Wi = \/%(id @0 -J—id @ JOy - 1)
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7 Proof of the Theorem

The fact that a quaternionic Killing spinor on M translates into a parallel spinor on the hyperkéhler manifold
M is crucial to the proof of the main theorem.

Theorem 1 Let M be a compact quaternionic Kahler manifold of quaternionic dimension n and positive
scalar curvature k > 0. If there is an eigenspinor for the Dirac operator with eigenvalue \ satisfying

2 kn+3

T 4n+42’

then M is isometric to the quaternionic projective space.

Proof. After the work done in the preceding sections the proof of this theorem reduces to a simple holonomy
argument. The spinor bundle of the hyperkdhler manifold M is associated to the Sp(n)-representation

n+1 n+1
S=Pn =Psym AT TF,
r=0 r=0

where F' = H & E, and Sp(n) operates trivially on H. The holonomy of M is contained in Sp(n + 1)
and operates trivially on Sym”C2. The subbundle SnH(J\//.T) of S(]\//.T) associated to X, 41 = Sym" T C? is
consequently trivialized by n + 2 = dim (Sym"“((?) linearly independent parallel spinors.

If M admits a quaternionic Killing spinor, there are additional parallel spinors on M , which are sections
of the subbundle S;(M) associated to the representation C? @ AT F.

Due to a result of Wang [Wan89], on a manifold with holonomy equal to Sp(n + 1) there are exactly
n + 2 linearly independent parallel spinors, just those trivializing Sn+1(]\/4\ ). The additional parallel spinor
constructed out of a quaternionic Killing spinor reduces the holonomy further. According to Berger’s list
this can only happen if M is reducible or locally symmetric. In the first case, as consequence of a theorem of
Gallot [Gal79], M has to be flat. But so it is in the second case, because it is hyperkéhler, hence Ricci-flat,
and in addition locally symmetric. Therefore M is flat which forces M to be isometric to the quaternionic
projective space. O

A Spinors on Cones

In this appendix we will describe how to lift spinors on a Riemannian spin manifold IV to spinors on its cone
N := Rt x N. In particular, we will show that Killing spinors on N translate into parallel spinors on N.
This construction is originally due to C. Béar [Bar93].

Let (N, gn) be a spin manifold of dimension n and let 7 : N =R* x N — N be the cone over N endowed
with the warped product metric g5 = dt? + e 1*gn. The soldering and connection form on the principal

bundle P := Pgpinn)V associated to the chosen spin structure are denoted by  and wy. Obviously, the
cone is again spin and the spin structure reduces to the principal Spin(n)-bundle P := R* x P. Forms on
P give rise to forms on P by extending them constantly along the Rt -direction. It easy to see that the
soldering resp. the connection form of N on P are given by

Gﬁ:dt—i-e)‘HN resp. Wg = Wy — € EQN/\E’

where = = % denotes the vertical unit vector.
A spinor ¢ on N can be interpreted as a Spin(n)—equivariant function on P with values in the spinor
module ¥,, with a fixed Clifford module structure. With the canonical isomorphism Cl,, = C12 11y € e E

in mind, we can consider X,, as an C10 41— and therefore as an Spin(n 4 1)-representation. The values of
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1 have now to be interpreted as lying in the Spin(n + 1)-representation. Let ¢ be a Killing spinor on N.
Interpreted as function on P, it satisfies:

d + (wn — pdn) b = 0,

where p is the Killing constant. Extending 1 constantly in R‘*‘fdAirection and using the isomorphism of the
Clifford algebras above defines a spinor on N. As a function on P, it satisfies

dy + (wy — um*OnE) Yy = 0.

If the warping function is chosen such that p = 2€>\ %’t\, the expression in brackets is equal to wg, and

therefore ¢ has to be parallel on N The other way round, it is also clear that, if ¢ is a parallel spinor on
N then its associated function on P is constant in R*—direction and it projects onto a Killing spinor on V.

B The Curvature Tensor of ]\/4\

In this appendix we will prove of Proposition 4.16 relating the curvature tensor of M to the hyperkahler
part R"PeT of the curvature of M. We recall that the connection form of M restricted to Pg; is pulled back
from P and so is its curvature Q25;. We have seen in section 6.1 that the most convenient way to read the
connection form wg; given in Lemma 4.15 is

wp = WO 4 WO |

sp(1)

where w'" and WP
M M

(n) sp(1)

are the pull-backs of w;;

W=\ entersy (Om AL+ 00 AT+ jOr AT + kO NK)

Defining [@ A B|( X, Y ) = [a(X),8(Y)] — [a(Y), B(X)] = [BA a]( X, Y ) for Lie algebra valued 1-forms «,
3, the curvature 2—form Q,; of M on P can be written

()

and wf\; respectively, and

Qp = dwpy + %[WM /\OJM]

= (dwih® + S AW M) + (dwi™ + L™ Awih™]).

Of course, [wM( A wM(n)] = 0 since sp(1) and sp(n) centralize each other in sp(1) @ sp(n). Using the

naturality of the exterior differential and wf\f}(l) = méw we conclude that the first summand is equal to w5£2.

Thus, it corresponds to —z—"— R in the sense of decomposition (3.8) as shown in the proof of Lemma

8n(n+2)
3.10. We conclude that the second summand corresponds to RE 4+ RMrer The curvature Qg7

_8n(77+2)

of M can be calculated similarly. With sp(1) and sp(n) centralizing each other in sp(n + 1) we still have

[wig(l) /\wfg(n)]
M

=0, and Q45 is the sum of the three terms:
M

dw%(l) + % [wsﬁp(l)/\w%(l)] + % [wA' A Hn]sp(l)
A+ WEOAGE] 4 [0 A ] (B.27)
dw%(") + % [wjﬁp(n) /\w%(n)] + % [wA‘ A H"]5P(")

where [w]g A w;}\};] is projected onto its two components in sp(1) and sp(n) according to the Cartan decom-
position sp(n + 1) = (sp(1) ® sp(n)) & H". Using the formula

[a1 Aby, as N bg] = (al,a2>b1 A by — <b1,a2>a1 A by — <a1,b2>b1 N ag + <b1,b2>a1 N ao
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we find
H* A H
- WM@M AbOrr + i0n ANifas + §0nr A j0rr + kOrs A KOas
+ 200 NiOp )L AT + 2(00s AGOM)LIAT + 2(0r AkOp)1I AK
20 A GOADIAT + 2000 A KONDIAK + 2(j00s A kar)T A K)
= W(GM/\QM + i0p Nibpr + GO0 N GO + kieM/\kth) (B.28)
+ T (<0M/\i9M>(1/\I—J/\K) + (000 A 02 (IAT —KAT) + <0M/\k9M>(1/\K—I/\J)> (B.29)
We remark that by construction of the base 1, I, J and K the infinitesimal action of 4, j and k € sp(1) on
H can be written
i: 1— -1 J— K j: 1—-=J K— 1 k: 1—-K I— J
I— 1 K— —J J— 1 I—--K K— 1 J— -1

i. e. i corresponds to —(1 AI —J AK). Thus, the summand (B.29) is equal to —75Q according to Lemma
3.10, i. e. equal to mRH. Without proof we state that the summand (B.28) is equal to 8n(n+2 R as
this is certainly true on the quaternionic projective space. Consequently, in the decomposition (B.27) of Q4
the first term vanishes as does the second, because straightforward calculations show that it depends 1inearly
on the torsion of the Levi-Civita connection wy; of M. Hence, the curvature Qﬂ reduces to

Qi = dw%'}(") + % [w;\;(n) /\w;\g(n)} + RE = Rhwper

8n( 71+2)

In this way Q4 operates only on the subbundle Pi; Xgpn) E of the tangent bundle of M. We remark that
this subbundle is canonically isomorphic to Py Xsp(n) T, i. e. to #*TM. O
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