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Abstract

We consider problems related to two main research directions: on the one
hand, generalized gradients and, on the other hand, a special class of spinors
on Kahler spin manifolds.

We introduce generalized gradients in the general context of G-structures.
They are natural first order differential operators acting on sections of vector
bundles associated to irreducible G-representations. We study their geomet-
ric and analytic properties, in particular we show their conformal invariance
and give a new proof of Branson’s classification of minimal elliptic operators
that are naturally constructed from generalized gradients.

On Kahler spin manifolds, Kahlerian twistor spinors are a natural analogue
of twistor spinors on Riemannian spin manifolds. They are defined as sec-
tions in the kernel of a first order differential operator adapted to the Kahler
structure, called Kéhlerian twistor (Penrose) operator. We study the proper-
ties of Kéhlerian twistor spinors and give a complete description of compact
simply-connected Kéhler spin manifolds of constant scalar curvature carry-
ing such spinors. We show that the existence of Kahlerian twistor spinors is
related to the lower bound of the spectrum of the Dirac operator.

Kurzzusammenfassung

Wir betrachten Fragestellungen beziiglich zweier Hauptforschungsrichtungen:
einerseits verallgemeinerte Gradienten und andererseits eine spezielle Klasse
von Spinoren auf Kéahlerschen Mannigfaltigkeiten.

Wir fithren verallgemeinerte Gradienten auf G-Strukturen ein. Diese sind
natiirliche Differentialoperatoren erster Ordnung, die auf Schnitten von zu ir-
reduziblen G-Darstellungen assozierten Vektorbiindeln wirken. Wir untersu-
chen deren geometrischen und analytischen Eigenschaften, insbesondere zeigen
wir deren konforme Invarianz und geben einen neuen Beweis fiir Bransons
Klassifikation von minimalen elliptischen Differentialoperatoren, die natiirlich
aus verallgemeinerten Gradienten konstruiert werden.

Auf Kéhlerschen Spin-Mannigfaltigkeiten sind Kéahlersche Twistorspinoren
ein natiirliches Analogon von Twistorspinoren auf Riemannschen Spin-Mannig-
faltigkeiten. Diese sind definiert als Schnitte im Kern eines an die Kahlersche
Struktur angepassten Differentialoperators erster Ordnung, des sogenanntes
Kéhlerschen Twistor (Penrose)-Operators. Wir untersuchen die Eigenschaften
der Kéahlerschen Twistorspinoren und geben eine vollstandige Beschreibung
der kompakten einfach-zusammenhéngenden Kahlerschen Spin-Mannigfaltig-
keiten mit konstanter Skalarkriimmung, die solche Spinoren zulassen. Wir
zeigen, dass die Existenz von Kahlerschen Twistorspinoren in Verbindung
mit der unteren Abschatzung des Spektrums des Dirac-Operators steht.
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Introduction

As the title indicates, in this thesis we are concerned with problems related
to two main research directions: on the one hand, generalized gradients and,
on the other hand, a special class of spinors on Kéahler spin manifolds.

In the first part of the thesis we introduce generalized gradients in the general
context of G-structures and study their geometric and analytic properties,
in particular their conformal invariance and ellipticity.

In the second part we consider Kéahlerian twistor spinors, investigate their
relationship to eigenvalue estimates of the Dirac operator and classify the
compact simply-connected Kahler spin manifolds of constant scalar curvature
carrying such spinors.

The two parts of the thesis are strongly related to each other, since Kahlerian
twistor spinors naturally arise as sections in the kernel of an U(n)-generalized
gradient, namely the so-called Kahlerian twistor operator. Furthermore, one
of the ingredients used in the classification of Kahler manifolds admitting
such spinors are the Weitzenbock formulas, which are a universal technical
tool involving generalized gradients. However, while the first part may be
situated at the intersection of conformal and Riemannian geometry, repre-
sentation theory and analysis on manifolds, the second one is mainly based
on tools in spectral geometry and foremost in Kéahler spin geometry.

In the sequel we first give a brief overview on the general context in which
our problems are naturally placed, then we state the main results of our work
and finally present the structure of the thesis.

A. General Setting

The notion of generalized gradients, also called Stein-Weiss operators, was
first introduced by E. Stein and G. Weiss, [64], on an oriented Riemannian
manifold, as a generalization of the Cauchy-Riemann equations. They are
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first order differential operators acting on sections of vector bundles associa-
ted to irreducible representations of the special orthogonal group (or of the
spin group if the manifold is spin), which are given by the following universal
construction: one projects onto an irreducible subbundle the covariant deriva-
tive induced on the associated vector bundle by the Levi-Civita connection
(or, more generally, by any metric connection).

Some of the most important first order differential operators which naturally
appear in geometry are, up to normalization, particular cases of generalized
gradients. For example, on a Riemannian manifold, the exterior differential
acting on differential forms, its formal adjoint, the codifferential, and the
conformal Killing operator on 1-forms are generalized gradients. On a spin
manifold classical examples of generalized gradients are the Dirac operator,
the twistor (or Penrose) operator and the Rarita-Schwinger operator.

An essential property of generalized gradients is their invariance at confor-
mal changes of the metric. This property was noticed for the first time by
N. Hitchin in 1974, [29], in the case of the Dirac and the twistor operator in
spin geometry and it turned out to have important consequences in physics.
Two years later, H. Fegan, [19], showed that, up to the composition with
a bundle map, the only conformally invariant first order differential opera-
tors between vector bundles associated to the bundle of oriented frames are
the generalized gradients. Further results in this direction were obtained
by Y. Homma, [31], [32], [34], for the conformal invariance of generalized
gradients associated to U(n), Sp(n) and Sp(1)-Sp(n)-structures. For these
subgroups Homma’s proof of conformal invariance is given by explicit com-
putations based on the relationship between the enveloping algebra of the Lie
algebra of the structure group and the algebraic structure of the principal
symbols of generalized gradients.

On an oriented Riemannian manifold, generalized gradients naturally give
rise, by composition with their formal adjoints, to second order differential
operators acting on sections of associated vector bundles. Particularly im-
portant are the extreme cases of linear combinations of such second order
operators: if the linear combination provides a zero-order operator, then it
is a curvature term and one obtains a so-called Weitzenbock formula; if the
linear combination is a second order differential operator, then it is interest-
ing to determine when it is elliptic.

The importance of Weitzenbock formulas comes from the fact that they relate
the local differential geometry to global topological properties by the so-
called Bochner method, which has many applications in various problems.
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For instance, Weitzenbock formulas are used to prove the vanishing of the
Betti numbers under suitable curvature assumptions, the non-existence of
positive scalar curvature metrics on spin manifolds with non-vanishing A-
genus or eigenvalue estimates for Laplace and Dirac-type operators. The
general pattern of the Bochner technique is the following: given a solution
of a system of partial differential equations of geometric origin on a compact
manifold, if it is assumed that a strict inequality is imposed on an appropriate
geometric quantity, then the solution must vanish identically. This technique
and its applications have been explained for instance by J.-P. Bourguignon
in the survey [10] or, with more details, by H. Wu in [68].

There have been given two different approaches to a systematic study of all
possible Weitzenbock formulas. In [63], U. Semmelmann and G. Weingart
provide a unified treatment of the construction of Weitzenbock formulas for
the irreducible non-symmetric holonomy groups, by giving on the one hand a
recursion procedure for the construction of a basis of the space of Weitzenbock
formulas and, on the other hand, by characterizing Weitzenbock formulas as
eigenvectors of an explicitly known matrix. Another approach was found by
Y. Homma, who described all Weitzenbdck formulas in [33], [32], [31] and [34],
separately for Riemannian, Kahler, hyper-Kahler, respectively quaternionic-
Kéhler manifolds. His method is based on the algebraic structure of the
principal symbols, which is determined from their relationship to the univer-
sal enveloping algebra of the corresponding Lie algebra.

The other extreme case is when linear combinations of generalized gradients
composed with their formal adjoints yield elliptic second order differential
operators. The classical example here is the Laplacian acting on differential
forms, which is obtained by assembling two generalized gradients, namely the
exterior differential and the codifferential. All minimal elliptic operators pro-
vided by this construction were classified by Th. Branson, [13], who showed
that it is enough to take surprisingly few generalized gradients in order to
obtain an elliptic operator. It thus turned out that Laplace-type operators
represent the generic case. Namely, apart from a few known exceptions,
each minimal elliptic operator is given by a pair of generalized gradients.
The arguments used by Th. Branson are based on tools and techniques of
harmonic analysis and explicit computations of the spectra of generalized
gradients on the sphere. Partial results regarding the ellipticity of natural
first order operators were previously obtained by J. Kalina, A. Pierzchalski
and P. Walczak, [37], who showed that the only generalized gradient which
is strongly elliptic is given by the projection onto the Cartan summand. Fur-
thermore, the projection onto its complement is also elliptic, by a result of
E. Stein and G. Weiss, [64].
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Closely related to such elliptic operators is the existence of refined Kato
inequalities. This relationship was first remarked by J.-P. Bourguignon, [10].
He pointed out that in all geometric settings where refined Kato inequalities
occurred, the sections under consideration are tensor fields of a certain type
which are solutions of a natural linear first order injectively elliptic system.

Kato inequalities are estimates in Riemannian geometry, which have proven
to be a powerful technique for linking vector-valued and scalar-valued pro-
blems in the analysis on manifolds. The classical Kato inequality may be
stated as follows. For any section ¢ of a Riemannian or Hermitian vector
bundle £ endowed with a metric connection V over a Riemannian manifold
(M, g), at any point where ¢ does not vanish, the following inequality holds:

ld]el] < |Vl

In many geometric situations the classical Kato inequality is not sufficient
to obtain the desired results and there have been considered refined Kato
inequalities of the form: |d|p|| < k|V], for a constant k£ < 1. For example,
such estimates occur in Yau’s proof of the Calabi conjecture or in Bernstein’s
problem for minimal hypersurfaces in R™. The explicit computation of opti-
mal Kato constants for all natural first order differential operators was given
by D. Calderbank, P. Gauduchon and M. Herzlich, [18]. More precisely, the
formula depends only on the conformal weights, which are real numbers com-
puted from representation theoretical data of the Lie algebra of the structure
group.

A central problem in spectral geometry is to find estimates for the eigenvalues
of the classical elliptic differential operators on compact manifolds. Among
the most important operators are the Laplace and the Yamabe operator
on Riemannian manifolds and the Dirac and the twistor operator on spin
manifolds.

In the sequel we turn our attention to the Dirac operator and its eigen-
value estimates. The Dirac operator is defined as the composition of the
covariant derivative induced on the spinor bundle by the Levi-Civita connec-
tion and the Clifford multiplication. It was first introduced by Dirac on the
Minkowski space using Pauli matrices and in its current form by M.F. Atiyah
and I.M. Singer, [3]. It is an elliptic self-adjoint first order differential ope-
rator who acts on sections of Clifford bundles (in particular on the spinor
bundle, if the manifold is spin). The Dirac operator has found many appli-
cations. For instance, it plays a fundamental role in the index theorems of
Atiyah-Singer, [3], in the classification of manifolds of positive scalar curva-
ture, in non-commutative geometry and Seiberg-Witten theory.



From the general theory of elliptic operators on compact manifolds it follows
that the spectrum of the Dirac operator is discrete and the multiplicities of
its eigenvalues are finite. When the scalar curvature, S, of the spin mani-
fold is positive, it is possible to obtain a lower bound for the eigenvalues
of the Dirac operator D, or, more precisely, for its square, using the so-
called Lichnerowicz-Schrodinger formula, which is a typical example of a
Weitzenbock formula: D? = V*V + %, where V*V is the rough Laplacian
acting on the spinor bundle. Integrating on the compact manifold yields
the inequality: A\? > %iﬂrsz , for each eigenvalue A\ of the Dirac operator.

However, this inequality is not optimal, since the equality case cannot hold
unless S vanishes everywhere.

The first optimal lower bound for the eigenvalues of the Dirac operator was
obtained in 1980 by Th. Friedrich, [20], using the twistor operator introduced
by R. Penrose. He proved that on a compact spin manifold (M™, g) of positive
scalar curvature S, the first eigenvalue A of D satisfies the inequality:

n

N>
“4(n—1)

inf S,
M
whose limiting case is characterized by the existence of real Killing spinors

or, equivalently, by constant scalar curvature and the existence of twistor
spinors.

Twistor spinors are defined as sections in the kernel of the twistor operator,
which is an example of a generalized gradient and is given by the projection
of the covariant derivative onto the Cartan summand of the tensor product
T*M ® XM (where T*M is the cotangent bundle and XM is the spinor
bundle). More precisely, a twistor spinor ¢ € I'(XM) is a solution of the

equation:
1
Vxp = _EX - Do,

where the dot denotes the Clifford multiplication. An important special
class of twistor spinors is formed by Killing spinors, which are defined by the
following linear differential equation: Vxp = aX - ¢, for some constant «.
They are closely related to the spectrum of the Dirac operator, as remarked
above. Killing spinors also play an important role in physics. They were first
introduced in general relativity as a tool to construct first integrals of the
free geodesic motion and occurred more recently as supersymmetries in 10
and 11-dimensional supergravity theories.

The general geometric description of simply-connected manifolds carrying
Killing spinors was obtained in 1993 by Ch. Bér, [5], using the correspon-
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dence between Killing spinors on M and parallel spinors on the Riemannian
cone over M. He showed that each simply-connected manifold admitting
Killing spinors belongs to one of the following families: spheres (in all dimen-
sions), Sasaki-Einstein manifolds (in odd dimensions), 3-Sasakian manifolds
(in dimensions of the form 4k + 3), manifolds admitting a nearly parallel
Go-structure (in dimension 7), nearly Kéhler manifolds (in dimension 6).

There is an important class of manifolds, namely, the Kéahler ones, that does
not occur in this list. Indeed, it has already been shown in 1984 by O. Hijazi,
[27], that K&hler spin manifolds do not carry any nontrivial Killing spinors.
Moreover, in 1992 K.-D. Kirchberg, [42], proved that if the scalar curvature is
nonzero, then there do not exist any nontrivial twistor spinors. In particular,
this shows that Friedrich’s inequality is not sharp on Kéhler manifolds. In
1986, K.-D. Kirchberg, [40], improved this inequality and found the optimal
one on compact Kahler manifolds. Making use of the Kahler form, he showed
that every eigenvalue A of the Dirac operator on a compact Kahler manifold
(M?™ g, J) of positive scalar curvature S satisfies the following inequalities:

’Z—“ inf S, if m is odd,
2> M (0.1)
ﬁ iﬂrbe, if m is even.

The limiting manifolds of these inequalities of odd complex dimension are

characterized by the existence of Kahlerian Killing spinors, i.e. a pair of

spinors (p, ) satisfying the equations:
Vxp=a(X+iJX)- 1, 0.2)
Vxt =a(X —iJX) -, '

for all vector fields X, where « is a real constant. Similarly, in even complex

dimension, the equality case in (0.1) is characterized by the existence of

spinors ¢ satisfying the following equations:
Vxp=—L(X —iJX) Dg, 03
Vx(Dy) = —1(Ric(X) — iJRic(X)) - . '

The limiting Kéhler manifolds for these inequalities were geometrically des-
cribed by A. Moroianu, [51], [54], in 1994 for odd complex dimension, res-
pectively in 1999 for even complex dimension. He proved that in dimension
8(+2 the only limiting Kahler manifold is CP**! and in dimension 8¢+ 6 the
limiting manifolds are the twistor spaces over quaternionic Kahler manifolds
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of positive scalar curvature. The proof of A. Moroianu is based on the notion
of projectable spinors, which he introduced in [52]. He considered the S*-
principal bundle UM associated to a maximal square root of the canonical
bundle of M with the metric induced by the connection of the canonical
bundle. He showed that UM naturally admits a spin structure and each
Kéahlerian Killing spinor on M induces a projectable Killing spinor on UM.

The situation is different in even complex dimension, where the absence of
Kahlerian Killing spinors does not allow the use of projectable spinors. It can
be directly checked that the Riemannian product of a flat 2-dimensional torus
and a manifold admitting Kéahlerian Killing spinors is a limiting manifold of
even complex dimension. In 1990 it was conjectured by A. Lichnerowicz, [48],
that all limiting Kahler manifolds are obtained in this way. A. Moroianu
first showed in [53] that the Ricci tensor of a limiting Kéhler manifold M™ of
even complex dimension has two eigenvalues: 0 and #S with multiplicities
2, respectively n — 2. The second step in the proof of the Lichnerowicz
conjecture was established by A. Moroianu in [54] in the framework of Spin®
geometry. An alternative proof was provided later, in 2001, based on a result
of V. Apostolov, T. Draghici and A. Moroianu, [2], regarding the splitting of
a Kahler manifold whose Ricci tensor has two non-negative eigenvalues.

B. Main Original Results

Our main results in the first part of the thesis are the conformal invariance of
G-generalized gradients and a new proof of Branson’s classification of mini-
mal first order elliptic operators naturally arising from generalized gradients.

We study generalized gradients in the more general context of G-structures,
when there is a reduction of the structure group of the tangent bundle of a
Riemannian manifold (M™, g) to a closed subgroup G of SO(n). In particular,
we make no assumptions on the holonomy group. Essentially, we consider
G to be one of the groups that arise on interesting geometric structures, i.e.
G is SO(n), U(5), SU(%), Sp(%), Sp(1)-Sp(%), G2 or Spin(7) (where for the
last two groups the dimension of the manifold is n = 7, respectively n = 8).

We show that the construction of classical generalized gradients for the struc-
ture groups SO(n) and Spin(n), introduced by E. Stein and G. Weiss, [64],
can be carried over to G-structures. In order to define G-generalized gradients
the only condition that has to be fulfilled is to have well-defined projections
from the tensor product of the cotangent bundle and an irreducible associated
G-bundle, T*M ® VM (which is the target bundle of any covariant deriva-
tive) onto its irreducible subbundles. This condition is satisfied if and only if
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the decomposition of such a tensor product is multiplicity-free, which is true
due to a technical result in representation theory (see Theorem 1.7). This
result is not new, it follows from more general results in representation the-
ory, known as generalized Clebsch-Gordan theorems, which were proven, for
instance, by JR. Stembridge in [65]. The statement of Theorem 1.7 appears
also in the paper [63] of U. Semmelmann and G. Weingart. Our contribution
is its direct detailed proof. Essentially, Theorem 1.7 states that for any of the
groups G considered above, if 7 the restriction of the standard representation
of SO(n) to G and A an irreducible G-representation, then the decomposition
of the tensor product 7 ® A = R" Qg A = C" ®¢ A is multiplicity-free and
described as follows:

TRA= @ (A+¢), (0.4)

eCA

where by ¢ C A we denote the relevant weights of A\. Moreover, these relevant
weights are completely described by a certain selection rule (for details see

Theorem 1.7). The decomposition (0.4) carries over to vector bundles as
follows: T*M @g VAM = (T*M)® @¢c V\M = @ Vo, .M.
eCA

The G-generalized gradients acting on sections of an irreducible associated
vector bundle V, M, are then defined by the composition ij =1II. o V*,
where V* is the connection induced on V4M by a G-connection V of the

G-structure and Il is the projection onto the subbundle V), .M.

The main property of G-generalized gradients that we proved is their con-
formal invariance. More precisely, for each G-generalized gradient defined
by the minimal G-connection and denoted by P*, we show that there ex-
ists a weight, called conformal weight, relative to which it is conformally
invariant. These conformal weights turn out to be exactly the eigenvalues of
the symmetric operator Bé\, defined by:

BQ (R @V — (R")* @ V), B;‘(a ®uv) = Z e; ®@ dA\(prg(ei A a))v.

=1

The eigenspaces of B coincide, except for a special case, with the irreducible
components given by the decomposition (0.4). Its corresponding eigenvalues,
denoted by w,, are explicitly computed in terms of the representation theory
of the Lie algebra g of GG, according to Fegan’s Lemma, [19].

We summarize the results concerning the conformal invariance of G-gene-
ralized gradients obtained in § 1.2 in the following:

Theorem 0.1. Any G-generalized gradient PS* is conformally invariant
relative to the weight w. and this is the only weight with respect to which
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PS> is conformally invariant. With respect to two conformally related G-

structures GM and GM, for g = e*g and GM — SO;M, the conformal
invariance relating the corresponding generalized gradients is expressed in

the following form.: ) )
P05 = 48, 0 PO

where for any weight w, ¢va denotes the following isomorphism between the
associated vector bundles VEM = GM x¢V and VEM = GM x5 V:

GG VEM — VEM, (1. .. en),0] — [(e ey, ..., e "y, e ).

The conformal invariance of G-generalized gradients generalizes the results
obtained by Y. Homma, [31]- [34], for K&hlerian, hyper-Kéhlerian and quater-
nionic-Kéhlerian generalized gradients. At the same time it provides a uni-
form and direct proof in all these cases, avoiding the specific computa-
tions from the original proofs for each of the subgroups U(n), Sp(n) and
Sp(1)-Sp(n). Furthermore, Theorem 0.1 motivates the terminology for the
operator B called in literature the conformal weight operator (see [63]).

The proof of Theorem 0.1 is provided in the framework of conformal geometry
and uses Weyl structures. An important role is played by the properties of
the conformal weight operator B, whose eigenvalues are exactly the corres-
ponding conformal weights of the generalized gradients.

The last result in the first part of the thesis is a new proof of Branson’s
classification of natural first order minimal elliptic operators. The original
proof in [13] uses tools of harmonic analysis, which as powerful as they are,
seem to be specific for the structure groups SO(n) and Spin(n). We propose
a different approach, which is mainly based on the representation theory of
the Lie algebra so(n) and on the relationship between ellipticity and Kato
constants, as explained in § 2.2.

The tool used in our proof is on the one hand, the explicit computation of the
optimal Kato constants in terms of representation theoretical data provided
by D. Calderbank, P. Gauduchon and M. Herzlich, [18], and, on the other
hand, the branching rules for the special orthogonal group. The main idea
is that the argument in [18] may be in a certain way reversed: while in [18§]
the task is to establish for each natural elliptic operator an explicit formula
for its optimal Kato constant (assuming the Branson’s list of minimal ellip-
tic operators), our goal is to analyze to which extend the computations of
the Kato constants rely on this assumption on the ellipticity and how Bran-
son’s list could be recovered. We mention that there is an exceptional case,
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corresponding to the zero-weight (see Remark 2.29), that is not recovered
by our proof. The arguments suggest that they should carry over to other
subgroups G of SO(n), in order to provide the classification of natural elliptic
operators constructed from G-generalized gradients. However, it is still work
in progress and in this direction we only have partial results, particularly for
the exceptional group Gbs.

In the second part of the thesis we get into the realm of Kahler spin geometry
and study a special class of spinors, the so-called Kéahlerian twistor spinors.
Our motivation is two-fold, on the one hand we are looking for an analogue of
the notion of twistor spinors on Kahler manifolds and on the other, we want to
describe the limiting manifolds of Kirchberg’s refined inequality for the small-
est eigenvalue of the square of the Dirac operator restricted to an irreducible
subbundle of the spinor bundle. It turns out that these two problems are
related to each other and the main result is the geometric description of these
limiting manifolds or, equivalently, of compact simply-connected Kahler spin
manifolds of constant scalar curvature carrying nontrivial Kéahlerian twistor
spinors. Along the way we prove other intermediary results which are of in-
terest in their own, for instance the description of Kéhlerian twistor spinors
on Kéahler-Einstein manifolds and on Kéhler products.

As mentioned above, K.-D. Kirchberg proved in [42] that a Kéhler manifold
does not admit any nontrivial twistor spinors, unless its scalar curvature is
zero. It is thus natural to ask for an analogue class of spinors on Kahler
manifolds, defined by a twistorial equation adapted to the Kahler structure.
These spinors are called Kéhlerian twistor spinors and are defined in the fol-
lowing way. On a Kahler spin manifold (M?™, g, J), the spinor bundle XM
splits into U(m)-irreducible subbundles: XM = @ (%, M, where ¥, M is the
eigenbundle of the Clifford multiplication with the Kahler form for the eigen-
value i(2r —m). For each 0 < r < m, there is defined a Kéhlerian twistor
operator by the projection of the covariant derivative onto the Cartan sum-
mand of the tensor product T*M ® ¥,.M. The sections in the kernel of this
first order differential operator are the Kahlerian twistor spinors. Explicitly,
they satisfy the equations:
{wa: EECEE R (0.5)
Vx-¢=—gmpX - Dro,
where X* denote the projections of X onto TH°M, respectively T%' M, the
(£i)-eigenbundles of J, and D* are defined by D* = 222211 e -V A
slightly different notion of “Kéhlerian twistor spinors” has been introduced
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by K.-D. Kirchberg, [41], and O. Hijazi, [28]. These form a special class of
Kéhlerian twistor spinors (defined more naturally as sections in the kernel
of the Kéhlerian twistor operator), which we call special Kédhlerian twistor

spinors and are characterized by a further condition, namely to be in the
kernel of D~ or D*.

As in the Riemannian case, Kéhlerian twistor spinors are closely related to
the spectrum of the Dirac operator. We note that the spinors characterizing
the limiting manifolds of Kirchberg’s inequalities, 7.e. those satisfying the
equations (0.2), respectively (0.3), are in particular Kédhlerian twistor spinors
in EmTil M, respectively Xm 41 M. Tt is thus natural to study Kéhlerian twistor
spinors also as a generalization of these two important special cases.

Considering the splitting of the spinor bundle into irreducible subbundles,
there exists a refinement of Kirchberg’s inequality (0.1). Namely, the first
cigenvalue, A2, of the square of the Dirac operator restricted to XM on a
compact Kéhler manifold (M?™, g, J) of positive scalar curvature S satisfies
the following inequality for 0 < r < % (for % < < m there is a similar one):

+1
A>T s,
= 51 WP

The limiting manifolds are characterized by constant scalar curvature and
the existence of nontrivial Kahlerian twistor spinors in >,.M. We obtained
their geometric description as follows (see Theorem 5.15).

Theorem 0.2. Let (M?™,g,J) be a compact simply-connected spin Kdihler
manifold of constant scalar curvature admitting nontrivial Kahlerian twistor
spinors in XM for an r with 0 < r < m. Then M is the product of
a Ricci-flat manifold M, and an irreducible Kdhler-FEinstein manifold My,
which must be one of the limiting manifolds of Kirchberg’s inequality (0.1)
in odd complex dimensions. More precisely, there exist left (right) Kdahlerian
twistor spinors in at most one such .M with r < % (r > %) and they are
of the form:
V=6®¢0 (V==C,rm1® Pmrt1),

where & € T'(3ZoMy) (or—m—1 € ['(X9p_m-_1M1)) is a parallel spinor and
or € T'(E, M) (om—rs1 € T'(Zm_ry1Ms)) is a left (right) Kdhlerian twistor
spinor. In particular, the complex dimension of the Kdahler-FEinstein manifold
My is 2r +1 (resp. 2(m —71) +1).

In particular, for r = %41, the complex dimension of the Ricci-flat factor is 1
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and we reobtain the limiting manifolds of Kirchberg’s inequalities for even
complex dimension. Thus, this result may be considered as a generalization
of A. Moroianu’s description of limiting Kéhler manifolds in even complex
dimension. However, we use his classification in the odd-dimensional case. In
particular, Theorem 0.2 answers a question raised by K.-D. Kirchberg in [41]
and, in a certain sense, completes the picture in the Kahler case.

The proof of Theorem 0.2 is done in more steps, which we briefly present here.
Firstly we construct a connection, called Kahlerian twistor connection, such
that Kéhlerian twistor spinors are in one-to-one correspondence to parallel
sections of this connection. The explicit computation of the curvature of the
Kahlerian twistor connection allows us to derive some useful formulas, that
represent the starting point for the main arguments. We then show that on
a compact Kahler spin manifold of constant scalar curvature all Kahlerian
twistor spinors are special Kahlerian twistor spinors. The key point in the
proof is that the existence of such a nontrivial spinor imposes strong re-
strictions on the Ricci tensor, namely it only has two constant non-negative
eigenvalues. This has been proven by A. Moroianu, [53], in the special case
of limiting manifolds of Kirchberg’s inequality for even complex dimension
and we notice that his method works for any bundle ¥, M. By a result of
V. Apostolov, T. Draghici and A. Moroianu, [2], it follows that the Ricci ten-
sor must be parallel. Thus, assuming the manifold to be simply-connected,
it must split, by de Rham’s decomposition theorem, in a product of irre-
ducible Kéhler-Einstein manifolds. Analyzing Kéahlerian twistor spinors on a
product (see Theorem 5.12), it turns out that one of the factors is Ricci-flat
and the other is Kahler-Einstein admitting itself special Kéahlerian twistor
spinors. The problem is thus reduced to the study of Kéhler-Einstein mani-
folds, where we show that the only nontrivial non-extremal Kéhlerian twistor
spinors are the Kéhlerian Killing spinors (see Proposition 5.8).

Furthermore, we consider a larger class of manifolds, the weakly Bochner flat
manifolds, and show that the existence of Kahlerian twistor spinors already
implies constancy of the scalar curvature. It remains an open question for
further research whether this implication holds for other interesting classes of
manifolds, for instance for the extremal Kéahler ones or even for any Kahler
manifold.
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C. Outline of the Thesis
In the sequel we briefly present the organization of the thesis.

In Chapter 1 we first describe the classical generalized gradients of the spe-
cial orthogonal group SO(n) on a Riemannian manifold and of Spin(n) on a
spin manifold. Then we introduce the generalized gradients associated to a
G-structure for a closed subgroup G of SO(n). For this, we prove a techni-
cal representation-theoretical result concerning the multiplicity-free decom-
position of the tensor product of an irreducible G-representation with the
restriction to G of the standard SO(n)-representation. We use Weyl struc-
tures to show that the generalized gradients of a G-structure defined by the
minimal G-connection are conformally invariant. In the last section, § 1.3,
we explain how generalized gradients naturally give rise to second order dif-
ferential operators, whose linear combinations yield two interesting extreme
cases: Weitzenbock formulas and second order elliptic differential operators.
For the study of Weitzenbock formulas we give a brief overview on the two
systematic approaches provided by U. Semmelmann and G. Weingart, [63],
and by Y. Homma, [33]. The second order elliptic differential operators are
separately discussed in Chapter 2.

In Chapter 2 we first present the general setting and state in Theorems 2.12
and 2.13 Branson’s classification of minimal first order elliptic operators that
naturally arise from generalized gradients. Then we turn our attention to
Kato inequalities and their relationship to ellipticity. In § 2.2 we present the
main steps for the explicit computation of optimal Kato constants in terms
of representation theoretical data, which was obtained by D. Calderbank,
P. Gauduchon and M. Herzlich, [18]. In § 2.3 we give a new proof of Branson’s
classification result. Our approach uses on the one hand the observation that
certain arguments used by D. Calderbank, P. Gauduchon and M. Herzlich
in the computation of the Kato constant may be reversed and, on the other
hand, the branching rules for the special orthogonal group.

Chapter 3 is mainly a short introduction in spin geometry on Kahler mani-
folds, where we introduce the notations and some results needed in Chapters 4
and 5.

In Chapter 4 we first define the main objects, the Kahlerian twistor spinors,
and study some particular cases. In § 4.3 we construct a connection called
Kéhlerian twistor connection, such that Kahlerian twistor spinors are in one-
to-one correspondence to parallel sections of this connection. Furthermore,
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in § 4.4, we explicitly compute the curvature of the Kéahlerian twistor con-
nection, which allows us to derive some useful formulas, that represent the
starting point for the main arguments.

Chapter 5. First we show in § 5.1 that, on a compact Kéahler spin mani-
fold of constant scalar curvature, all Kahlerian twistor spinors are special
Kéhlerian twistor spinors. Then, in § 5.2, we prove the key fact that the
existence of such a nontrivial spinor imposes strong restrictions on the Ricci
tensor, namely it only has two constant eigenvalues. We conclude by a result
of V. Apostolov, T. Draghici and A. Moroianu, [2], that the Ricci tensor must
be parallel. Thus, assuming the manifold simply-connected, it must be, by
de Rham’s decomposition theorem, a product of irreducible Kéahler-Einstein
manifolds. In § 5.4, analyzing Kéahlerian twistor spinors on a product, it turns
out that one of the factors is Ricci-flat and the other is Kéahler-Einstein ad-
mitting itself special Kéhlerian twistor spinors (see Theorem 5.12). Turning
our attention in § 5.3 to Kahler-Einstein manifolds, we show that the only
nontrivial non-extremal Kahlerian twistor spinors are the Kahlerian Killing
spinors. The main result giving the geometric description of compact simply-
connected Kéahler manifolds of constant scalar curvature admitting Kahlerian
twistor spinors is then provided in § 5.5 by Theorem 5.15. In the last section,
§ 5.6, we show that on the larger class of weakly Bochner flat manifolds the
existence of Kéahlerian twistor spinors already implies the constancy of the
scalar curvature.

In Appendix A. we collect some formulas of spin geometry, that we use in
the computations, particularly in §§ 4.3 and 4.4.

For the reader’s convenience we have compiled both an index of notational
conventions and an index of terms.

All manifolds and geometric objects on them are supposed to be differentiable
of class C*. Throughout this work we use the summation convention: unless
otherwise indicated, summation is implied whenever repeated indices occur
in an expression.
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Part 1

Generalized Gradients of
(G-Structures






Chapter 1

Natural Differential Operators
of G-structures

The concept of G-structure provides a unified manner to treat most of the
interesting geometric structures. In the sequel we study natural differen-
tial operators associated to G-structures. Firstly we consider generalized
gradients of a G-structure and prove their conformal invariance. Then we
explain how generalized gradients naturally give rise to second order differen-
tial operators, whose linear combinations yield two interesting extreme cases:
Weitzenbock formulas and second order elliptic differential operators, which
we separately discuss in more detail in § 1.3 and in Chapter 2, respectively.

1.1 Generalized Gradients

Some of the most important first order differential operators which naturally
appear in geometry are, up to normalization, particular cases of generalized
gradients. For example, on a Riemannian manifold, the exterior differen-
tial acting on differential forms, its formal adjoint, the codifferential, the
conformal Killing operator on 1-forms are generalized gradients. On a spin
manifold, classical examples of generalized gradients are the Dirac operator,
the twistor (or Penrose) operator and the Rarita-Schwinger operator.

The notion of generalized gradients, also called Stein-Weiss operators, was
first introduced by E. Stein and G. Weiss, [64], on an oriented Rieman-
nian manifold, i.e. for the structure group SO(n), as a generalization of the

3



4 1. NATURAL DIFFERENTIAL OPERATORS OF G-STRUCTURES

Cauchy-Riemann equations. They give a general construction of first order
differential operators that we recall in the sequel. We then show how this
construction can be carried over to G-structures.

1.1.1 SO(n) and Spin(n)-generalized gradients

Let us first state the general context and fix the notation. We begin by
briefly recalling the representation theoretical background needed to define
the generalized gradients. The description of the representations of SO(n),
or its Lie algebra so(n), differs slightly according to the parity of n. We
write n = 2m if n is even and n = 2m + 1 if n is odd, where m is then the
rank of so(n). Let {eq,...,e,} be a fixed oriented orthonormal basis of R™,
so that {e; A e;}i<; is a basis of the Lie algebra so(n) = A*R". We also fix
a b of so(n) by the basis {e; A e, ..., €9,_1 A €2} and denote the dual
basis of h* by {e1,...,en}. The is then normalized such that this basis is
orthonormal. Roots and weights are given by their coordinates with respect
to the orthonormal basis {¢;},_17;. Thus, irreducible so(n)-representations
are parametrized by dominant weights, i.e. the weights A\ whose coordinates
are either all integers or all half-integers, (A1, ..., Ay) € Z™U(3+Z)™, which
satisfy one of the inequality:

A > X > A1 2 | A, ifn=2m, or

(1.1)
Through this parametrization a dominant weight A is the highest weight of
the corresponding representation. The representations of so(n) are in one-
to-one correspondence with the representations of the corresponding simply-
connected Lie group, i.e. Spin(n), the universal covering of SO(n). The
representations which factor through SO(n) are exactly those with A € Z™.
With a slight abuse of notation we use the same symbol for an irreducible
representation and its highest weight. Thus, an irreducible representation of
s0(n) will be identified with its highest weight A\ € h* or, alternatively, will
be denoted by V). For example, in this notation, the standard representation
denoted by 7 is given by the weight (1,0, ...,0); the weight (1,...,1,0,...,0)
(with p ones) corresponds to the p-form representation APR"™, whereas the
dominant weights A = (1,...,1,%+1), for n = 2m, correspond to selfdual,
respectively antiselfdual m-forms; the representation of totally symmetric
traceless tensors S{R™ has highest weight (p,0,...,0).

In order to have this one-to-one correspondence between finite dimensional
irreducible representations and highest weights, it is necessary to consider
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only complex representations. Since we want the standard representation
7 to model the tangent bundle of a manifold, it is natural to consider the
real standard representation R™. On the other hand, it is useful in many
arguments to have this parametrization given by the highest weight and
thus, to consider 7 to be the complex representation C". In a certain sense,
we may use both representations alternatively, because the only place where
this problem comes up is in the decomposition of a tensor product of the
form 7 ® A, where X is any complex irreducible representation and in which
case the following isomorphism holds: R"®g V) = C" ®¢ V). Thus, from now
on, 7 will denote either the real or the complex standard representation, as
needed in the context.

The following so-called classical selection rule describes the decomposition
of the tensor product 7 ® A into irreducible so(n)-representations, where 7 is
the standard representation and A is any irreducible representation.

Lemma 1.1. An irreducible representation of weight p occurs in the decom-
position of T @ A if and only if the following two conditions are fulfilled:

(i) p=X=xej, for some j, orn=2m+1, \,, >0 and p = A,

(i1) w is a dominant weight, i.e. satisfies the inequality (1.1).

A proof of this selection rule follows from Theorem 1.7, where we consider
more generally G-representations, for subgroups G of SO(n). We adopt the
same terminology as in [18] and [63] and call the weights satisfying (i) virtual
weights associated to A and effective weights if they also satisfy (i7); the
weights ¢ of the standard representation 7, ¢ € {0, £eq,...,+e,,}, with the
property that p. := A+e¢ occurs in the decomposition of 7® A, are also called
relevant weights. We write ¢ C A for a relevant weight for a given irreducible
representation A, so that the decomposition of the tensor product may be
expressed as follows:

TROA= @ Ue. (1.2)

eCA

The essential property of the decomposition (1.2) is that it is multiplicity-
free, i.e. the isotypical components are actually irreducible (this is a special
case of Theorem 1.7, to which we refer for the proof). It thus follows that
the projections onto each irreducible summand p. in the splitting are well-
defined; we denote them by II..

Let (M, g) be a Riemannian manifold, SO,M the principal SO(n)-bundle of
oriented orthonormal frames and V any metric connection, considered either
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as a connection 1-form on SO,M or as a covariant derivative on the tangent
bundle TM.

The tool for transferring representation theory on manifolds is the con-
struction of associated vector bundles. We recall that, in general, to any
G-principal bundle GM on M and any representation V of the group G,
p: G — Aut(V), there is an associated vector bundle VM on M defined by
VM :=GM xgV = (GM x V)/p, where the quotient is given with respect
to the following right action of the group G:

(p,v)-g=(p-g,p(g" ")), forallpe GM,ge G veV.

In our case we consider vector bundles associated to SO, M and irreducible

SO(n)-representations of highest weight A\ and denote them by V\M. For

instance, the tangent bundle is associated to the standard representation

7 : SO(n) — GL(R") and the bundle of p-forms is associated to the irre-

ducible representation of highest weight A = (1,...,1,0,...,0). We identify
——

p
the cotangent bundle T*M and the tangent bundle TM using the metric g,
since they are associated to equivalent SO(n)-representations. The decom-
position (1.2) carries over to the associated vector bundles:

T'M@V,M=TM @ VM= &V, M (1.3)
eCA

and the corresponding projections are also denoted by II..

A metric connection V on SO,M induces a connection on any associated
bundle VAM denoted by V* : [(VA\M) — ['(T*M @ V\M). The generalized
gradients are then built-up by projecting the induced covariant derivative
onto the irreducible subbundles V|, M given by the splitting (1.3).

Definition 1.2. Let (M, g) be a Riemannian manifold, V a metric con-
nection and V)M the vector bundle associated to the irreducible SO(n)-
representation of highest weight \. For each relevant weight € of A, i.e. for
each irreducible component in the decomposition of T*M @ V\M, there is a
generalized gradient PY * defined by the composition:

D(VaM) 25 D(TM @ VaM) 2 D(Vy . M). (1.4)

The classical case is when V is the Levi-Civita connection. However, any
metric connection may be used to define the generalized gradients. Those



1.1. GENERALIZED GRADIENTS 7

defined by the Levi-Civita connection play an important role since they are
conformal invariant, as we show in § 1.2.

Example 1.3. We consider the bundle of p-forms, APM, on a Riemannian
manifold (M", g) and assume for simplicity that n =2m+ 1 and p < m — 1.
The highest weight of the representation is A, = (1,...,1,0,...,0) and,
from the selection rule in Lemma 1.1, it follows that there are three relevant
weights for A\, namely —¢,, €,+1 and £;. The tensor product then decomposes
as follows:

TM @ A’PM =2 AP"'M & AP M & AP M,

where the last irreducible component is the Cartan summand corresponding
to the highest weight equal to the sum of the highest weights of the factors
of the tensor product, i.e. to A, + €1. The generalized gradients in this case
are, up to a constant factor, the following: the codifferential, §, the exterior
derivative, d, respectively the so-called twistor operator, T.

If M has, in addition, a spin structure, then the classes of bundles and
generalized gradients are enriched. More precisely, as mentioned above,
the irreducible Spin(n)-representations, and thus the irreducible associated
Spin(n)-bundles, correspond exactly to the irreducible so(n)-representations,
so that they are parametrized by all the dominant weights A = (A1,..., An),
A € Z™ U (5 + Z)™ satistying the inequalities (1.1). The irreducible repre-
sentations of Spin(n) with A € (3 +Z)™ are exactly those that do not factor
through SO(n).

Let us recall here the definition of a spin structure, which will also be needed
in Part II.

Definition 1.4. Let (M, g) be an oriented Riemannian manifold and SO, M
its bundle of orthonormal frames. The manifold M is called spin if there
exists a 2-fold covering Spin, M of SO, M with projection ¢ : Spin, M — SO, M,
satisfying the following conditions:

1. Spin,M is a principal bundle over M with structure group Spin(n),

2. If we denote by ¢ the canonical projection of Spin(n) onto SO(n), then
for every u € SpingM and a € Spin(n) we have 0(ua) = 0(u)d(a), i.e.
the following diagram commutes:



8 1. NATURAL DIFFERENTIAL OPERATORS OF G-STRUCTURES

Spin(n) =% Spin, M

.

¢ 0 M

e

SO(n) SO,M

—_
A—0(u)A

The bundle Spin, M is called a spin structure.

An oriented Riemannian manifold M is spin if and only if its second Stiefel-
Whitney class, wy (M), vanishes.

The n-dimensional Clifford algebra Ci(n) has, up to equivalence, exactly one
irreducible complex representation Y, for n even and two irreducible complex
representations Y= for n odd. In the last case, these two irreducible represen-
tations become equivalent when restricted to Spin(n) and this restriction is
also denoted by ¥,,. For n even, the restriction to Spin(n) splits with respect
to the action of the volume element: ¥, = X @ 3 and the elements of X7
and X are usually called positive, respectively negative half-spinors. In the
parametrization given by the dominant weights we have: Y,,,1 has highest
weight (1,...,1) and ¥j,, has highest weight (1,...,1 +1). For arbitrary
n, X, is called the complex spin representation and it defines a complex vec-
tor bundle associated to the spin structure, called the complex spinor bundle
and denoted by X M. The sections of the spinor bundle XM are called spinor
fields or, shortly, spinors.

On a Riemannian spin manifold (M, g), the Spin(n)-generalized gradients

PgVA are similarly defined by the composition:

P(VM) Yo D(TM @ VaM) 25 D(Va, M), (1.5)

The only difference to (1.4) is that now A is an irreducible Spin(n)-representa-
tion, V a connection on the principal bundle Spin, M and V* the induced
connection on the associated bundle VM. A special case is when V is the
connection canonically induced on Spin,M by the Levi-Civita connection
and is then denoted by V9. This connection is used to define the generalized
gradients in the following two examples.

Example 1.5. The spinor representation p, : Spin(n) — Aut(X%,), with n
odd, is irreducible and the tensor product bundle splits into two irreducible
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subbundles as follows:
TM @ ¥M = XM & ker(c),

where ¢ : TM x XM — XM denotes the Clifford multiplication of a vector
field with a spinor. Thus, in this case, there are two generalized gradients:
the Dirac operator D, which is locally explicitly given by the formula:

Do =Y e Ve, forall peT(SM),

i=1

i=1n

where {e; }
notation for the Clifford multiplication, and the twistor (Penrose) operator T

is a local orthonormal basis and the middle dot is a simplified

1
TX¢:VX¢+EX~D¢.

For n even, the spinor representation is not irreducible, so that the spinor
bundle splits into two subbundles: XM = X+t M & X~ M. The decomposition
of the tensor product is then given by:

T*M @ S*M = ST M @ ker(c).

Again the projections onto the first summand correspond to the Dirac opera-
tor and onto ker(c) to the twistor operator.

Example 1.6 (Rarita-Schwinger Operator). Let n > 3 be odd and consider
the so-called twistor bundle, i.e. the target bundle of the twistor operator
acting on spinors, denoted by 33,5 M. This is the vector bundle associated to
. . . . . . . 3 1 1
the irreducible Spin(n)-representation with highest weight (3,5,---,5). If
n > 5, it follows from the selection rule in Lemma 1.1 that there are four rele-
vant weights: 0, —e1, +€1, +¢2 and the corresponding four gradient targets
are: Yz, M itself, the spinor bundle XM, the associated vector bundles to the
irreducible representations of highest weights (%, %, e %) and (%, %, %, e %),
respectively. If n = 3 the last of these targets is missing.

The corresponding generalized gradient for the representation A = (%, %, cee %)

and the relevant weight ¢ = 0 is denoted by D3/, := P0(3/2’1/2""’1/2). This
operator is well-known especially in the physics literature and is called the
Rarita-Schwinger operator.
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If n is even, n = 2m, then the two bundles defined by the Cartan summand
in T*M ® X* M have highest weights (%, %, e %, j:%) and the corresponding
Rarita-Schwinger operators are the generalized gradients denoted by:

DE — pB/21/2,.,1/141/2)

3 = P . DI T(ZE M)-T(EF,M).

3/2 " 3/2 3/2

Another possible realization of the Rarita-Schwinger operator is as the pro-
jection of the twisted Dirac operator Dy on X3/9M (see e.g. [66] for a detailed
description):

['(Xg/oM) — T(TM @ XM) v, INT*M @ TM @ ¥M) <81, IN(TM @ ¥M) — I'(Xg/2M).

1.1.2 Generalized gradients of G-structures

Essentially the same construction as above may be used to define generalized
gradients associated to a G-structure. On a differentiable manifold M of
dimension n we denote by GL,M the bundle of linear frames over M. If GG
is a Lie subgroup of GL(n,R), then a G-structure on M is a differentiable
subbundle of GL,, M with structure group GG. The existence of a G-structure
on a manifold is a topological condition. For example, an oriented Rie-
mannian metric is equivalent to an SO(n)-structure, an almost Hermitian
structure to a U(%)-structure, a conformal class of Riemannian metrics to a
CO(n)-structure. In order to construct geometric first order differential op-
erators of a G-structure, the natural starting point is, as in the SO(n)-case,
a connection on the principal G-bundle. It will be considered alternatively
either as a connection 1-form with values in g, the Lie algebra of GG, or as
a G-equivariant horizontal distribution H. In general, a connection V on
a principal G-bundle GM induces a connection on any vector bundle VM
associated to a representation p : G — Aut(V'). One possible way to describe
the induced connection V?* is to give its horizontal distribution, which is the
projection onto GM of the G-equivariant horizontal distribution H:

Hp = dpr(,  (H, ®0), pr:GM xV — (GM xV)/,.

As we are mainly interested in Riemannian geometry, we will consider in
the sequel G to be one of the subgroups of SO(n) which arise in important
geometric situations and are mostly encountered in literature. These groups
are exactly the ones in Berger’s list of holonomy groups. Thus, in the sequel,
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we assume that
Ge {SO(n), U(g) ,SU(%) ,Sp(g) ,Sp(l)~Sp<%) G, spin(7)} . (1.6)

where in the last two cases the dimension of the manifold is assumed to
be 7, respectively 8. We notice that all the groups in (1.6) are compact.
Moreover, their Lie algebras are simple, except for u(%3) = iR @ su(%), which
has a 1-dimensional center and sp(1) @ sp(%), which is semisimple.

Every finite-dimensional representation of a compact Lie group G is equiva-
lent to a unitary one, so that it can be decomposed as a direct sum of
irreducible representations. Thus, without loss of generality, we consider in
the sequel complex finite-dimensional irreducible representations of GG, which
are parametrized by the dominant weights. In Table 1.1 we wrote down the
suitable positivity conditions that define the dominant weights for each group
in the list (1.6). The coordinates of the weights are given with respect to a
chosen basis of the dual of a Cartan subalgebra of the Lie algebra g.

The general setting is now the following: there exists a G-structure on M
and a G-connection V, i.e. a connection whose holonomy group is a subset
of G, Hol(V) C G, and for any finite-dimensional complex irreducible G-
representation of highest weight A\, VA\M denotes, as usual, the associated
vector bundle.

We consider the restriction of the standard representation of the special
orthogonal group, 7 : SO(n) — GL(n,R), to the subgroup G and denote
it further by 7. This restriction is the defining representation of the sub-
group G and the associated vector bundle is just the tangent bundle TM.
The tangent and the cotangent bundle, TM and T*M, will be identified,
since they are associated to equivalent G-representations, as G C SO(n).
The real G-representation 7 is irreducible, because the groups in (1.6) are
holonomy groups, which are known to act transitively on the unit sphere in
R™. The restriction to G of the standard complex representation, which we
still denote by 7, remains an irreducible representation, except for the uni-
tary and special unitary group. For these groups the complexified tangent
bundle splits into two irreducible subbundles:

T°M =T"M & T M, (1.7)

which represent the (£i)-eigenspaces of the corresponding almost complex
structure of the manifold.
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The main ingredient needed to define the notion of G-generalized gradient is
the following representation theoretical result (see also [63] for the statement
of Theorem 1.7, which we prove here with all the details).

Theorem 1.7. Let G be one of the groups in (1.6), T the restriction of the
standard representation to G and A an irreducible G-representation. The
decomposition of the tensor product T @ A = R"” @g A = C" ®¢ A s described
as follows:

TOA= @ (A+¢), (1.8)

eCA

where by € C X\ we denote the relevant weights of \. Moreover, the relevant
weights are described by the following selection rule: a weight € of T is relevant
for X if and only if A< is a dominant weight, with the exception of the weight
e = 0, which occurs only for the groups Gy and SO(n) with n odd. For e =0
a stronger condition must be fulfilled, namely: X — \., respectively A — Ay, are
dominant weights, where \, and As, are the highest weight of the standard
representation of go, respectively of the spinor representation of so(n). The
decomposition (1.8) carries over to vector bundles and we get:

T*M ®@p VAM = (T*M) ®c ViAM = @AVHSM. (1.9)
eC

Proof:  The decomposition (1.8) is a special case of an important result in
representation theory, sometimes called the general Clebsch-Gordan theorem,
which provides formulas for the multiplicities of the irreducible components
of the tensor product of two irreducible representations of a semisimple Lie
algebra. More precisely, if g is a complex semisimple Lie algebra, an ordering
of the roots is chosen and W denotes the corresponding set of dominant
weights of g, then the decomposition of the tensor product of any pair of
irreducible representations, g and A with g, A € W+, has the form:

pRAX= & c(v;p, A, (1.10)

veWw+

where the coefficients ¢(v; A, ) are the tensor product multiplicities giving the
number of times the irreducible representation v occurs as a summand in the
decomposition. The tensor product is called multiplicity-free if c(v; u, \) < 1,
for all v. Multiplicity-free tensor products are important because their de-
compositions are canonical and therefore the projections onto the irreducible
components are well-defined.

There are different methods to compute the multiplicities ¢(v; p, A), most of
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them being based on Weyl’s character formula or, equivalently, on Kostant’s
formula for the multiplicity of a weight. For instance, the more particular
question on which tensor products of simple Lie algebras are multiplicity-free
has been completely answered. The pairs of fundamental weights wy, wy such
that the tensor product miw; ® maws is multiplicity-free for all my, ms > 0
are classified by P. Littelmann, [50], and, more generally, the multiplicity-
free tensor products of simple Lie algebras have been completely classified by
J. R. Stembridge, [65], and independently, for the exceptional Lie algebras,
by R. King and B. Wybourne, [39]. From their classification it follows in
particular that the decomposition of 7 ® A is multiplicity-free. However, this
tensor product is a very special case, because 7 is the standard representation.
We provide here a direct proof, also based on Weyl’s character formula, of
the fact that the splitting (1.8) is multiplicity-free, since this is the main
property that enables us to define G-generalized gradients. Moreover, the
argument yields the stated characterization of the relevant weights.

First we need to make a short digression to the representation theory of
semisimple Lie algebras. Let g be a semisimple Lie algebra of rank r and § a
Cartan subalgebra. Choose an ordering of the roots and denote by wy, ..., w,
the fundamental weights of g, which span the Weyl chamber denoted by W "

WC ={ow + -+ apw,| g, ..., > 0} (1.11)

Then, the dominant weights are, by definition, the weights in this Weyl
chamber. The so-called Weyl vector, 9, is defined to be half the sum of the
positive roots, or equivalently, the sum of the fundamental weights, so that
it lies in the interior of the Weyl chamber. The strict Weyl chamber SWC
is the translation of W' with §:

SWC =WC+6={aqw + -+ aw|a,...,q > 1} (1.12)

The group 20 generated by reflections through the hyperplanes orthogonal
to the roots is called the Weyl group of the Lie algebra g. The length |w| of
a Weyl group element w is the length of the shortest word representing that
element in terms of the standard generators, which are the reflections given
by the simple roots.

Let A be the weight lattice of g, which is freely generated by the set of funda-
mental weights, and let ZA be the integral group ring on the abelian group
A. We write e(v) for the basis element of ZA corresponding to the weight v,
so that elements of ZA are expressions of the form > n,e(v), with all but a
finite number of integers n, being zero. The character of a representation V'
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is defined as:
ch(V) =Y dim(V,)e(v) € (ZA)™, (1.13)

where V, is the weight space of V' for the weight v, dim(V},) its multiplicity
and (ZA)% the ring of invariant elements under the action of the Weyl group.
It can be directly checked that the character map, ch : R(g) — ZA, is a ring
homomorphism between the representation ring of the semisimple Lie algebra

g and ZA.
For any weight v, let A, be the following element in ZA:

A, = 3 (~1)e(w(v)).

weW

Let A, € WC be dominant weights and V), V, the irreducible representa-
tions of highest weights A, respectively p. Weyl’s character formula may be
expressed in the following three equivalent ways:

ch(V3) = AM, (1.14a)
As

eVlH_g(A(; : Ch(V)\)) = OpX, (1.14b)

evyts(As - ch(W)) = dim(Homgy(V,, W)), (1.14c)

where W is any finite-dimensional representation of g, J, is Kronecker’s
delta and ev, f denotes the evaluation of an element f of ZA, considered as
a linear map with finite support on A, f : A — Z, at the point u € A.

Since ch : R(g) — ZA is a ring homomorphism, we have in particular:
ch(V, ® V) = ch(V},) - ch(V)),

which together with the Weyl character formula yields the following expres-
sion for the multiplicities ¢(v; A, p) of the tensor product:

(1.14c)

c(v;p, A) = dim(Homgy(V,,, V, @ Vi) " =" evyq5(As - ch(V,) - ch(V)))

(L) S (1) ¥lev, sle(w(A+6)) - ch(V,) (1.15)

weWW

Now let G be one of the groups in (1.6). Then, except for u(n), the Lie
algebras of the others groups are semisimple and we may thus use the previ-
ously mentioned notions to analyze the tensor product decomposition (1.8).
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One can verify that the same arguments work also for u(n), since the only
difference between u(n) and the simple Lie algebra su(n) is its 1-dimensional
center.

As usual, 7 is the restriction of the standard representation of SO(n) to G,
or the corresponding Lie algebra representation of g, and the weights of 7
will be denoted here by e1,...,e,. It can easily be checked that each weight
of 7 has multiplicity 1. As we show in the sequel, this fact essentially implies
that the decomposition (1.8) is multiplicity-free.

The character of 7 is then given by ch(7) = Y1, e(g;) and for u = 7, the
formula (1.15) yields:

n

c(v;,\) = Z (—DMlev, sle(w( +6)) Ze &i)]
=1

weW

=> Z ey, se(w(N+6) + &) (1.16)

we i=1

= Z Z | |51/+6w (Aei+d)s

we i=1

where for the last equality we used the property of the Weyl group to leave
invariant the set of weights of any representation, in particular those of 7.

Let ¢ € {ey,...,e,} be one of the weights of 7. From (1.16) it follows that in
order to compute the multiplicities ¢(v; T, A) we have to compare v + ¢ with
w(A + e+ 9), for all elements w of the Weyl group.

An important property of the weights of 7, that can be explicitly checked for
each of the groups G in (1.6), is that when expressing them in terms of the
fundamental weights wq,...,w,, the coefficients are either 0 or £1, except
for two weights with coefficient —2, respectively 2, which only occur for G,
and SO(n) with n odd. These cases are treated separately and explain the
supplementary condition of the selection rule for the zero weight for these
groups.

The above mentioned property and the description (1.12) of the strict Weyl
chamber show that A + ¢+ 6 € WC. Since the Weyl group 20 acts simply
transitively on the set of Weyl chambers, it follows that, for any element
w # id of W, w(\ + € + 0) belongs to a different Weyl chamber, so that it
cannot be equal to v + ¢, which lies in the strict Weyl chamber SWC'. Thus,
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the sum over the elements of 20 in (1.16) reduces to one term corresponding
to w = id and we get:

c(v;T,A) g Ovto \teits = g Ourte; -

Hence the only multiplicities different from zero in the tensor product 7 ® A
are c(\ + &;7,\) = 1, for some weight ¢ of 7, such that A + ¢ is dominant.
This proves the decomposition (1.8) and the selection rule, except for the
zero weight.

If G is Gy or SO(n) with n odd, the problem is when A +¢ 4+ ¢ WC,
which may only occur if ¢ is exactly the weight ¢y of 7 whose expression in
terms of the fundamental weights has a coefficient equal to —2. Thus, the
condition A\ + g9 + 6 ¢ WC is equivalent to A — \., respectively A — Ay not
being dominant for the group G, respectively SO(n). Then there is exactly
one element wy in W, given by the reflection to one of the walls of the Weyl
chamber W', that maps A + g9 + 0 in WC. It can be directly checked that
wo(A 49+ 0) = 9, so that the only coefficient that changes compared to the
above computation is ¢(0;7,A). More precisely, it decreases by 1 and thus
becomes equal to zero, completing the proof for these special cases. [l

From Theorem 1.7, the tensor product T*M ® V), M is multiplicity-free, so
that its decomposition is unique and the projections on the irreducible sub-
bundles are well-defined (otherwise one may just define the projections onto
the isotypical components of the tensor product). This allows us to define
the G-generalized gradients as follows:

Definition 1.8. Let (M, g) be a Riemannian manifold carrying a G-structure
and A\ be a G-irreducible representation. Then the decomposition of the
tensor product of the cotangent bundle with the associated vector bundle:

T*M @ VAM = & Vi, M
eCA

is completely described by Theorem 1.7 and the G-generalized gradients PEVA
acting on sections of VM are defined by the composition:

D(VM) 25 D(TM* @ VaM) 25 D(Vi M), (1.17)

where V* is the connection induced on V4 M by a G-connection V and II. is
the projection onto the subbundle V), M.
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In the sequel we sometimes drop the group GG, which may be easily deduced
from the context, and just call these operators generalized gradients. The
Definition 1.8 may be given more generally, not just for the geometrically
interesting groups in (1.6), but for any group G C GL(n), which satisfies
the technical condition given by (1.8), i.e. such that the tensor product of
any G-irreducible representation with the restriction of the standard GL(n)-
representation is multiplicity-free.

Notice that N(X) := #{e|¢ is relevant for A\} < dim(7), so that there are
at most n generalized gradients for each dominant weight A\ and this is the
generic case.

Example 1.9. If G is U(%) or SU(3), then the decomposition (1.7) implies
that the covariant derivative splits as follows: V* = (V*)10 4+ (V*)%! with
respect to the almost complex structure. Consequently, the set of U(%) or
SU(%)-generalized gradients acting on sections of an irreducible vector bundle
VA M splits into two subsets, namely the sets of gradients factorizing over the
complementary projections:

T(T'M @ VaM ) —=> (Ve M)
T(VAM) 2= T(TCM @¢ VaM)

D(TYM ®¢ VAM) —> T(Vy o M)

and which are called holomorphic, respectively anti-holomorphic generalized
gradients. This apparently skewed notation is due to the isomorphisms
TH = (79 and T%! = (T1%)*. We notice that the weights of T are
equal to those of T%! with opposite sign.

On a Kéhler spin manifold of complex dimension m, examples of U(m)-
generalized gradients are the projections of the Dirac operator, D and D™,
defined by (3.6), and the twistor operator of type r, T, given by (4.4),
which act on each of the irreducible subbundles ¥, M of the spinor bundle,
as explained in detail in § 3 and § 4.1.

Remark 1.10. The exceptional case of the zero weight in the selection rule in
Theorem 1.7 provides interesting generalized gradients, which have the same
source and target bundle, so that in particular they have spectra. In this case
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the projection Iy composed with the covariant derivative carries sections of
VA M to sections of a copy of V\ M which is a subbundle in T* M @V, M. In or-
der to use the same realization of V), M as both source and target bundle for a
realization I3 of Iy, one needs a choice of normalization. First, one normal-
izes the Hermitian inner product on T*M ® VA M such that | @ v|? = |£]?|v|?
and then normalizes TI*°" such that (IT3¢)% = II;I1,. This determines I3
up to multiplication by 4+1. Examples of such generalized gradients are
the following: the Dirac operator, the Rarita-Schwinger operator, xd acting
on "T’l—forms in odd dimension n > 3. Explicit computations of the spec-
tra of these operators have been done on certain manifolds, for instance by
Th. Branson, [14], on spheres. In general, there exist only estimates of the
eigenvalues of these operators. An illustration of this fact is given in § 3.2 for
the Dirac operator, where we describe the known estimates for its eigenvalues

and the corresponding limiting manifolds.

1.2 The Conformal Invariance of Generalized

Gradients

In this section we show that the generalized gradients associated to a G-
structure are conformally invariant. First we describe the known classical
case of generalized gradients of the special orthogonal group SO(n) on a
Riemannian manifold and of Spin(n), the two-fold covering of SO(n), on
a spin manifold. Then we prove the conformal invariance in the general
case of a G-structure, when assuming a reduction of the structure group of
the tangent bundle to a closed subgroup G of SO(n). In § 1.1 we defined
generalized gradients for any metric connection, respectively G-connection.
However, in order to ensure their conformal invariance, all generalized gradi-
ents considered throughout this section are constructed using the Levi-Civita
connection, respectively the minimal G-connection.

The property of conformal invariance was noticed for the first time in spin
geometry by N. Hitchin in 1974, [29], for the Dirac and Penrose operator
and it turned out to have important consequences in physics. Two years
later, H. Fegan, [19], showed that, up to the composition with a bundle map,
the only conformally invariant first order differential operators between vec-
tor bundles associated to the bundle of oriented frames are the generalized
gradients. Further results were obtained by Y. Homma, [31], [32], [34], for
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the conformal invariance of generalized gradients associated to U(n), Sp(n)
and Sp(1)-Sp(n)-structures. For these subgroups Homma'’s proof of the con-
formal invariance is given by explicit computations, which are based on the
relation between the enveloping algebra of the Lie algebra g and the algebraic
structure of the principal symbols of generalized gradients.

In the sequel we use the framework of conformal geometry to show the confor-
mal invariance of generalized gradients associated to the minimal connection
of any G-structure. This approach leads us on the one hand to a general
result and on the other hand gives a uniform and direct proof of the known
cases, avoiding the specific computations for each subgroup.

1.2.1 SO(n) and Spin(n)-generalized gradients

As noticed by P. Gauduchon, [24], the suitable approach to the study of
conformal invariance is to make use of Weyl connections. An important role
is played by the conformal weight operator, whose eigenvalues are exactly
the corresponding conformal weights of the generalized gradients (which is
also the motivation for its name).

Let (M, ¢) be an oriented n-dimensional manifold with a conformal structure
¢, i.e. an equivalence class of Riemannian metrics, where two metrics are
equivalent g ~ g if there exists a function u : M — R such that § = e**g. In
the language of G-structures this is equivalent to a reduction of the structure
group of the tangent bundle to the conformal group

CO(n) = {A € GL(n,R)| A'A = al,,,a > 0},
which is also described as follows:

CO(n) =R xSO(n) = {ad|a € R}, A € SO(n)}.

Let CO, M denote the principal bundle of oriented c-orthonormal frames
on (M,c) and SO, M the bundle of oriented orthonormal frames for a fixed
metric g in the conformal class.

Each irreducible representation of CO(n), X : CO(n) — Aut(V), is identified

with a couple (A, w), where A is the restriction of A to SO(n), which is still an
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irreducible representation, and w, the conformal weight of 5\, is determined
by the restriction of A to RY, which has the following form:

Ma)=a"-I, acR",

where [ is the identity of V' and the conformal weight w is a real or complex
number, depending on whether V' is a real or complex representation. As in
the previous section, we use the description of an irreducible representation
by(it)s highest weight A = (A1,...,\p) € Z™, where m = [] is the rank of
so(n).

Let Vs M denote the vector bundle on M associated to )\ and to the principal
CO(n)-fiber bundle CO,, M and call it of conformal weight w (and the same
for the sections of V5M). Notice that any vector bundle on M determined
by GL,M and a linear representation of GL(n,R) has a natural conformal
weight, which is the conformal weight of the restriction of this representation
to CO(n). For example, the natural conformal weight! of TM is 1 and of
T*M is —1.

Let us first recall the definition of a Weyl structure.

Definition 1.11. A Weyl structure on (M,c) is a linear connection D on
TM, which is conformal, i.e. induced by a CO(n)-equivariant connection on
CO, M and symmetric, i.e. has no torsion.

A Weyl structure D is called closed if it is locally the Levi-Civita connection
of a local metric in the conformal class ¢ and it is called ezact if it is globally
the Levi-Civita connection of a metric in ¢. In both cases, locally or globally,
the metric is uniquely defined up to a constant by the Weyl structure.

The Weyl structures on the conformal manifold (M, ¢) form an affine space
modeled on the space of real 1-forms on M. More precisely, two Weyl struc-

tures are related by: 3
Dy =Dy + 06, (1.18)

where 6 is a real 1-form on M and 6 is the 1-form with values in the adjoint
bundle (the one associated to the adjoint representation of CO(n) on its Lie
algebra co(n)), identified with € by:

0(X)=0(X)-T+0ANX,

'We adopt the convention in [24], in contrast to [19] and [30], where the sign is opposite,
since the principal bundle considered there is the one of co-frames.
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where 6 A X is the skew-symmetric endomorphism defined as:
(OAX)Y) =0(Y)X — g(X,Y)H,

for any metric ¢ in the conformal class and 6% the dual of § with respect to
the metric g.

Each conformal connection on TM, in particular any Weyl structure D,
induces for each linear representation A\ : CO(n) — Aut(V) a covariant
derivative D on the associated vector bundle ViM. If Dy and D, are related

by (1.18), then, for A = (A, w), the induced covariant derivatives D} and D3
satisty:

D) =Dy +d\0) =Dy + > e @d\O Ae) +wl @1, (1.19)
=1

where {e;},_15; is a c-orthonormal frame at the point considered and {e;}
is the (algebraic) dual frame.

i=1,n

By 7 we denote, as usual, the standard representation of SO(n) on R", iden-
tified with its dual (R™)*, and also the representation of conformal weight

—1 of CO(n) on (R™)*. The associated vector bundles to 7 and CO, M,
respectively SO,M, are canonically identified to T*M.

Consider an irreducible representation of CO(n), A : CO(n) — Aut(V), of
conformal weight w and A the highest weight of its restriction to SO(n).
The tensor product 7 ® A has then conformal weight w — 1 and it has
the same multiplicity-free decomposition into irreducible CO(n) or SO(n)-
subrepresentation, as described by Lemma 1.1:

TROAN= D U, (1.20)

eCA

where p. = A 4 ¢ and ¢ belongs to the set of weights of 7 which are relevant
with respect to A. We introduce the following notation: py = A, p; + = A%e;,

for i =1,...,m, where m = [3].

For each relevant weight ¢ of A\, we introduced in Definition 1.2 a generalized
gradient acting on sections of the associated vector bundle VyM (here we
specify the metric ¢g in the notation, because we shall compare operators
associated to different metrics):

P9A =TI, o V92, (1.21)



22 1. NATURAL DIFFERENTIAL OPERATORS OF G-STRUCTURES

where V9 is the connection induced on VA M by the Levi-Civita connection
V9 of (M,g).

In the same way, for each conformal weight w, each relevant weight € of A
determines on any conformal manifold (M, ¢) a family of generalized gradi-
ents, parametrized by the Weyl structures, acting on the associated vector
bundle VM, where A= (A, w), as follows:

PPA =11, 0 D*, (1.22)

where D* is the connection induced on Vi M by a Weyl connection D of (M, c)
and II. the projection of T*M & V(5 .,)M onto its subbundle Vi ¢ -1y M.

Definition 1.12. The operator P9 is called conformally invariant relative
to the conformal weight w if the operators PP defined by (1.22) do not

€

depend on the Weyl structure D.

It turns out that these conformal weights, with respect to which the gener-
alized gradients are conformally invariant, are exactly the eigenvalues of the
so-called conformal weight operator. Let us first recall its definition (here we
use the identification of the adjoint representation so(n) with A2R" through
(A, zAy) = (Az,y), where the scalar product (-, -) on A%2R" is the one induced
via Gram’s determinant):

Definition 1.13. The conformal weight operator of an SO(n)-representation
A, A SO(n) — Aut(V), is the symmetric endomorphism defined as follows:

B*: (R @V — R) @V, BNaguv)=> e @d\eAa), (1.23)

=1

where {e;}1; is an orthonormal basis of R™ and {e] }1; its dual basis. The
operator B* is (T ® \)-equivariant for any conformal weight w, A = (\, w).
We also denote by B* the induced endomorphism on the associated bundle

T*M@V; M.

Using the conformal weight operator, the difference between the connections
induced on V53 M by two Weyl structures Dy and D, related by (1.18) is given
as follows:

(D) —DNe=wh®&—BNO®E), forall € e T(V;M). (1.24)
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Since the algebraic endomorphism B* is CO(n)-equivariant and the decom-
position (1.20) is multiplicity-free, it follows from Schur’s Lemma that B*
acts on each irreducible component of the decomposition (1.20) by multipli-
cation with a scalar.

We show in the sequel that the conformal weight operator B* may be ex-
pressed in terms of the Casimir operators and then explicitly compute its
eigenvalues. Let us recall that the (normalized) Casimir operator C* of any
SO(n)-representation A is defined by:

C)\ = — Z d)\(ez A €j) 9 d)\(@Z AN Gj), (125)

i<j
where as above, {e;}1; is an orthonormal basis of R™.

If the representation A is irreducible, it follows from Schur’s Lemma that C*
is a scalar equal to c¢(A) - I, where c¢()), called the Casimir number, is a real
positive number, except for the trivial representation, when it is zero. The
Casimir numbers are normalized such that ¢(7) = n — 1. Freudenthal’s for-
mula gives the following expression for the Casimir numbers of an irreducible
representation of so(n) of highest weight A:

c(A) = A+ 9,A+6) — (6,0) = (A, A+ 20), (1.26)
where ¢ is the Weyl vector of so(n), defined as half the sum of the positive
roots, so that its components are §; = ”’22", fori=1,...,m.

Lemma 1.14 (Fegan’s Lemma, [19]). The conformal weight operator B is
equal to

1
B = E(C’TW — - ®C* = C" @ I|y). (1.27)

It is then straightforward the following:

Corollary 1.15. The conformal weight operator B* acts on each irreducible
summand X + ¢ in the decomposition T @ A = @ (A + €) by multiplication
eCA

with the scalar w.(\) given by:

w.(\) = %(C(Hg) — () = (n—1)). (1.28)
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From Freudenthal’s formula (1.26) we then get fori=1,... ,m:

1—n
)=,

wi—(A) =w_e;,(\) =1—n—(\;, —1).

>

wo(

(3

To simplify notation, we shall sometimes omit the highest weight A in the
denomination of the conformal weights.

Remark 1.16. The formulas (1.29) together with the conditions on the weights
to be relevant show that the conformal weights are ordered as follows:

Wi g > > Wy > Wy 2 Wiy — > 0 > W1,

if n is odd, n = 2m + 1, and wo(\) = wy, —(A) if and only if A,, = 0. But,
from the selection rule given by Lemma 1.1, it follows that this equality case
cannot occur for relevant weights, since if A,,, = 0, then neither wy nor w,, _
is a relevant weight. For n even, n = 2m, the conformal weights are ordered
as follows:

w1, + > > Wm—1,+ > {wm’_,_,wm,_} > Wm—1,— > > wq,—,

where wp, +(A) — Wy~ (A) = 2\, so that wy, +(A) # Wy, — () unless A, = 0.
Hence, the conformal weights are almost always distinct. Thus, except for
the cases of irreducible representations A with \,, = 0, it turns out that the
decomposition (1.20) corresponds exactly to the eigenspaces of the conformal
weight operator B*, which may be expanded as: B* = Y w, (A)IL..
eCA

Lemma 1.17. The operator P9 is conformally invariant relative to the
conformal weight w. and this is the only conformal weight with respect to
which this operator is conformally invariant.

Proof: Composing (1.24) with the projection II. we get
(PP~ PPV (€) = (w— wo)TL(B @ €), for all € € T(V;M).  (1.30)

Thus, it follows that P9 is conformally invariant if and only if w = w., since
otherwise we would get the contradiction that II. = 0. 0
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The relation between the formulation of the conformal invariance with re-
spect to the Weyl connections and the one with respect to the Levi-Civita
connections of conformally related metrics follows from Proposition 1.27,
which holds in a more general setting for G-generalized gradients. In the
case of the SO(n)-structure, the minimal connection is just the Levi-Civita
connection, so that we obtain the equivalence of the following two statements:

(1) P9* is conformally invariant relative to the conformal weight w..

(2) If g is a metric conformally related to g, § = €*“g, then the corresponding
operators induced by the Levi-Civita connections are related by:

PE% o g4 = 617, o PO, (1.31)

we—1

where, for any conformal weight w, ¢%9 is the isomorphism between
the induced vector bundles defined by:

99 ViIM — V;?]W7 [(e1,. . en), 0] — [(e7 e, ..., e "e,), e ).

Remark 1.18. The relation (1.31) expressing the conformal invariance of the
generalized gradients may be rewritten in the following form, which is usually
encountered in literature:

PIA = el igpd o POt o e (99) (1.32)
using the following identification of the associated vector bundles that does
not take into account any conformal weight, but has the advantage of being

an isometry:
¢79 VIM — VIM,  [s,v] — [®99(s),v],

where ®99 is the isomorphism of the SO(n)-principal bundles of the two
conformally related metrics § = e%“g:

P99 : SO,M — SO; M, {e,...,e ) — {e ey, ..,e en}. (1.33)

Remark 1.19. If V is not just a representation of SO(n), but is the restriction
of a representation of the general linear group GL(n,R), then, as noticed
above, V' has a natural conformal weight given by the restriction of the re-
presentation to CO(n) C GL(n,R). In this case one may canonically identify
the associated bundles to this representation and to the principal bundles
SO,M, SOgM and CO, M. When both representations of highest weight A,
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respectively A+ ¢, come from representations of GL(n, R), the corresponding
generalized gradients associated to the conformally related metrics g and g
are related as follows, after having identified the associated vector bundles
to the ones associated to CO,,M:
g A _ (we—wrie—1u A —(we—wy)u
PIA = elwemwrte—lJu pgro=(we—wyu, (1.34)

where w, is the conformal weight and w), wy,. are the natural conformal
weights of the representations A, respectively A + e.

Example 1.20. We consider the bundle of p-forms, AP M, on a Riemannian
manifold (M",g), as in Example 1.20. The highest weight of the represen-
tation is A\, = (1,...,1,0,...,0) and as it is the restriction of a GL(n,R)-
representation, it has a natural conformal weight which is equal to —p. As
we had already seen, there are three relevant weights for A\,: —¢,, 541 and
¢1 and the tensor product decomposes as follows:

TM @ APM = AP~M & AP M @ AP M,

where the last irreducible component is the Cartan summand correspond-
ing to the highest weight A\, 4+ ¢;. The eigenvalues of the conformal weight
operator are then given by (1.29): w,_(\,) = —n + p, wpr1+(A,) = —p
and wy 4 (A,) = 1. The relation (1.34) implies that the conformal invariance
of these generalized gradients, acting on the vector bundles associated to
CO, M, may be expressed as follows: d9 = d9, §9 = el~n+P=2ugg9en=2p)u,
The first equality just expresses the obvious fact that the exterior deriva-
tive d is independent of the metric. The conformal invariance of the twistor
operator is given by substituting w. = w; 4(\,) = 1 into (1.32):

T9 = ¢99 0 TY 0 e*(¢?9) 1,

On a spin manifold, the generalized gradients associated to the group Spin(n)
are also conformally invariant. The situation is very similar to the one for
the group SO(n), since their Lie algebras are canonically identified. In the
sequel we write down explicitly this property of conformal invariance on spin
manifolds and illustrate it for the most well-known operators: the Dirac
operator, the twistor (Penrose) operator and the Rarita-Schwinger operator.

The approach is the same as for the special orthogonal group, using in this
case the Weyl structures on a spin conformal manifold. We first recall its
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definition. The conformal spin group is the group CSpin(n) = Spin(n) x R¥ ,
which is the universal cover of the conformal group CO(n). Its Lie algebra
is cspin, = s0, ® R = co(n).

Definition 1.21. A spin structure on a conformal manifold (M, c) is given
by a principal CSpin(n)-bundle CSpin, M together with a projection 6, such
that the following diagram commutes for every @ € CSpin, M:

CSpin(n) £=% CSpin, M

I

¢ 0 M,

7

where ¢ is the canonical projection of CSpin(n) onto CO(n).

Similarly to the Riemannian case, if M has a spin structure, then any Weyl
structure D induces a connection on CSpin, M, and therefore a covariant
derivative on each associated vector bundle to a representation of CSpin(n).
The description of the representations of CSpin(n) is analogous to the one
for CO(n): each irreducible representation A of CSpin(n) is given by a couple
(X, w), where X is the restriction of X to Spin(n), which is still an irreducible
representation, and w, the conformal weight of 5\, is determined by the re-
striction of A to R*: A(a) = a® - I.

Definition 1.12 of conformal invariance relative to a conformal weight may
thus be carried over to generalized gradients of Spin(n). Since the formula
(1.23) defining the conformal weight operator only involves the representation
of the Lie algebra spin(n) = so(n), it follows that B* is well-defined for any
irreducible representation A of Spin(n). Consequently, its eigenvalues, called
conformal weights, are also given by (1.27) or more explicitly by (1.29) and
Remark 1.16 still holds in this case.

The argument in the proof of Lemma 1.17 also works for Spin(n)-generalized
gradients. The equivalence to the formulation with respect to the induced
Levi-Civita connections of conformally related metrics follows similarly from
Proposition 1.27. In order to give the precise statement we first need to recall
the isomorphism between the spinor bundles of conformally related metrics.
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Let (M™, g) be a Riemannian spin manifold and consider the conformal
change of the metric given by g = e?“g. As above, ®99 denotes the iso-
morphism of the two SO(n)-principal fiber bundles given by (1.33). Then
there is a spin structure induced on (M", g), which is defined up to isomor-
phism by the following commutative diagram:

Spin, M &9 Sping M

g |o

SOM — =80, M

It then follows, by an analogue argument to the one in the proof of Proposi-
tion 1.27, that the following two statements are equivalent:

(1) P9* is conformally invariant relative to the conformal weight w..

(2) If g is a metric conformally related to g, § = e*g, then the corresponding
operators induced by the Levi-Civita connections are related by:

GA o £9F — 199
Pe7 © u;g_ we—1

o P9, (1.35)

where, for any conformal weight w, ggf,;g is the isomorphism between
the associated vector bundles defined by:

LI VIM — VIM,  [s,0] — [B99(s), " 0].

Example 1.22. The spinor representation p, : Spin(n) — Aut(%,), with
n odd, is irreducible and in this case there are two generalized gradients
(see Example 1.5): the Dirac operator D and the twistor operator T. The
= (%, e %) and the conformal weights are given by

highest weight is
(1.29): wo(pn) = , wi+(pn) = 5. It then follows that D is conformally

invariant relative to the conformal weight 1_7" and T is conformally invariant

Pn
1-n
2

relative to the weight % If ¢ and g are two conformally related metrics,
g = e*g, by (1.35) we have:

DIo¢%9 = ¢, o D9, (1.36)

T90¢%9 = ¢%9 o T9, (1.37)
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In the case when n is even, n = 2m, the spinor bundle splits in two irreducible
subbundles XM = M @© X~ M with highest weight pf = (1,...,1), re-

27 12
spectively p, = (%, cee %, —%) In each case there are again two generalized
gradients, the Dirac and the twistor operator (again see Example 1.5):

D :T(2*M) — T(2FM),

T :T(S*M) — I'(ker(c)),

1-n

and their conformal weights, given by (1.29), are: wm, —(p}) =wn +(p, ) = F=,

respectively wi s (p}) = wr 4 (p;) = L.

Remark 1.23. In a simplified notation we consider:

©: XM = Spin, M x,, ¥, — YM = Sping M x,, ¥,
[5, 0] = [@79(s), ],

which is an isometry with respect to the Hermitian product on the spinor
bundles. We may then rewrite the conformal invariance of D and T in the
following more familiar expression (where D and T denote the operators
associated to the metric g):

D(e "7 4g) = ¢ "5 “De, (1.38)
T(e2@)=e 2Tg. (1.39)

We mention that the conformal invariance of 7T is usually written in the
following form:
Tx(e2p) = e Txyp, (1.40)

where Ty : I'(XM) — I'(XM), so that on the right side is the same conformal
weight 3.

The conformal invariance of these operators was first established by N. Hitchin,
[29]. The original proof is given by an explicit computation, using the fol-
lowing relation between the Levi-Civita connections induced on the spinor
bundles of two metrics ¢ and § = e*¢ in the same conformal class:

1

_ 1
Vg = Vxp— 5 X du-p— o X(u)p, (1.41)

for every ¢ € (M) and X € I'(TM), where X is given by X = e *X.
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Example 1.24. Another important generalized gradient is the so-called
Rarita-Schwinger operator (see Example (1.6)), Dsjy @ XgoM — 33,5M,
for n odd and Dgt/z ; EBi/QM — E;F/z
formal weight as the Dirac operator, namely 1_7”: for n = 2m + 1, we get

M, for n even. It has the same con-

by (1.29) wo(A) = 452, for any highest weight A, and for n = 2m we have
wmﬁ_((%, %, . %, %)) = wm#((%, %, c %, —%)) = 1_7” Thus, the Rarita-
Schwinger operator fulfills the same relation by conformal changes of the
metric as the Dirac operator (with the notations of the previous remark,
while here the sections ¢ and @ are in the twistor bundles associated to the

principal bundle Spin, M, respectively Spin, M):

n—1 n+1
5 u

Dg/Q(@iTu@) =€ D3/2g0. (142)

1.2.2 Generalized gradients of G-structures

Suppose now that the Riemannian manifold (M, g) admits a reduction of the
orthonormal frame bundle SO,M to a subbundle GM with structure group
G, where G is a closed subgroup of the special orthogonal group SO(n). First
we need to establish which special connection plays for a G-structure the role
of the Levi-Civita connection and should be used to define the generalized
gradients, such that they are conformally invariant. This is the so-called
mainimal connection of a G-structure, which is, in a certain sense, the G-
connection that is as close as possible to the Levi-Civita connection.

Let g C so(n) be the Lie algebra of G and decompose the Lie algebra so(n)
of all skew-symmetric matrices as the direct sum of g and its orthogonal
complement: so(n) = g® g*. Denote by pry and prg. the projections onto g
and gt, respectively.

The Levi-Civita connection seen as a connection form is a 1-form w® on

SO, M with values in the Lie algebra so(n). Restricting w” to the subbundle
GM and decomposing it with respect to the above splitting, we get:

wh = pry (W) + pry. (W) = W+ T, (1.43)
where w® is a connection form on GM and T is a 1-form on M with values in
the associated vector bundle GM x ¢g*. The connection corresponding to the
connection 1-form w® is called the minimal connection of the G-structure and
is denoted by V&. T is called the intrinsic torsion of the G-structure and is a
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measure for how much the G-structure fails to be integrable. More precisely,
a G-structure is integrable if and only if its intrinsic torsion vanishes, which
means that the Levi-Civita connection restricts to GM and its holonomy
group is a subgroup of G. Otherwise stated, the intrinsic torsion is the
obstruction for the Levi-Civita connection to be a G-connection.

In the sequel we consider the generalized gradients of a G-structure defined
by its minimal connection. If g and g are two conformally related metrics,
there is a corresponding conformal change of the G-structure, denoted by
G M, which is the image of GM under the principal bundle isomorphism
between SO,M and SOz;M given by (1.33). We thus obtain the following
commutative diagram, where all the arrows are the natural inclusions:

GM—— (R} X G)M <——GM

| | |

SO,MC—> CO, M ~—SO;M

The right and left squares of the diagram are still commutative when consid-
ering the canonical connections, i.e. the extension D¢ of the minimal con-
nection D to (R*. x G)M coincides with the projection onto R g C co(n)
of the extension DY of the Levi-Civita connection VY to CO,,M.

We now consider the same construction of the differential operators as above,
using the minimal connection of the G-structure and its extension to the
(R% x G)-principal bundle. Here G is as in § 1.1 one of the subgroups in
the list (1.6). Hence, G acts irreducibly on 7 and the decomposition (1.20)
is now done into G-irreducible components. We consider the G-generalized
gradients introduced in Definition 1.8:

PEA =TI, 0 V&, (1.44)

where A is the highest weight of an irreducible G-representation, V\M is the
associated vector bundle, V&* is the connection on VA M induced by the
minimal connection V& and II, is the projection of the bundle T*M ® VA M
onto the subbundle V) M.

For any conformal weight w, there is an irreducible representation )= (A, w)
of R} x G and on the associated bundle VM the operators are similarly
defined by: ) i

PP =TI, 0 D9, (1.45)
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for any connection D¢ given by the projection onto (R* x G)M of a Weyl
connection D on CO, M. We have the following analogous definition:

Definition 1.25. The operator P is called conformal invariant relative to
the conformal weight w if the operators defined by (1.45) do not depend on
the Weyl structure whose projection onto the principal subbundle (R* xG)M
defines the generalized gradients PP,

The conformal weight operator may be defined for any G-representation V,
A: G — Aut(V), as follows (see [63]):

By : (R")' @V — (R")'®V, Bj(a®v) =Y e @dA(pry(e;Aa))v, (1.46)

i=1

where {e;}1; is an orthonormal basis of R" and {e; };-; the dual basis.

The eigenvalues of Bé\ are then computed according to Fegan’s Lemma:

1
B) = 5((7®A —I|p- @ C* = C" R I|y), (1.47)

g

where the Casimir operator of an irreducible G-representation A\ is given by:
Z dN(X,) 0 dA(Xa),

for an orthonormal basis {X,}, of g with respect to the invariant scalar
product induced on g C so(n) = A*R", (X,Y) = —1tr(XY). Usually it is
convenient to compute the Casimir operators with respect to a chosen scalar
product and then to renormalize them. The Casimir numbers may thus be
computed by Freudenthal’s formula (1.26): ¢(\) = (A, A+ 20), where 0 is the
Weyl vector of g and are then renormalized as follows:

dim(g) c(A

~—

AN =2

n o)

Thus, the conformal weight operator Bg acts on each G-irreducible compo-

nent in the decomposition 7 ® A = @ (A + ) by multiplication with the
eCA
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scalar w. given by:

we = we(A) = %(CAQ(A +e) =) = M)
 dim(g) |e]® + 20\ + b,€) — (7 + 26, 7) (1.48)
o on {7+ 26, 7) ~

In particular, it follows that the eigenspaces of the conformal weight ope-
rator B* are compatible with the irreducible decomposition of the tensor
product 7 ® A. Notice that if two conformal weights of B;‘ are equal, then
the eigenspace to this eigenvalue is equal to the sum of the corresponding
irreducible components.

The analogue of Lemma 1.17 holds in general for G-structures:

Lemma 1.26. The G-generalized gradient PS* is conformally invariant
relative to the conformal weight w. and this is the only conformal weight
with respect to which this operator is conformally invariant.

Proof: Let D; and D; be any two Weyl connections. Then there is a real
1-form 6 on M such that (1.18) holds. As above D¢ denotes the projection
of D; onto the principal R% x G-subbundle. The connections induced by DY
and DY on the associated vector bundle V5 M are then related as follows:

DS = DA 4 dX(pry(6)) = vaﬂrz e; @dA(pry(0Ae;)) +wO®I, (1.49)

=1

where {e;};=1._ is a conformal frame and {ef} the dual frame. Thus, with
respect to the conformal weight operator, we get:

(DS =DM () =wl @&~ B0 ®€), forall ¢ € T(V5M).  (1.50)

Projecting now the equation (1.50) onto the component A + ¢ of the decom-
position of the tensor product 7 ® A\, we get:

(PP2A — PP1AY(€) = (w — w)TI(0 @ €), for all € € T(V5M).  (1.51)

£

Hence, the generalized gradient P%* is conformally invariant relative to the
conformal weight w if and only if w = w.. 0

The next result expresses the conformal invariance directly in terms of the
minimal connections of two conformally related G-structures.
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Proposition 1.27. The following statements are equivalent:

(1) P is conformally invariant relative to the conformal weight w;.

(2) If GM and GM are conformally related G-structures, for g = e**g and
GM — SOzM, then the corresponding generalized gradients are related

by:
P 0 G = ¢%Y o PEA (1.52)

we—1

where for any conformal weight w, ¢g,é is the isomorphism between the
associated vector bundles VEM = GM xgV and VEM = GM xqV,
defined by:

¢g’é VM — V/\GM, [(e1,. .. en),v] — [(e " er,..., e "ey,), e ).
Proof: = We consider the following diagram:

G
bue

P(Virw) M) ~ L(VEM)
VG,)xi DG,()\,wg)ilDG,()\,wE) ivc,)\
I(T*M ® VEM) D(T*M @ Vixw) M) I(T*M @ VEM)

Hei le iHs
¢S, ¢S4 .
L(VEM) — (Vi e -1y M) —= L(VEM)

G
e

L (VM)

~

where D¢ is the minimal connection of the G-structure extended to the
(R% x G)-principal bundle (which may be also seen as the projection onto
g © R of the Weyl connection given by the extension of the Levi-Civita
connection of the metric g) and D&*%=) is the induced connection on the
vector bundle Vs M associated to the irreducible representation A\ = (\, w,).
The isomorphisms in the diagram are defined by:

(bg : ‘/()\,w)M - V)\GMa ¢g([(fla s 7fn)7v]> = [(617 s 7€n),&w'l}],

where f; = ae;, i =1,...,n and {e;}7; is an orthonormal basis with respect
to the metric g. With this notation, we have: ¢%¢ = ¢% o (¢¥)~1. The left
and right “squares” of the diagram commute by the definition of the induced
connection on an associated vector bundle.

Suppose now that (1) holds. Then the whole diagram commutes, since then
for the conformal weight w. the compositions “in the middle” give the same
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operator (as PP A = I, 0 D9 does not depend on the Weyl structure). The
composition on its “boundary” gives (2).

If (1.52) holds for a conformal weight w and for any two conformally re-
lated G-structures, then the above diagram is commutative. Thus, the

operator PP is the same for all the Weyl structures given by the mini-

mal connections of conformally related G-structures. Then, (1.51) implies
(w —w)I(0 ® &)=0, for any exact 1-form # on M and any £ € I'(VsM).
At some fixed point on M, it follows that (w — w.)I.(a ® v) = 0, for all
a®uv € (R")* @V, which shows that w = w.. Substituting in (1.51), it
follows that P9 is conformally invariant relative to the conformal weight
We. O

In conclusion, the explicit formula (1.48) allows us to compute the eigenvalues
of the conformal weight operator Bg of a G-structure for any irreducible
representation \, where GG is a subgroup of the special othogonal group,
and thus, by Lemma 1.26 and Proposition 1.27, to determine the conformal
weights of the G-generalized gradients. For completeness we give in Table 1.1
the explicit values of the conformal weights of G-generalized gradients for all
subgroups G in (1.6). As an example we consider the unitary group, which
is a special case, since the complexified tangent bundle is not irreducible.

Example 1.28. If G = U(n) C SO(2n), then TMF splits into two irreducible
subspaces. Hence the U(n)-generalized gradients are of two kinds: holomor-
phic and anti-holomorphic, as explained in Example 1.9. In [32] they were
called Kdhlerian gradients, since if the metric is Kéhler, the U(n)-gradients
are given by the Levi-Civita which coincides in this case with the minimal
connection of the integrable U(n)-structure. Formula (1.48) implies that the
conformal weights are given by: w; - = =\, +i —n, w;+ = A\, —i+ 1, for
1=1,...,n.

The conformal invariance of G-generalized gradients has the following straight-
forward, but important consequences:

Corollary 1.29. Let (M, g) be a Riemannian manifold which admits a G-
structure, for some group G C SO(n). Then the dimension of the kernel
of any G-generalized gradient, dim(ker(PS?)), is the same for all metrics
conformally related to g.

Corollary 1.30. If PS* is a G-generalized gradient with conformal weight
we(A), then its formal adjoint is, up to a constant, equal to Pi’“g
conformally invariant with respect to the conformal weight w_.(\ + €).

and 1s
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Remark 1.31. We notice that in general it is not straightforward to construct
higher order conformally invariant differential operators composing first or-
der ones. The composition of two generalized gradients does not need to be
conformally invariant, unless the corresponding conformal weights are related
by we, (A +€1) = w,(A) — 1, in which case the composition PS**e1 o PG
is a second order conformally invariant differential operator. An interest-
ing particular case is the one when we compose a generalized gradient with
its formal adjoint. For instance, the above condition is not fulfilled for the
Laplace operator A acting on p-forms: it implies that dé acting on p-forms is
conformally invariant if and only if p = § + 1 and similarly dd is conformally
invariant if and only if p = § — 1, showing that A = dd + dd is not con-
formally invariant. Instead, the Laplace operator might be modified by the
scalar curvature in order to make it conformally invariant. More precisely,
the following formula: Y, = 42—:;Ag + scal, defines the so-called conformal
Laplacian or Yamabe operator on an n-dimensional Riemannian manifold
(M, g), for n > 3.

As applications of this property of conformal invariance we mention for in-
stance the conformal relation between Killing and twistor spinors (see § 4 for
the definition of these special classes of spinors), which together with the clas-
sification of manifolds admitting Killing spinors established by Ch. Bér, [5],
yields a description of the manifolds carrying twistor spinors (which satisfy
a more general equation than the Killing spinors). Another example is the
conformal invariance of the Yamabe operator which plays a crucial role in
the solution of the Yamabe problem of finding a metric of constant scalar
curvature in a given conformal class on the manifold M.

1.3 Weitzenbock Formulas

A natural and universal way to construct second order differential operators
acting on sections of associated vector bundles on a Riemannian manifold is
to consider the composition of generalized gradients with their formal metric
adjoints.

As in the previous sections, we consider a Riemannian manifold (M, g) ad-
mitting a G-structure with a fixed G-connection, V\M is the vector bundle
on M associated to the irreducible G-representation of highest weight A and
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P} is a G-generalized gradient: P> : T'(V\M) — T'(Vy\,.M). Any subset

£

I C {e|e relevant weight for A} defines the following operator:

P} =Y "a.(P)) o P, (1.53)

eel
as a linear combination with constant coefficients a..

There are two interesting extreme cases for linear combinations of generalized
gradients, i.e. for operators defined by (1.53):

1. The first case is when P} is a zero-order differential operator, which
then yields a so-called Weitzenbock formula, provided that the connec-
tion used to define the generalized gradients is the Levi-Civita connec-
tion. This assumption is needed for the symmetries of the curvature of
the Levi-Civita connection, which ensure that the zero-order differen-
tial operator is equal to a certain curvature term.

2. The other extreme case is when P} is an elliptic second order differential
operator. This is a condition depending only on the principal symbol of
the operator, so that it is independent of the chosen defining connection.

We analyze these two extreme cases in more detail, the first case in the sequel
and the second one in Chapter 2.

In differential geometry, Weitzenbock formulas play an important role in
relating the local geometry to global topological properties by the so-called
Bochner method. Weitzenbock formulas occur in various problems and have
many applications, for instance in proving vanishing results and eigenvalue
estimates for geometric differential operators. In this thesis we will use a
Weitzenbdck formula adapted to the Kahler structure (see (5.1)) as one of the
tools for providing the complete description of manifolds carrying a special
class of spinors, the so-called Kéahlerian twistor spinors.

[t turned out that the natural setting for a unified treatment of all Weitzenbock
formulas that occurred in different geometric contexts is provided by general-
ized gradients. Thus, a Weitzenbock formula is mainly defined on a Rie-
mannian manifold as a zero-order linear combination of differential opera-
tors obtained by composing generalized gradients with their adjoints, as in
(1.53). For the sake of completeness, we briefly present in this section the
two different approaches that have been given to a systematic study of all
possible Weitzenbock formulas, by U. Semmelmann and G. Weingart, [63],
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and by Y. Homma, [33]. Furthermore, we show how a characterization of
Weitzenbock formulas for the Levi-Civita connection given in [63] can be car-
ried over to the more general case of the minimal connection of a G-structure
with totally skew-symmetric torsion, where we give a sufficient condition to
obtain Weitzenbock formulas (Lemma 1.33).

In [63], U. Semmelmann and G. Weingart provided a unified construction of
Weitzenbock formulas for the irreducible non-symmetric holonomy groups, by
giving on the one hand a recursion procedure for the construction of a basis of
the space of Weitzenbock formulas and, on the other hand, by characterizing
reduced Weitzenbock formulas as eigenvectors of an explicitly known matrix.
Another approach was given by Y. Homma, who described all Weitzenbock
formulas in [33], [32], [31] and [34], separately for Riemannian, Kéhler, hyper-
Kéhler, respectively quaternionic-Kéhler manifolds. His method is based on
the algebraic structure of the principal symbols, which is determined from
their relationship to the universal enveloping algebra of the corresponding
Lie algebra.

Asin § 1.1, we consider G-generalized gradients acting on sections of a vector
bundle V\M associated to an irreducible G-representation of highest weight
A. By Theorem 1.7, the decomposition of the tensor product 7'® V) (here we
denote by T' := 7 the restriction to G of the standard SO(n)-representation)
is explicitly described as:

TRV, = GBAVAJFE’ (1.54)
eC

where € C X denotes the set of relevant weights of \.

In [63] is studied the space of all Weitzenbock formulas on Vi M, denoted by
W(V,), defined in a more general sense as the space of all linear combinations
of the form (1.53). Namely, if we simplify notation and drop A, we have:

W(Vy) = {Z a. PP } . (1.55)

The reduced Weitzenbock formulas are those linear combinations which are
bundle endomorphisms depending on the Riemannian curvature:

Z a. P*P. = curvature action. (1.56)
3

The key point in [63] is the observation that the space of Weitzenbdck formu-
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las, W(V},), can be identified with the vector space Endg(7'®V)) of g-invariant
endomorphisms of T'® V), and thus is an algebra. Since the decomposition
(1.54) is multiplicity-free, the projections onto the irreducible summands are
well-defined and we denoted them by II.. The algebra Endy(7 ® V)) is then
commutative and is spanned by the pairwise orthogonal idempotents II..

The space of Weitzenbock formulas has the following different realizations
(see [63, Definition 3.1]):

W(Vy) = Homy(T @ T'® Vi, V) = Homy (T ® T, End(V))) = Endy(T ® V3),

(1.57)
where the first identification is given as follows. Each F' € Homy(T ® T’ ®
Vi, Vi) defines by composition with V? a second order differential operator
acting on sections of V), M:

(VM) Y5 T(TM @ TM @ VM) 2 D(VM).

As an element of Endy(T' ® V)), F is expanded in the basis given by the
projections II.: F' = > _f.Il.. A straightforward computation shows that
the composition of a generalized gradient with its formal adjoint can be
expressed as follows: PP, = —I1.(V?). Thus, we obtain:

[

F(V?) ==Y [.PIP.

This gives the first identification in (1.57), showing that the coefficients of
the Weitzenbock formula corresponding to F' are equal to the coordinates of
F in the basis {Il.}., with opposite sign. For example, the rough Laplacian
V*V = >"_ P*P. corresponds to the linear map a ® b ® ¢ — —(a, b)¢p.

£

The algebra W(V}) has a canonical involution, a twist o : W(Vy) — W(V}),
such that a Weitzenbock formula reduces to a pure curvature expression if
and only if it is an eigenvector of o with eigenvalue —1. More precisely, the
twist o is defined in the realization of the space of Weitzenbock formulas as
Homy (7T ® T'® Vy, V)) by the precomposition with the twist:

o TRTRV,->TRTRV, a®bRu—bRa®u.

The decomposition of the space W(V,) = Homy(T ® T, End(V))) into the
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(£1)-eigenspaces of o is the following:

Homy(T ® T, End(V})) = Homy(A*T, End(Vy)) @ Homg(Sym*T, End(V4)).

(1.58)
The fact that a Weitzenbock formula F € Homgy(A?*T,End(V})) induces a
zero-order operator which is a pure curvature term is proved by the following
computation:

1 1
F(V3p) = 5 Z Fle;®e; ® (vﬁm — ng,ei)SD) = §Fei®6jRei76j<p, (1.59)
2%

where {e;};_15; is an orthonormal basis of 7' (and also a local orthonor-
mal basis of the tangent bundle, parallel at the point where the compu-
tations are made) and ¢ is a section of VAM. Conversely, if F induces
a zero-order operator, then in particular the principal symbol of F(V?)
vanishes: 0 = opv2)({)(¢) = Feep (for any cotangent vector { and ¢ €
['(VAM)), showing that I is skew-symmetric in the first two arguments:
F € Homy(A?T, End(V3)).

The classical examples of reduced Weitzenbock formulas like the original
Weitzenbock formula in Riemannian geometry:

A =V*V + ¢(R)

or the Schrédinger-Lichnerowicz formula in spin geometry (see also (3.9)):
2 * 1
D* =V*V + ZS

reduce in this setting to the fact that A—V*V and D?—V*V are eigenvectors
of o of eigenvalue —1 and thus pure curvature expressions.

Remark 1.32. We notice that, whereas the different realizations of the space
of Weitzenbock formulas in (1.57) are valid for any G-generalized gradients,
in order to establish the equivalence between the skew-symmetric morphisms
F € Homy(T ® T, End(Vy)) and the Weitzenbock formulas reducing to pure
curvature terms, it is important to consider those generalized gradients de-
fined by the Levi-Civita connection. It is the vanishing of the torsion of
the connection V that implies the last equality in (1.59). In particular, this
means that the Levi-Civita connection restricts to the G-structure, so that
the minimal G-connection coincides with the Levi-Civita connection and the
holonomy group must be contained in G.
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In the more general setting of generalized gradients of G-structures, we have
already noticed in § 1.2.2 that in order to obtain “nice” properties (for in-
stance the conformal invariance of G-generalized gradients) one has to con-
sider the minimal connection. The following result assures that also in this
case, assuming some extra conditions, the skew-symmetric morphisms pro-
vide pure curvature terms.

Lemma 1.33. Let V© be the minimal connection of a G-structure and sup-
pose that it has totally skew-symmetric torsion T'. We consider now the
space of Weitzenbick formulas given by (1.55), where the generalized gra-
dients are defined by the connection V€. Then, any Weitzenbock formula
F € Homy(A*T,End(V))) with the property that Fl,. = 0 induces a pure
curvature term as follows:

1
F((VG>2()0) = 5 Z F6i®6j (Rg,ejSOL
1,7

where R® denotes the curvature tensor of the minimal connection V©.

Proof:  If the torsion 7% of the minimal connection of a G-structure is
totally skew-symmetric, then it may be identified with the intrinsic torsion
T, defined by (1.43) as a 1-form on M with values in the associated vector
bundle GM x¢ g*-. More precisely, when both are regarded as 3-forms on
M, they are related as follows: T¢ = —2T, so that 7% may also be seen as
a 1-form with values in GM xq g*.

We start as in (1.59) and, assuming that the frame {e;}
point where the computations are made, we have:

is parallel at the

i=1,n

ZF e ®e;® VGVG ©))
:—ZF e ®e; @ (VEVE 0 —ViVEip) (1.60)

= — Z F(iz@(i] Rel CJ()O VTG(eueJ)QO).

i,J
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It is thus enough to show that the last term above vanishes:

Y Feie,(Vicen?) = Y Flei ) (T ei, e5,e1) V)
4,J 1,5,k
=9 E E F(e; A ej)((TG(ek), e; N\ eﬂVicp) (1.61)

i<j k

=2 F(T%e))(Vep) =0,

where for the second equality we used that T is totally skew-symmetric and
the last equality follows from the assumption that F'|,. = 0. O

An important example of a Weitzenbock formula F' € Homy(A*T, End(V}))
satisfying the assumptions of Lemma 1.33, and thus providing a pure curva-
ture term, is given by the conformal weight operator BQ, defined by (1.46).
Its importance is explained in the discussion below. We mention that in
the sequel we consider only Weitzenbock formulas defined by the Levi-Civita
connection, as in [63].

We now describe the recursion procedure given in [63] for constructing a basis
of the space W(V,) of all Weitzenbock formulas, such that the basis vectors
are eigenvectors of o with alternating eigenvalues 4+1. This recursion pro-
cedure makes essential use of a fundamental reduced Weitzenbock formula,
namely the one corresponding to the conformal weight operator B := Bé\,
defined by (1.46) (where again we simplify notation and drop the indices A
and g):

n

B:RY®V - RY®V, Bla®wv)= Ze;" ® dA(pry(e; A a))v,

i=1
where {e;}1; is an orthonormal basis of R™ and {e; }1; the dual basis.

We recall that the eigenspaces of the conformal weight operator B are, except
for a special case, exactly the irreducible summands in the decomposition
(1.54) (see § 1.2.2). Its eigenvalues, the conformal weights, which we denoted
by w., are explicitly computed and listed in Table 1.1.

From the definition of the conformal weight operator it is obvious that the
endomorphism B belongs to the (—1)-eigenspace of the twist o and thus
induces a pure curvature term, B(V?), on the vector bundle V\M. This
curvature term can be explicitly described using an orthonormal basis { X, }
of g with respect to the scalar product induced on g C A*T. The curvature
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operator R : A>’TM — gM associated to the Riemannian curvature tensor
R of M gives rise to the following global section of the universal enveloping
algebra bundle associated to the holonomy reduction:

=Y X.R(X.) € T(U(g)M).

A direct computation yields then the so-called universal Weitzenbock formula
(see [63, Proposition 3.6]):

wa “P. =q(R).

eCA

In many cases the conformal weight operator B generates all Weitzenbock
formulas. More precisely, the following algebra isomorphism holds if all con-
formal weights are pairwise different (see [63, Proposition 3.7]):

Endy(T ® V) = C(B)/(min(B)),
where min(B) denotes the minimal polynomial of the endomorphism B.

The conformal weight operator B is the first step of the recursion procedure.
The output of the recursion procedure is a sequence of B-polynomials p;(B),
whose first two terms are id and B and, more generally, py;(B) is in the
(+1) and po; 41 in the (—1)-eigenspace of o. The coefficient of P*P. in the
Weitzenbock formula corresponding to p;(B) is equal to p;(w.).

In order to describe precisely the recursion procedure, one has to consider
a further endomorphism of the space of Weitzenbock formulas, whose eigen-
spaces correspond to a finer decomposition of this space than (1.58). This is
the so-called classifying endomorphism K of W(V\) = Homyg(T @ T @ Vy, V),
defined by the precomposition with the g-invariant endomorphism:

TRITRIV, >TTQV,, a®b®’u»—>—ZXaa®Xab®v,

where {X,}, is an orthonormal basis of g. The essential property of K
is that it is compatible with the decomposition of the tensor product into
irreducible summands: T®T = &,W,, in the following sense. The classifying
endomorphism K is diagonalizable on Homg(7T'®T, End(V)) with eigenspaces
Homgy(W,, End(V))) and the corresponding eigenvalues are explicitly given

2 2
by: kw, = %Cas{,\va — Cash .
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The main result providing the recursion formula is now basically a direct
consequence of Fegan’s Lemma and Schur’s Lemma:

Theorem 1.34. (Recursion Formula, [63]) The actions of K, B and o on
W(Vy) by precomposition are related as follows:

2
K 4+ B+ 0Bo = Cash’ = —=dim(g). (1.62)
n

This result yields a recursion formula for K-eigenvectors and allows the con-
struction of a complete eigenbasis for W(V,) of o.

Corollary 1.35. (Basic Recursion Procedure, [63]) Let F € W(Vy) be an
eigenvector of the twist o and of the classifying endomorphism K: o(F)=+F,
K(F) = kF. Then, the new Weitzenbick formula:

A2_
}%w:<B—9§%—£>oF

is again a o-eigenvector with o(Fye,) = F1. In particular, it holds:

2 1

.dnew = Ba Bnew =B
' 4

CasQQB.

Corollary 1.36. (Orthogonal Recursion Procedure, [63]) Let po(B), . .., pr(B)
be a sequence of polynomials obtained by the Gram-Schmidt orthonormaliza-
tion procedure to the powers id, B, ..., B* of the conformal weight operator
B. If all these polynomials are o-eigenvectors and pg(B) is moreover a K-
eigenvector, then the orthogonal projection pyi1(B) of B*! onto the orthog-
onal complement of the span of id, B, ..., B* is again a o-eigenvector.

These recursion procedures are applied in [63] for G equal to one of the
groups SO(n), Go, Spin, and, in an adapted version, for Kéhler geometry,
G =U(n).

Apart from these recursion procedures, it turns out that the formula (1.62)
may be considered directly as a matrix equation for the unknown matrix of
the twist o. This provided in [63] an explicit computation for the coefficients
0.« of the matrix of o with respect to the basis given by the projections II,:
o(Il;) =Y. 0. I, for manifolds of holonomy SO(n), U(n), G or Spin(7).
As noticed above, the twist o classifies all reduced Weitzenbock formulas
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F € W(V,). Consequently, the matrix expressions for the twist ¢ in the
basis {Il.}. of W(V,) makes it possible to check this condition effectively for
a given Weitzenbock formula.

A different approach to the description of all Weitzenbock formulas was pro-
vided by Y. Homma, [33]. His strategy is to study the algebraic structure
of the symbols of the operators and to show how they are controlled by the
enveloping algebra of the Lie algebra g. He relates Weitzenbock formulas
that reduce to pure curvature expressions to higher Casimir elements of the
enveloping algebra. This gives a universal and direct construction of the
coefficients a. and of the curvature actions in (1.56).

In the rest of this section we briefly present the main ideas of the approach
in [33], without getting into the technical details. In [33] are described the
reduced Weitzenbock formulas on Riemannian manifolds for the generalized
gradients defined by the Levi-Civita connection. The method developed in
[33] was then carried over by Y. Homma also to Kéhler, hyper-Kahler and
quaternionic Kéahler manifolds in [32], [31], respectively [34], using the same
main scheme, but specific computations for each group involved (U(n), Sp(n),
respectively Sp(1)-Sp(n)).

The key observation in [33] is that the formulas in the universal enveloping
algebra of the complexification of so(n), so(n,C), with certain symmetries
involving the so-called higher Casimir elements, yield reduced Weitzenbock
formulas on Riemannian manifolds. The intermediary step is constituted
by the so-called Clifford homomorphisms, which, on the one hand, are the
principal symbols of generalized gradients and, on the other hand, are related
to the higher Casimir elements. These relations may be visualized in the
following scheme, that we explain in the sequel:

higher Casimir Clifford reduced Weitzenbock
elements homomorphisms formulas

Casimir elements are defined as elements in the center Z of the enveloping
algebra U(so(n,C)). The center Z is characterized as the invariant subal-
gebra in U(so(n,C)) under the adjoint action of SO(n). An algebraic basis
of Z is constructed as follows. As in § 1.1, we denote by {e;};,_7; a fixed
oriented orthonormal basis of R" and denote by e;; := e; A e;, such that
{eij|1 <i < j < n} constitute an orthonormal basis of so(n) = A’R". For
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each positive integer ¢, we consider the following element in U(so(n, C)):

> Ciiy Ciyiy " €ig_1jy 4 =1,

egj = { 1<itin,ig—1<n (1.63)
51'3‘, q = 0
A straightforward computation shows that the traces ¢, := >, ef,, for all

g > 0, called higher Casimir elements, belong to the center Z. Notice that
the usual Casimir element defined by (1.25) corresponds to cs.

In the case of n = 2m + 1, the higher Casimir elements {c,}, generate the
center Z algebraically. In the case n = 2m, another Casimir element is
needed in order to generate Z, namely the so-called Pfaffian element, pf,
defined by:

1
p= (20)mm! Z SEN(0) o (1)0(2)Eo(3)a(4) * * * Co(2m—1)o(2m);
c€Say,
where G, is the permutation group of {1,...,2m}. By Schur’s Lemma it

follows that every Casimir element acts as a constant on each irreducible
so(n)-representation. The eigenvalue of each ¢, and of the Pfaffian element
on an irreducible so(n)-representation of highest weight A is denoted by ¢, (),
respectively pf(\). These eigenvalues are explicitly computed only in terms
of the conformal weights of so(n) ( [33, Proposition 4.14]).

It turned out that many computations simplify if one considers the translated

Casimir elements defined by: ¢, := > . é% where é;’j are given by the same

formula (1.63), but with translated elements é;; = e;; + “51;; (notice that
the same translation with %=1 is also considered in § 2.2 for the conformal

2
weight operator, see (2.9)).

The following result in [33] gives in a certain sense the algebraic counterpart
of the reduced Weitzenbock formulas:

Theorem 1.37 ( [33]). Any translated element & is a linear combination
of {&:}p=0.....q, whose coefficients are translated Casimir elements:

-1

- N 1—(=-1)7_ _ ~ ~
egj = (—1)‘16;1-2- = —(2 ) e?i s (—1)pcq,1,pe§i. (1.64)

S}

I
o

p

By analogy to the Dirac operator, whose principal symbol is given by the Clif-
ford multiplication, the principal symbols of generalized gradients are called
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in [33] Clifford homomorphisms. These Clifford homomorphisms satisfy the
identities corresponding to (1.56) at the symbol level. More precisely, at the
level of vector spaces, they are defined as follows: for any relevant weight ¢
of A\, each vector a € T' defines a linear map

pa(a) : V/\ - V)\+£7 pa(a)?} = Ha(a ® U)'

The adjoint operator of p.(a) with respect to the inner products on V) and
Viie is denoted by (p:(a))*. The linear maps p.(a) and (p.(a))* are called the
Clifford homomorphisms associated to A and . The orthogonal projection
I, : T ®V\, — V), is then realized as follows:

n

M(a@v) = 3 (p(e) p-(a)e @ v.

i=1

Clifford homomorphisms are related to the higher Casimir elements of the
enveloping algebra by the following result:

Proposition 1.38. ( [33]) The Clifford homomorphisms {p.}. satisfy the
relations:

n

> (W)Y (p-(ei) pe(e:) = co(Nidy,, for each q > 0, (1.65)

eCA i=1

where € C A denotes the set of relevant weights of X and {w.}. are the
conformal weights of so(n). For n = 2m, the Pfaffian element satisfies a
similar relation:

n

D pf(A+2)) (pe(e:) pe(e:) = 2mpf(N)idy,. (1.66)

eCA =1

The Clifford homomorphisms are compatible with the action of SO(n) or
Spin(n), so that they extend to vector bundle homomorphisms. For each vec-
tor field X =3". X"¢;, the bundle homomorphism p.(X) € Hom(VA M, Vy . M)
is defined by:

VAM 3 [e,v] — ZXi[e,ps(ei)U] € Vi M.
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Any generalized gradient P. may be then expressed as follows:

= IL, (Z e; ® v€i¢> Zps )WVe, 0,
i=1

for any section ¢ € I'(VAM). The second order differential operator P*P. is
realized as:
PP == (p-(e)p-(e) Vi, o, (1.67)
12

where V% y := VxVy — Vy,y, for all vector fields X, Y.

In order to give the reduced Weitzenbock formulas, we need to consider also
the curvature actions in (1.56). The (translated) curvature endomorphisms
on the associated vector bundle V), M are defined by:

Rg = Z)\ JRx(e;,€j), for each ¢ > 1,

where A is canonically extended to a representation of the enveloping algebra
and R, denotes the curvature tensor of the connection induced on V), M by
the Levi-Civita connection: Ry(X,Y) := V% — V§ y, for any vector fields
X, Y. When n is even, there is also a curvature endomorphism related to
the Pfaffian element:

RY =) " A(pfy;) Raleis e5),
i

where {pf,; } are the elements of the enveloping algebra defined by:

ij=T2m
pf, i =7,
of, = DT 2 sen(0)esnyo)  Coem-nom), i < J,
Y 06y,
_pfjia i > ja

where &% is the permutation group of {1,...,2m} \ {i,;}.

The main result (see [33, Theorem 7.1]) now essentially follows from the for-
mula (1.64) in the enveloping algebra, using the relationship between higher
Casimir elements and Clifford homomorphisms given by (1.65) and (1.66) and
also the expression (1.67) for the operators occurring in reduced Weitzenbéck
formulas.
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Theorem 1.39. ( [33]) Let {P-}.ca be the generalized gradients acting on
sections of VAM . Then all (independent) reduced Weitzenbock formulas are
given as follows:

2q—1
> {Z é2q1p<x><—wa>p} PrP. = R¥, forg>1,
eCA p=0

and, when n is even, there is also the following reduced Weitzenbock formula:

> 200f(A) = pf(A + )L P, = RY,

eCA

where {w. }. are the translated conformal weights of so(n), which are explicitly
given by (2.10).



Chapter 2

Elliptic Operators and Kato
Inequalities

On a Riemannian manifold, generalized gradients naturally give rise to second
order differential operators, by composing each generalized gradient with its
formal adjoint. In the previous chapter, § 1.3, we considered linear combina-
tions of these operators that sum up to a zero-order differential operator and
provide Weitzenbock formulas. In this chapter we analyze the other interest-
ing extreme case, namely when this construction yields second order elliptic
differential operators. The main result here is a new proof of Branson’s clas-
sification, [13], of such elliptic operators for generalized gradients between
vector bundles with structure group SO(n) or Spin(n). The method we use
for the proof is completely different from the one in [13], which seems to be
specific for these two structure groups. The approach we give is mainly based
on the representation theory of the Lie algebra so(n) and on the relationship
between ellipticity and Kato constants, which we explain in § 2.2. The argu-
ments suggest that they should carry over to get similar classification results
for generalized gradients of G-structures.

Firstly we present the general setting and state Branson’s classification re-
sult. Then we turn our attention to Kato inequalities and their relationship
to ellipticity. An essential tool for our proof is the explicit computation
of the optimal Kato constants in terms of representation theoretical data,
which was done by D. Calderbank, P. Gauduchon and M. Herzlich, [18]. The
starting point in [18] is the list of elliptic second order differential operators
provided by Branson’s classification. For each such operator is given an ex-
plicit formula for its optimal Kato constant. Our main observation is that

o1
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this argument may be reversed and we recover the ellipticity using this direct
computation, as we show in § 2.3.

2.1 Ellipticity of Generalized Gradients

The purpose of this section is to present Branson’s classfication result of
second order elliptic operators that naturally arise from generalized gradients.
We begin by briefly explaining the notions of ellipticity needed in the sequel
and analyze the main properties of these operators given as linear combina-
tions of generalized gradients composed with their formal adjoints. Then, in
Theorems 2.12 and 2.13 we state the classification result of Th. Branson, [13],
of all operators of this type which are elliptic. In particular, this classification
shows that ellipticity is attained by assembling surprisingly few generalized
gradients. From the construction and the arguments used it follows that
the classification is valid for all Riemannian manifolds or (if a spin structure
enters) Riemannian spin manifolds.

Let us first recall the definition of the principal symbol of a differential
operator, which is a simple invariant way to refer to its highest order part. If
E and F are smooth vector bundles over the manifold M and P:T'(E) —T'(F)
is a linear differential operator of order k, then at every point x € M and for
every ¢ € T M one can associate an algebraic object, the principal symbol
o¢(P;x), or simply o¢(P). If, in local coordinates, Pu = >_, <} aa(2)0%u,
where a, are dim(F') x dim(£) matrices, then o¢(P;x) is the matrix

oe(Pix) = i* Y aa(x)€?,

la|<k

with the notation £* = Hj €% and i = /—1. It is usually convenient to
delete the factor i*¥ when M is a real manifold, as it is in our context. To
define the principal symbol invariantly, let F, and F} be the fibers of E and
Fatz e M,letu € I'(E) with u(z) = z and ¢ € C*°(M) such that p(z) = 0,
do(x) =&, then o¢(P;x) : E, — F, is the following endomorphism

K
i
o¢(Pyx)z = EP((pku)]x (2.1)
Example 2.1. On a vector bundle E over a manifold M, any connection
V:T'(E) - I(T*M ® E) satisfies V(pu) = dp @ u + ¢pVu, for any sections
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p € C°(M), u € T'(E). Consequently, the principal symbol of V is given by:
0¢(V)u = i€ ® u. Alternatively, in the convention without the coefficient ¥,
the principal symbol is just the identity: ¢ =id : [(T*M®FE) — I'(T*MQFE).
It follows that the principal symbol of any G-generalized gradient, which
is defined by (1.17) as a projection of a G-connection onto an irreducible
subbundle: P. := PEVA .= II, o V*, is given exactly by the projection II.
which defines it, op. =1l : I'(T*"M @ VAM ) — T'(VacM).

Definition 2.2. A linear differential operator P : I'(E) — ['(F)) is elliptic at
a point x € M if the symbol o¢(P; x) is an isomorphism for every real section
€€ TiM\ {0}. P is elliptic if it is elliptic at all points x € M.

Example 2.3. Classical examples of elliptic operators are 0, the Cauchy-
Riemann operator acting on complex-valued functions (or more general on
forms of type (0,¢) on a complex manifold), which is a first order operator
and the Laplacian A acting on p-forms, which is of second order. We shall
come back to these examples later on, as they are special cases of elliptic
operators obtained from generalized gradients.

Ellipticity is an algebraic property of a differential operator which implies
analytic conclusions. The theory of linear elliptic operators is very important
and highly-developed, but in our context we consider a special case of elliptic
operators and, as we shall see, without loss of generality, the problem may
be reduced to analyzing first order differential operators. Obviously, from
Definition 2.2, a necessary condition for the existence of an elliptic operator
between two vector bundles is that they have the same rank. So that in
order to talk about the ellipticity of generalized gradients, which act between
irreducible vector bundles of (usually) different ranks, we need to consider
the following notion of ellipticity.

Definition 2.4. A linear differential operator P : I'(E) — ['(F) is underde-
termined elliptic at a point x € M if its symbol o¢(P; ) is surjective for every
real section & € TEM \ {0}. P is overdetermined (or injectively) elliptic at a
point x € M if o¢(P; x) is injective for every real section £ € T:M\ {0}. P is
called (injectively) strongly elliptic if o¢(P;x) is injective for every complex
cotangent vector & € (T*M)C\ {0}.

Remark 2.5. Since the principal symbol of a G-generalized gradient P. is
given by the projection II. defining it, the above notions of ellipticity may be
easily rephrased in terms of this projection as follows: P. is underdetermined
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(respectively overdetermined) elliptic if an only if IT. o (€ ® -) : V), — V). is
surjective (respectively injective), for each nonzero section £ € I'(T:M).
Thus, the generalized gradient P. is (strongly) injectively elliptic if and only
if I, is non-vanishing on each decomposable element, i.e.

M((®v)=0=E@v=0,

where £ € I(T*M) (respectively & € T'((T*M)®)) and v € T'(VAM).

Remark 2.6. The property of an operator to be strongly elliptic obviously
implies that it is elliptic. The converse is not true and a counterexample is
provided by the Dirac operator D on a spin manifold, whose principal symbol
is given by the Clifford multiplication, o¢(D)(¢) = & - ¢.

The general setting considered in the sequel is the following: (M, g) is a
Riemannian (spin) manifold, A is a dominant weight of so(n) and V, M is the
associated vector bundle to the irreducible representation of highest weight
A. For any subset I of the set of relevant weights of A, which is completely
determined by the selection rule in Lemma 1.1, denote by P; the following
differential operator:

D;:=) PP, (2.2)

eel

where P. :=1lI. o V is the generalized gradient. This is a simplified notation,
where the highest weight A is omitted, but may be easily deduced from the
context. It is then natural to ask

Question 2.7. Given A, for which subsets I is the operator Dy elliptic?

The complete answer to this question was given by Th. Branson, [13]. In this
section we restate his result in our notation and in § 2.3 we give a new proof
of it.

First notice that Question 2.7 regarding second order differential operators
may be reduced to first order ones. If we denote by P; the following first

order operator:
Pp=> P, (2.3)

eel

then D; = P/ P; and the following equivalence holds:

Lemma 2.8. The operator Dy is elliptic if and only if Py is injectively elliptic.
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This equivalence is a simple consequence of the behavior of principal symbols,
namely that: op:p, = (op,)* 0op, , where (op,)* is the Hermitian adjoint of
op,. In the sequel we shall shortly say that P; is elliptic instead of injectively
elliptic.

It follows that Dy is elliptic if and only if the projection

= M.:TeV\— B Vase (2.4)

eel

is injective when restricted to the set of decomposable elements in T' ® V.
Thus, the ellipticity of the operators D; is reduced to a question about the
representation theory of so(n), without reference to any particular manifold.
This remark is the starting point in the original proof given by Th. Branson
for the classification of elliptic Stein-Weiss operators. This remark also shows
that, in contrast to the situation in § 1.3, where the connection V defining
the generalized gradients is the Levi-Civita connection, here V can be any
metric connection.

The fact that each projection in (2.4) is onto a different direct summand has
the following straightforward, but important consequences:

(1) If instead of the operators P; given by (2.4), we consider, more general-
ly, operators of the form ) __; a.P. with nonzero coefficients, then such an
operator is elliptic if and only if P; is. Thus, the ellipticity only depends on
the subset I and not on the coefficients, unlike in the case of Weitzenbock
formulas, see § 1.3, where these coefficients play a very important role.

(2) If I, C Iy and Py, is elliptic, then also Py, is elliptic. Hence the interesting
operators are the minimal elliptic operators Py, i.e. such that there is no
proper subset of I which still defines an elliptic operator. It is this set of
minimal elliptic operators that was determined by Th. Branson. In a certain
sense, the bigger the set [ is, the greater is the probability for P; to be elliptic.
For instance, if I is the whole set of weights of the standard representation,
then the operator is the rough Laplacian V*V, which is, of course, elliptic.

The following results concerning Question 2.7 have been shown prior to
Branson’s classification. Recall that the Cartan summand of two irreducible
representations A and g is the subrepresentation of A ® p of highest weight
A+ .

Proposition 2.9 (J. Kalina, A. Pierzchalski and P. Walczak, [37]). For
any irreducible representation A, the projection onto the Cartan summand of
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T ® X defines a strongly elliptic first order differential operator, also called
top gradient, and this is the only generalized gradient with this property.

In fact, in [37], J. Kalina, A. Pierzchalski and P. Walczak proved a more
general version of Proposition 2.9, for the irreducible decomposition of the
tensor product of two irreducible representations of any compact semisimple
Lie group: among all operators defined by projections from a tensor product
to its irreducible subbundles, only the one given by the projection onto the
Cartan summand is strongly elliptic.

The proof of Proposition 2.9 in [37] uses an approximation of the highest
weight vector with converging sequences in order to show that the top gra-
dient is strongly elliptic, while the other implication is more or less straight-
forward. Namely, if v € V) and w € V), are respectively the highest weight
vectors, then v ® w is the highest weight vector in V) ® V,, and thus belongs
to the Cartan summand. Then v ® w is a nontrivial element in the kernel of
any other projection different from the one onto the Cartan summand. More-
over, this shows that the operator defined by any other set of projections not
containing the Cartan projection is not strongly elliptic.

For example, from Proposition 2.9, it follows that the twistor operator T’
acting on p-forms (see Example 1.3) is strongly elliptic.

Proposition 2.10 (E. Stein and G. Weiss, [64]). For any irreducible re-
presentation \, the projection onto the complement of the Cartan summand,
i.e. when the set I is equal to the whole set of relevant weights except for the
highest weight of T, defines an elliptic operator Pr.

Example 2.11. In Example 1.3 the complement of the Cartan projection
defines the operator P = d + §, which, by Proposition 2.10, is (injectively)
elliptic and, by the above construction, just gives rise to the Laplacian acting

on p-forms: A =dé + dd = (d+ 0)*(d + 6).

Branson’s classification essentially says that the Laplacian is not a special
case, but the generalized gradients usually break up into pairs or singletons
which are elliptic. Before stating it, we give a graphical interpretation of the
classical selection rule in Lemma 1.1 for the special orthogonal group, which
can be found in [63] and simplifies the task of finding the relevant weights.
In our context the graphical interpretation is helpful to better visualize the
classification of elliptic operators, which turns out to be strongly related to
the selection rule.
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First we consider the case of SO(n) or Spin(n) with n odd, n = 2m+1. We use
the same notation as above: {+¢y, ..., +e,,,0} are the weights of the defining
complex representation 7 of SO(n) and V) is the irreducible representation of
highest weight A = (A\y > -+ > Aoy > A, > 0) € Z™ U (% + Z)™, where \;
are the coordinates of A with respect to the orthonormal basis {€1,..., &}
The decision criterion given in Lemma 1.1 for the decomposition of the tensor
product 7 ® A can be read in the following diagram featuring the weights of
7 and labeled boxes. A weight ¢ is relevant for an irreducible representation
A if and only if the coordinates Aq,...,\,, of A satisfy all the inequalities
labeling the boxes containing ¢.

Diagram 2.1: Selection Rule for SO(2m + 1) or Spin(2m + 1)

)\1 >>\2
&1 —£&1 Ao > )\3
€2 —E&9
/\me >)\m71
€3 | Tt
—Em—2 )\m—l > )\m
Em—1 | —€m-1 | Ay >0
0

Theorem 2.12 (Th. Branson, [13]). Let (M,g) be a Riemannian (spin)
manifold of odd real dimension n = 2m + 1 and V\M the associated vector
bundle to an irreducible SO(n)- (or Spin(n) )-representation of highest weight
A. For any subset I of the set of relevant weights of X\, the corresponding
operator Pr = % _.;Il. o V is a minimal elliptic operator if and only if I is
one of the following sets:

1. {e1} (strongly elliptic),
2. {0}, if \ is properly half-integral,
3. {—ei,eir1}, fori=1,...,m—1,

4. {—em,0}, if X is integral.
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For the case of SO(n) or Spin(n) with n even, n = 2m, there is a similar
graphical interpretation of the relevant weights of an irreducible representa-
tion A= (A > -+ > N\p1 > | A]) €Z™ U (% + Z)™, where again \; are the
coordinates of A with respect to the orthonormal basis {e1,..., e}

Diagram 2.2: Selection Rule for SO(2m) or Spin(2m)

)\1 > )\2
€1 —E&1 )\2 > )\3
€2 —&2
)\m—2 > /\m—l
E5 | e
—&m-2 )\m—l > >\m
Em—1 —Em-1 —Em )\m—l > _>‘m
Em

Theorem 2.13 (Th. Branson, [13]). Considering the same assumptions as
in Theorem 2.12, but now on a Riemannian (spin) manifold of even real
dimension n = 2m, the operator Py = __Il. o'V is minimal elliptic if and
only if I is one of the following sets:

~

. {e1} (strongly elliptic),
A—em}s if A >0,

Aem}, if Am <0,

\S)

Co

B

. {—87;,6“_1}, fOTi: 1,...,m— 2,

O

. {_Emflagm}; Zf )\m 2 O;

A=em_1, —€m}, if Am <0.

D

Theorems 2.12 and 2.13 give a complete answer to the Question 2.7, by restat-
ing the results for the second order differential operators D; = P;P;. Note

that in the list of minimal elliptic operators no operator PP, appears twice,
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except for P*_ P _  in the case when n is even and A, = 0 # Am—1. The
list is also exhaustive, ¢.e. each P P. occurs, except for n odd and A properly
half-integral, when P*_ P__ does not occur in the list. Thus, apart from
these exceptions, the subsets I defining the minimal elliptic operators form

a partition of the set of weights of the standard representation 7.

Remark 2.14. A priori it is not clear that the ellipticity of the differential
operator Dy : V\M — V, M defined by a certain subset [ is independent of
the given highest weight A (of course here are considered only the highest
weights for which all the elements in I are relevant weights). This follows
from Theorems 2.12 and 2.13 and no other direct way of proving it is known.

Our aim is to give a new proof of Theorems 2.12 and 2.13 in § 2.3, which
we hope is better suited as a starting point for an analogous classification
of elliptic operators defined by G-generalized gradients for the subgroups
considered in (1.6). For this reason we only mention here for the proof
of these theorems, that the arguments used by Th. Branson involve tools
and techniques of harmonic analysis, explicit computations of the spectra of
generalized gradients on the sphere and a strong irreducibility property of
principal series representations of the group Sping(n + 1,1). For details we
refer the reader to Th. Branson’s paper [13].

Remark 2.15. The GL(n)- and O(n)-generalized gradients which are ellip-
tic have been studied by J. Kalina, B. Orsted, A. Pierzchalski, P. Walczak
and G. Zhang, [36], in an elementary way using the language of Young dia-
grams. However, they find only the top gradient and miss the other elliptic
generalized gradients in the list of Branson, because they restrict to a certain
special class, the so-called “up gradients”, as pointed out in [13].

2.2 Optimal Kato Constants

Kato inequalities are estimates in Riemannian geometry, which have proved
to be a powerful technique for linking vector-valued and scalar-valued prob-
lems in analysis on manifolds. The classical Kato inequality may be stated
as follows. For any section ¢ of a Riemannian or Hermitian vector bundle £
endowed with a metric connection V over a Riemannian manifold (M, g), at
any point where ¢ does not vanish, the following inequality holds:

ld]el] < |Vl (2.5)
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This estimate is a direct consequence of the Schwarz inequality applied to the
identity d(|p]?) = 2(V, @), which is given by the fact that the connection
is metric. Thus, equality is attained at a point x € M if and only if Vy is a
multiple of ¢ at x, i.e. if there exists a 1-form « such that

Vo =a® . (2.6)

Whenever (2.6) has no solutions in the corresponding geometric setting, there
exist refined Kato inequalities, which are of the form

ldlel] < EIVel, (2.7)

with a constant &£ < 1. For example, such estimates occur in Yau’s proof of
the Calabi conjecture or in the Bernstein problem for minimal hypersurfaces
in R™. It turns out that the knowledge of the best constant k plays a key role
in such proofs. For a survey of these techniques see the introductory part
in [18] and the references therein.

The principle underlying the existence of refined Kato inequalities was first
remarked by J.-P. Bourguignon, [10]. He pointed out that in all geometric
settings where refined Kato inequalities occured, the sections under consider-
ation are solutions of a natural linear first order injectively elliptic system and
that in such a situation the equality case in (2.5) cannot be achieved, except
at points where Vi = 0. To see this, suppose that equality is attained at a
point by a solution ¢ of such an elliptic system. At that point, Vo = a ® ¢,
for some 1-form «. A natural first order operator is one of the form P;, that
we considered in § 2.1, i.e. is given by a projection II; of the connection V
onto a natural subbundle of T*M ® E. Hence 0 = I1;(Vy) = II;(a ® ¢) and,
by the ellipticity of Py, it follows that a ® ¢ = 0, so Vo = 0. It thus turns
out that there is a strong relationship between the ellipticity of the operators
P; and the existence of refined Kato inequalities for sections in their kernel.

D. Calderbank, P. Gauduchon and M. Herzlich, [18], proved that there exists
indeed a refined Kato inequality for sections in the kernel of any natural
first order injectively elliptic operator P, which acts on sections of a vector
bundle associated to an irreducible SO(n) or Spin(n)-representation. They
computed the optimal Kato constant k;, which depends only on the choice
of the elliptic operator, in terms of representation-theoretical data. More
precisely, the formulas for the optimal Kato constants involve only the con-

formal weights of the generalized gradients, which are explicitly known (see
e.g. Table 1.1).



2.2. OPTIMAL KATO CONSTANTS 61

In this section we present the main steps in the computation of the general
expression for the optimal Kato constants, see [18].

The general setting is the same as in § 2.1: on a Riemannian (spin) mani-
fold (M, g), VAM is the vector bundle associated to the irreducible SO(n)-
respectively Spin(n)-representation of highest weight A = (Ay, ..., \,,); for
any subset [ of the set of relevant weights of A, P; is the operator defined by
(2.3) acting on sections of VyM. The aim is to show that for each operator
Pr which is injectively elliptic, there exists an optimal constant k; < 1 such
that the refined Kato inequality holds:

ld|o|] < kr|Vel|, forall ¢ € ker(Fy), (2.8)

and to give a formula for k;, in terms of the conformal weights.

In Definition 1.13 we introduced the conformal weight operator B (we shall
omit from now on the highest weight ), whose eigenvalues, the conformal
weights, are given by (1.29). The key property used in the sequel is that the
conformal weights are strictly ordered (see Remark 1.16), with the exception
of the case when n is even, n = 2m, A,, = 0 and w,, + = w,, _, which is due
to the fact that the two corresponding SO(n)-irreducible representations are
exchanged by a change of orientation, while their sum is an irreducible O(n)-
representation. In this exceptional case we consider in the sequel these two
representations as one summand, so that the conformal weights of distinct
projections are always different from each other.

It turns out that the computations are simplified if one considers the trans-
lated conformal weight operator:

B:®Y aV—®R)Y oV B=5+""lu (2.9)
whose eigenvalues are the translated conformal weights, for i =1,... m:
wo(A) =0,
Tir (M) —/\i—i+n;1, (2.10)
Bi () = —Ai+i— S

which obviously have the same strict ordering as the conformal weights.
These translated conformal weights have the advantage that the virtual
weights whose relevance depends on the same condition on A, i.e that are
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in the same box in the Diagrams 2.1 and 2.2, sum up to zero if that con-
dition is not fulfilled. For instance, if \; = \; 1, then the weights —¢; and
;41 are not relevant for A and their corresponding conformal weights satisfy:
W;,—(A) + Wit1,+(A) = 0. This cancellation property for non-relevant weights
is useful for the forthcoming computations.

The strict ordering of the translated conformal weights allows us to rename
them (and the corresponding summands in the decomposition of the tensor
product (R")* ® V)) and to index them in a decreasing ordering as follows:

N
R) @V = &V, (2.11)

with

w1 (A) > wWa(X) > -+ > wy(N),
where N is the number of summands in the decomposition, i.e. the number
of relevant weights for A\. This reordering of the indices of the conformal
weights is then carried over to the corresponding weights of the standard

representation and thus, the subsets I defining the operators P; are subsets
of {1,...,N}.

Remark 2.16. Notice that, in the above notation, the weights which are in
the same box in Diagram 2.1 and 2.2 are pairs of type {i, N +2 —i} and the

list of minimal elliptic operators of the form P; established by Th. Branson
(see Theorems 2.12 and 2.13) is the following:

—_

. Puy;

2. Py if N =20 and A, # 0;

3. Py if N =2¢—1 and A is properly half-integral;
4. Pyingo—iy fori=2,... 0 —1;

5. Ppioy if N =20,

6. Ppryp1y if N =20 —1 and A is integral.

This shows that the list of the minimal elliptic operators depends only on
the ordering of the conformal weights.
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The following result reduces the search for Kato inequalities to an algebraic
problem. By I we denote the complement of I in {1,..., N}.

Lemma 2.17. Let I be a subset of {1,...,N} and Py := ). /I, 0V the
corresponding operator. For any section o in the kernel of Py and at any
point where @ does not vanish, the following inequality holds:

|d|e]] < kr|Vel, (2.12)

where the constant ky, called Kato constant, is defined by

kr:= sup [Hia®v)|= \/1 — it [l (a®v)]? (2.13)

la|=|v|=1 laf=v[=1

where a € (R™)* and v € V. Furthermore, equality holds at a point if and
only if Vo =z (a ® ¢) for a 1-form « at that point, such that:

(o ® )| = kila ® ¢|.

The proof of Lemma 2.17 is based, as for the classical Kato inequality, on
purely algebraic refined Schwarz inequalities of the form:

[{®, v)]
[l

< k|®|, (2.14)

where @ € (R")*®@V, and v € V). The inequality (2.12) is obtained by lifting
(2.14) to the associated vector bundles and putting v = ¢ and & = Ve for a
section ¢ € I'(VAM).

The first step in the minimization process for the computation of the Kato
constant ky, given by (2.13), is to use the classical Lagrange interpolation,
in order to express each projection II;, for some j € {1,..., N}, as follows:

N—-1

> A,

wkld k=0
E:J [T@; -

k#j

where Ay, 1= Z?ZD(—l)ZJK(G)Ek’E and o;(w) is the i-th elementary symme-
tric function in the translated conformal weights wy,...,wy. By products
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(or powers) of endomorphisms we mean their composition. It further follows
that the norms of the projections are given by:

i@f’1’k<Ak(a®v),a®v)
IL(a®v)? = ILa®v),a®@v) = h=0 . (2.15
ILj(a @ )" = (IL;(a ® v) ) - (2.15)
k#j

Formula (2.15) expressing the N quantities |II;(a ®v)|? in terms of the other
N quantities (Agx(a ® v),a ® v) is the key formula of the method in [18].
The main technical step is based on the one hand, on a precise expression for
the traces of the operators B’ (which follows from the relationship between
translated conformal weights and higher order Casimir operators) and, on
the other hand, is based on a result due to Diemer and G. Weingart, who
proved that each family of polynomials in B satisfying some special recur-
rence formula involving their traces has nice symmetry properties. We refer
to [18] for the details and only state here the output of this technical analysis:

Lemma 2.18. If N is odd, then (Asj11(a ®v),a®@v) =0, for each j.
If N is even, then (Agjy1(a®v), a@v)+3(As;(a®v), a®v) =0, for each j.

Lemma 2.18 shows that in the expression (2.15) of |II;(« ® v)|* half of the
N quantities (Ai(a ® v),a ® v) vanish. Thus, each |II;(a ® v)|? is given as
an affine function in the remaining variables, that we denote as follows:

Q= (—1)" Ay _s(a®v),a®v), k=2,...,(, for N=20—1or N = 2.

Notice that the first variable would be just constant, (); = 1, since Ay = Id.

The equalities (2.15), for j = 1,..., N, then become for N = 2¢ — 1:

~2(£—1 ~2 {—k
wj( ) Z o k: ( )Qk

‘Hj(O{@/U)‘z = h=2 = 7[_]'(@2"--7626)7 (216)
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and for N = 2¢:
¢
~2(z 1) Z ~2(z D0
s [~ 1 k=2 _.
[I;i(a @ v)|” = (wj—§> = m(Qa, -, Qr)-
[,
k#j

(2.17)

Hence, the problem of estimating “ ‘mf ITI;(a ®v)|* (for a subset I corres-
ponding to an elliptic operator) is reduced to minimizing this affine function

over the admissible region in the (£— 1)-dimensional affine space. The admis-
sible region consists of the points @) of coordinates {Qy} r=37> such that there
exist unitary vectors a € (R™)* and v € V), with the property that for each
k =2,...,(the following relation holds: Qy = (—1)*"1{Ag._s(a ®@v),a @ v).
Thus, the search for Kato constants mainly reduces to linear programming.

The admissible region is contained in a convex in the @-space, since |I;(a ®
v)]* = 7;(Q) and each norm is non-negative and smaller than 1, if @ is
an admissible point. More precisely, from (2.16) it follows that the point
Q = (Qy,...,Qy) is in the convex region P in R*~! defined by the following
system of linear inequalities for N odd, N = 2¢ — 1:

¢
SR (Y, jonet

k=2

with equality if and only if |II;(a ® v)|* = 7;(Q) = 0. For N even, N = 2/,
the system of linear inequalities is similarly obtained from (2.17), taking into
account that the sign of the denominator in (2.17) is (—1)77%:

l
S (=1 = (-, 1< <,
k=2 (2.19)

0
k=2

and equality is attained if and only if |II;(a ® v)]* = 7;(Q) = 0.

The convex region P defined by the system (2.18), respectively (2.19), turns
out to have the following important properties, as explained in the sequel:
it is compact, hence polyhedral, and one may identify its vertices as corre-
sponding to the maximal non-elliptic operators. Since the norms are affine
in the Qy’s, it then suffices to minimize over the set of vertices.
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For a subset J C {1,..., N} with ¢/ — 1 elements, the intersection of the
corresponding hyperplanes is the point denoted by Q”:

{Q7} = 07 (Qs,. Q) = 0}, (2.20)

whose coordinates are given by the elementary symmetric functions in the
squares of the translated conformal weights: Qj = Uk_1<(w?)jej>. At the
point @7, the affine functions 7;, defined by (2.16) for N = 2/ — 1, take the

values
[T@-ap I @+

(Q7) = ke _ keIRA] (), 2.21
e M e
k#j ke k#j

where ¢;(J) = 0if j € J and 1 otherwise. Similarly, for N = 2/, the affine
functions 7; defined by (2.17) take the values:

[@? —a3) I @+ @
m(Q7) = (zﬁj - %) ]iif(@]—_@k) = (@j - %) keﬁ#@j o) gi(J).

k#j ke k#j

(2.22)
The expression for the coordinates of Q” follows from the fact that the affine
function 7; is obtained by evaluating a polynomial independent of j on @2 and
that the coefficients of a polynomial are given by the elementary symmetric
functions of the roots.

In the case N = 2¢ — 1, the compactness of the convex region P is obtained
by considering the subsets J = {2,..., ¢} and J = {{+1,...,20 — 1}. The
inverse of the Vandermonde system of inequalities (2.18) for J = {2,...,/(}
has non-negative entries, while for J = {¢+1,...,2¢ — 1} it has non-positive
entries and one gets:

Proposition 2.19. If N = 2¢ — 1, then for k = 2,...,{ the following in-
equalities hold:

op (W5, ..., W) < Qp < Uk—l(ﬁjzgﬂa Wy ).

.....

.....

Both bounds are sharp if n is even or if n is odd and X\ is integral, since
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the operators P ¢y and Py, 20-1y are not injectively elliptic. In the case
when n 1s odd and X is properly half-integral, the above lower bound is not
sharp, since Ppy . gy is elliptic.

In the case N = 2{¢, the compactness of the convex region is analogously
obtained by taking the subsets J = {2,...,¢} and J = {{ + 2,...,2(}.
Again the inverse of the Vandermonde systems have all entries of the same
sign and one gets:

Proposition 2.20. If N = 2/, then fork =2, ...,/ the following inequalities
hold:

O'k_1<UAJg, cee ,"I}%) < Qk < Uk—1<U7g+27 SR 77:5§Z>‘

The lower bounds are all attained if and only if Il n (@ v) = 0, while
the upper bounds are all attained if and only if Iyo . 2y (a0 ® v) = 0. These
bounds are always sharp by the non-ellipticity of Ppa,. o and Ppyo,. 20y

As there exists a set of minimal elliptic operators, there also exists a set of
mazximal non-elliptic operators, i.e. the set of operators P; which are non-
elliptic and I has maximal cardinality. Theorems 2.12 and 2.13 provide us
also the set of maximal non-elliptic operators, which are explicitly described
as follows.

Let NVE denote the set of subsets of {1,..., N} whose elements are obtained
by choosing exactly one index in each of the sets {j, N+2—j} for 2 < j </,
if N =2(—1or N =2/, giving 2°~! elements in N€. The elements of NE are
then precisely the subsets of {1,..., N} corresponding to the maximal non-
elliptic operators, unless n is odd, N = 2¢ —1 and A is properly half-integral,
in which case the subsets containing ¢ (which corresponds to the zero weight)
are elliptic. This is called the exceptional case and is the only one when the
Kato constant provided by Theorem 2.22 might not be optimal.

The set NE can easily be described in the graphical interpretation given
by Diagrams 2.1 and 2.2 (with the remark that now the indices are con-
sidered according to the convention given by the decreasing ordering of the
conformal weights): each element of NE contains exactly one index from
each box containing two weights. For instance, for n = 2m + 1, if \,,, = %,
then —g,, is not relevant and the zero weight forms one box, so that it is
not taken in any subset in N&; if \,, > 1, then {—¢,,,0} are in the same
box and one of them is chosen for each subset in NE. For n = 2m, if
Am—1 > Ay > 0, then {—¢&,, 1,6, } form one box and {—¢,,} is alone in a
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box; whereas if A\,,_1 > —\,,, > 0, then £¢,, are interchanged (since the or-
dering of the corresponding conformal weights changes: wy, 4+ —wp, — = 2\,,),
namely {—¢&,,_1, —€,,} are in one box and {e,,} forms itself a box. This is in
accordance with the classification of minimal elliptic operators: {—¢,,} and
{—em-1,em} are elliptic if A,, > 0, and {e,,} and {—¢,,_1, —€,,} are elliptic
if A\, < 0. In the special case when the weights +¢,, are relevant and their
conformal weights are equal: w,, — = wy, +, i.e. when \,,_1 > \,, = 0, then,
in our convention, the corresponding representations are considered as one
summand Vy_. @ Vi, and in this case the last box in the Diagram 2.2
is formed by {—en_1,em}, and the corresponding projection to &, is here
actually the projection onto Vy_. @ Vi, .

In the sequel we call NE the set of maximal non-elliptic operators, which
is true apart from the exceptional case. Notice that each subset in NE has
exactly £ — 1 elements, where ¢ gives the parity of N, .e. N = 2( —1 or
N = 2{. Now we can give explicitly the description of the vertices of the
polyhedral region P in R*! (we also here recall its complete proof given
in [18], because we need the arguments in § 2.3):

Proposition 2.21. The vertices of the polyhedron P are exactly the points
Q7, defined by (2.20), with J € NE, the set of maximal non-elliptic operators.
In the exceptional case, when n is odd and X is properly half-integral, only
one inclusion holds, namely that the vertices are contained in the set NE.

Proof:  Let us denote by V the set of vertices of the polyhedron P in
R !, Then we have to show that, if we are not in the exceptional case, the
following equality holds: V = {Q”| J € N€}. Notice that the vertices of P
are characterized as follows:

V={Q"||J]=¢-1,T1;(Q7) = 0,for all j € J; I;(Q7) > 0,for all j € J}.

The two inclusions are shown as follows.

(1) {Q7|J € NE} C V: for J € NE, Py is not elliptic, so that there exists a
decomposable element o ® v € (R")* ® V) of norm one with II;(a ® v) = 0,
for all j € J, which implies that Q7 € V.

(2) J ¢ NE implies Q7 ¢ V (where J is a subset of {1,..., N} with ¢ — 1
elements, for N = 20 or N = 2¢ — 1): if J ¢ NE, then it follows that the
corresponding operator Pj is elliptic (otherwise J would be contained in a
maximal non-elliptic set, but they all have exactly ¢ — 1 elements and are
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contained in NV€). In order to show that Q7 is not a vertex of the polyhedron
P, it is enough to find for any set J defining an elliptic operator P;, an index
i such that m;(Q7) < 0.

For N odd, equation (2.21) implies that for each i ¢ J, I1;(Q7) is nonzero
and its sign is:

sgn(mi(Q7) = (=1) 'sen([ [(@7F —@})).

jeJ

There are exactly ¢ — 1 couples of the type (s, N +2 — s) and, since J ¢ NE
and has ¢ — 1 elements, there exists at least one such couple not contained
in J.

The ordering of the squares of the translated conformal weights, that can be
directly checked by the formulas (2.10), is the following (N = 2/ — 1):

~2 ~2 ~2 ~2 ~2 ~2 ~2 ~2
w1 >’LUN+1>U)2 >UJJV>>/LUZ >wN+2_i>"'>w£ >’LUN+2_£.

It then follows that for a couple (s, N 4+ 2 — s), w? and w3, ,_, are adjacent
in this ordering, so that the following signs are the same:

sgn(] [ (@2 — @3)) = sen(] [ (0% 2. — @)

jeJ jeJ

Since N is odd, s and N + 2 — s have different parity, showing that m,(Q”)
and my4o_(Q7) have opposite signs.

For N even, the only difference is the way the sign chances when passing
from i = s toi1 = N + 2 — s: the parity of ¢ remains the same, but the sign
of the factor (w; — 1) in (2.22) changes.

We notice that the arguments in (2) are also valid in the exceptional case,
since NE still contains all subsets defining maximal non-elliptic operators.
Thus, the inclusion V C {Q’|J € NE} holds in all cases. O

As remarked above, in order to compute the Kato constant given by (2.13)
it suffices to minimize or maximize over the set of vertices of the polyhedron
P. The identification of these vertices provided by Proposition 2.21 and the
fact that the explicit values of the norms |II;(a®v)|? at each vertex turn out
to be easily computed prove the main result:

Theorem 2.22 (D. Calderbank, P. Gauduchon and M. Herzlich, [18]). Let
I be a subset of {1,..., N} corresponding to an injectively elliptic operator
Pr =3, ;0V acting on sections of VAM. Then a refined Kato inequality
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holds: |d|p|| < ki|V|, for any section ¢ € ker(P), outside the zero set of .
If N is odd, the Kato constant ky is given by the following expressions:

[[cs(wi +w;) [Lcs(wi +w;)

k? = max — = 1—min ——
I Jene = [T e iy (wi — w;) JENE P [T gy (wi — wj)
(2.23)
If N is even, the Kato constant ky is similarly given by:
k7 = max Z (’&7@ - 1) Hjej(wi:L wjj
Jene \ o= 2) TLieq (Wi — w;)
(2.24)

~ 1 (Wi +w;
=1 — min Z (wl - —) HJEJ( = JA),
JENE P 2 H]ej\{l} (wz - ’U)j)

These Kato constants are optimal, unless in the exceptional case when n and
N are odd, N = 20 + 1, X\ is properly half-integral and the set J achieving
the extremum contains ¢ + 1.

Another completely different approach to the computation of optimal Kato
constants was provided, independently, by Th. Branson, [15], whose proofs
rely on powerful techniques of harmonic analysis. One may say that the
method in [18] (whose main steps we gave in this section) is the local method,
relying on algebraic considerations on the conformal weights and a linear
programming problem. On the other hand, the method in [15] is a global
one, using the spectral computation on the round sphere in [13] and a result
relating the spectrum of an operator to information on its symbol. The
advantage of the local method is that it provides an explicit description of
the sections satisfying the equality case of the refined Kato inequality, while
the advantage of the global method is that it is always sharp (also in the
exceptional case).

2.3 A New Proof of Branson’s Classification

The aim of this section is to give a new proof of Branson’s classification of
natural first order minimal elliptic operators, [13], stated here in our notation
in Theorems 2.12 and 2.13. The tools we use are on the one hand the
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computation of the Kato constant provided by D. Calderbank, P. Gauduchon
and M. Herzlich in [18], whose main steps are given in the previous section,
§ 2.2, and, on the other hand, the branching rules for the special orthogonal
group. The main idea is that the argument in [18] may be, in a certain sense,
reversed: while in [18] the task is to establish for each natural elliptic operator
an explicit formula of its optimal Kato constant, assuming known the list of
Branson of minimal elliptic operators, our goal is to analyze to which extend
the computations of the Kato constants rely on this assumption of ellipticity
and how Branson’s list could be recovered. Our proof does not cover a special
case, that is explained in Remark 2.29, but has the advantage of avoiding
the powerful tools of harmonic analysis used in [13]. Being based mainly on
representation theoretical arguments, this proof suggests that it should carry
over to other subgroups G of SO(n), in order to provide the classification
of natural elliptic operators constructed from G-generalized gradients, as
pointed out in Remark 2.30.

The starting point is the following straightforward observation:

Lemma 2.23. Let k; be the optimal Kato constant for the operator Py, which
is giwen by ky = sup |l (a®v)| (see Lemma 2.17). Then it holds:

|o|=v|=1
kr <1 <= P; s an elliptic operator.
Proof: If |a| = |v| =1, then 1 = |a ® ¢|* = [II;(a ® ¢)> + |II:(a @ ¢) %,
so that k; is always smaller or equal to 1. Then, by negation, the equivalence
in the statement is the same as the following equivalence:

kr =1 <= Py is not elliptic,

which is a consequence of the definitions: k; = 1 if and only if there exist

a and v of norm 1 such that |II;(e ® v)| = 1, which is then the same as
III;(a ® )| = 0, or, equivalently, & ® ¢ € ker(P;), meaning that P is not
elliptic. O

Lemma 2.23 implies that the ellipticity of a natural first order differential
operator P follows from the computation of its optimal Kato constant k;.
Thus, as soon as we are able to compute explicitly k; (without using the
ellipticity assumption) or to show that k; is strictly less than 1, it follows that
the operator Py is elliptic. In the sequel we show that k; is strictly bounded
from above by 1 for the operators in Branson’s list, ¢.e., in the notation
given by the decreasing ordering of the translated conformal weights, for all
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operators enumerated in Remark 2.16, except the case 3., which corresponds
to the zero weight.

We use the same notation as in § 2.2 and notice that for the construction
of the convex region P, as well as for establishing its compactness, the only
ingredient needed is the ordering of the translated conformal weights, which
is provided by the explicit formulas (2.10).

The key observation is that the only step in the proof of the main result in [18]
(and stated here in Theorem 2.22) where the ellipticity of the operators was
used, is in the identification of the vertices of the polyhedral region, namely
in Proposition 2.21. If we now consider the same set NE introduced in § 2.2:

NE={JcC{l,....NY|[|JN{i,N+2—i} =1for2<i<(}

where N = 2{—1 or N = 2/, then one inclusion established in Proposition 2.21
still holds, without any ellipticity assumption on the operators. More pre-
cisely, we get:

Lemma 2.24. The vertices of the polyhedron P are given by a subset of NE.

Proof:  As in the proof of Proposition 2.21, we start with a subset J
in {1,...,N} with £ — 1 elements, such that J ¢ NE and show that the
corresponding point Q7 defined by (2.20) is not a vertex of P. It is enough
to find an element ¢ € {1,..., N} such that m;(Q7) < 0. The argument in
the same as in the proof of Proposition 2.21: by the definition of the set
NE we find a couple (s, N + 2 — s), for some 2 < s < £, that is outside J
and from the ordering of the translated conformal weights we conclude that
7,(Q7) and 7,9 4(Q7) are nonzero and have opposite signs. O

From the inclusion V C N€ given by Lemma 2.24, the formula (2.13) for the
Kato constant k; and the expressions (2.16) and (2.17) for the norms of the
projections, we get the following upper bound:

= | Smi@)) = may (S@) ) < s ( Smi@)) =
jel jel jel

(2.25)
Thus, if we show for a subset I C {1,..., N} that ¢; < 1, then from (2.25)

and Lemma 2.23 it follows that the corresponding operator P is elliptic.

We notice that the formulas for the optimal Kato constant in Theorem 2.22
actually compute the values of the upper bound c¢;, if we do not assume
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the ellipticity of any operator involved. This straightforward, but important
remark provides the main argument in the new proof of Branson’s classifica-
tion.

Applying now Theorem 2.22 in the special case when the set [ has only one
element or two elements of the form {i, N + 2 — i}, one recovers the list of
minimal elliptic operators as follows.

Corollary 2.25. The upper bound cy is strictly smaller than 1 for any of the
following subsets I:

1. I ={1};

2. I ={l+1} if N =20 and \,, # 0;

3. I={i,N+2—1} fori=2,... (.

From the above discussion it then follows that the corresponding operators Py
are elliptic.

Proof: By Theorem 2.22; the upper bound ¢; is given by the following
formula, if N =2/ — 1:

_(w; + w;
¢; = max Zﬂ'j(QJ> = max e — ]3
JENE A JENE — Hjej\{i}(wi — w;)
jel ielng (2.26)
(W +w;
=1— min Z HJGJ( — JZ ,
JeNE g H]Gj\{z} (wz — U)j)

and if N = 2¢:

_ (0N | —
cr = max Z%(Q) max Z

jel ielng

e 3 () e D)

JeNE 2 H]Gj\{z} (’l’l\J/z — QI}/J)

<~ ;) [1e,(wi +w;)

W; — = po po
Hjej\{i}(wi — w;)

ieIng

(2.27)
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The last expressions in (2.26) and (2.27) are particularly simple if the set [
has just a few elements, as it is in our case.

1. Substituting / = {1} in (2.26) and (2.27), the sums reduce to one element,
since I NJ = {1} for any J € NE, and we get:

(w1 + w;
JeNE Hjef\{z}(wl — wj)

1 (W + w;
ey = 1— miy (@1—‘> e %) ) ey g (220

which implies that c;;3 < 1, because w; is the biggest translated conformal
weight: w? > @32., for any 2 < j < N and w; = A\ + ”T_l > % (we assume
always n > 2 and \; # 0, otherwise A is just the trivial representation).

2. If the dimension n is odd, n = 2m + 1, the case N = 2¢ can only occur
if A\, = %, as can be easily seen in the Diagram 2.1 which illustrates the
selection rule (since in all the other cases the weights come in pairs). In
this case, the index ¢ + 1, given by the decreasing ordering of the translated
conformal weights, stays for the weight 0. If n = 2m and N = 2/, then
from Diagram 2.2, it follows that the index ¢ + 1 stays either for the weight
—Em, if Ay, > 0, or for the weight ¢,,, if \,, < 0 (since again the indices
are given by the decreasing ordering of the translated conformal weights and
Wt — Win,— = 2A;y). Substituting I = {¢ + 1} in (2.27) reduces again the
sum to one element and yields the following expression:

( e =5 e, (@Wern + w)) ) : (2.30)

Ciey1y = 1 — gk%

W1 — Wy Hjej\{l,é—l—l} (Wer1 — wy)

From the explicit values of the translated conformal weights given by (2.10),
namely: W, — = =\, +m— ”T’l and Wy, + = Ay —m—+ "TH, it follows that for

n =2m+ 1, as well as for n = 2m, the term ({UgH — %) is strictly negative,
By i1

and thus % is strictly positive. From the way the sets J € NE are

defined, by choosing exactly one element from each pair {i,2¢ 4+ 2 — i} for

2 <4 </, it follows that in the product in (2.30), there occur only factors of

. w W, w w i .
one of the following two types: —=ttWi  op BeitWeeiai f4) some 2 < 4 < L.
We+1 —W2042—4 We1—W;

From the ordering of the translated conformal weights it turns out that each
such factor is strictly positive, showing thus that cgeqy < 1.

3. The ordering of the translated conformal weights implies the following
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inequalities, for any ¢ € {1,..., N}, j € {l,..., ¢} and j #i, N +2—:

w; + w; > w; + WN+2—j

>0, ifi<jor N+2—j<i,

Wi — W42 W; — W;j

Wi+ gy W+ L |
MR T T 50, ifj<i<N+2-—7].
Wi — Wj Wi — WN2—j

If N =20 — 1, then substituting I in (2.26) with a set formed by a pair of
type I = {i, N + 2 — i}, with ¢ € {2,...,¢}, and using the above relations
yields the following expression for the upper bound of the Kato constant:

LW+ Wopp1— Wi + Wapy1—
cr =1 — min — .

— , = —
W; — Wy Wop41—i — W1

Similarly, if N = 2¢, then substituting [ = {i, N + 2 — i} in (2.27) yields:

(Wi + Wapyo—i) (W — %) (Wi + Wapyo—i)(Wapyo—i — %)
cr =1 — min
(Wi — Wegr ) (Wi — W) " (Waepo—i — Wepr)(Warro—i — Wi)

The same argument as in the case 2. shows that ¢; < 1. 0

Corollary 2.25 proves that all the operators that come up in Branson’s clas-
sification, and that we listed in Remark 2.16 in our notation, are elliptic,
except for one special case that we explain in Remark 2.29. But our aim is
to determine all minimal elliptic operators, so that we still have to eliminate
the other possibilities. Namely, on the one hand, we have to show that the
generalized gradients corresponding to an element in one of the sets obtained
in the case 3. of Corollary 2.25 are not elliptic, and on the other hand, that
there are no other combinations which provide elliptic operators. Thus, we
have to find the maximal non-elliptic operators, in order to conclude that
the elliptic operators found in Corollary 2.25 are all the minimal elliptic op-
erators. The main tool we use for this is the branching rule of the special
orthogonal group and the following necessary condition for ellipticity (see
also [18]):

Lemma 2.26. Let P; : T'(V)) — [(@&V;) be the operator corresponding
i€l

to a subset I C {1,...,N}, in the notation introduced by (2.11). If there
exists an irreducible SO(n — 1)-subrepresentation of Vy that does not occur
as SO(n — 1)-subrepresentation of V; for any i € I, then P; is not elliptic.

Proof: By Definition 2.4, P; is (injectively) elliptic if its principal symbol,
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II; : (R")*®V\, — @V}, is injective when restricted to the set of decomposable
i€l

elements, i.e. if for any vector a € (R")*, a # 0, the linear map:

V)\—> EB‘/Z, 'UI—>H[(O(®’U)
iel
is injective. Since SO(n) acts transitively on the unit sphere in (R™)*, one
may, without loss of generality, take o to be a unit vector. Then, the above
map is SO(n — 1)-equivariant, where SO(n — 1) is the stabilizer group of
a under the SO(n)-action on the sphere. The existence of an injective and

SO(n — 1)-equivariant map between V) and @ V; shows that any SO(n — 1)-
i€l
subrepresentation of V) occurs in V; for some i € I. O

In order to use Lemma 2.26 we have to apply the branching rule for the re-
striction of an SO(n)-representation to SO(n — 1), which we recall in the se-
quel (see e.g. Theorem 9.16, [45]). We consider, as usual, the parametrization
of irreducible SO(n)-representations by dominant weights, i.e. the weights
satisfying the inequalities (1.1).

Proposition 2.27 (Branching Rule for SO(n)).

(a) For the group SO(2m + 1), the irreducible representation with highest
weight X = (A1, ..., A\m) decomposes with multiplicity 1 under SO(2m),
and the representations of SO(2m) that appear are exactly those with
highest weights v = (71, ..., %m) such that

M2 > 2 A1 2 Y1 = A = Yl (2.31)

(b) For the group SO(2m), the irreducible representation with highest weight
A= (A1,..., Am) decomposes with multiplicity 1 under SO(2m—1), and
the representations of SO(2m — 1) that appear are exactly those with
highest weights v = (Y1, ..., Ym—1) such that

MM 2X>% 2> 2 At 2 Y1 2 Al (2.32)

From Proposition 2.27 we obtain the maximal non-elliptic operators as fol-
lows:

Corollary 2.28. The maximal non-elliptic operators Py are given exactly by
the sets J in NE, apart from the special case when n is odd, N = 2¢ — 1
and \,, > 1. In this case the sets J of NE that do not contain € (which
corresponds to the weight 0) are maximal non-elliptic.
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Proof: = We recall that the coordinates of a dominant weight A are given
with respect to the basis {¢;};_15; introduced in § 1.1.1. Here it is more
convenient to consider the elements of a set J as weights of the standard
representation, instead of the notation with indices corresponding to the
ordering of the translated conformal weights.

Let J be a subset in NE, i.e. J has cardinality £ — 1, where N = 2/ or
N =20 —1. If n = 2m, then J is obtained by choosing exactly one weight
from each pair of relevant weights of type {—¢;,&;41}, for 1 <i <m —2 and
one weight from {—¢&,,_1,e,}, if Ay, > 0, or one weight from {—¢&,,_1, —€n },
if \,, < 0. If n = 2m + 1, then we consider the sets J € NE obtained
by choosing exactly one weight from each pair of relevant weights of type
{—¢i,ei1}, for 1 <i <m —1 and the weight —¢,,, if it is relevant.

For each such set J, it is enough to find an SO(n — 1)-subrepresentation of
V) that does not occur in @ V), .. By Corollary 2.28 it will then follow that
eeJ

the corresponding operator P; is not elliptic. When enlarging the set J to
some set J' by adding any other relevant weight, there is at least one subset
I of J' which is equal to one of those listed in Corollary 2.25, showing that
J' is elliptic. This means that J is maximal non-elliptic.

For n = 2m we choose the irreducible SO(2m — 1)-subrepresentation of A

with highest weight v = (71, ..., ¥m—1), where the coordinates are defined by

the following rule, for each 1 <7 <m — 2:

i it A=\ —g €J

%= MDA (233)
Ai1, e € J,

and
)\mfl, if )\m,1 = )\m =0or — Em—1 € J
Ym—1 = § A ife,, € Jand \,, >0 (2.34)
—Am, if —g, € Jand A\, <O0.

We recall that the condition \; = A\;41, for 1 < i < m—2, is equivalent to the
fact that the weights {—¢;,€,41} are not relevant for A and A,,_1 = A, =0
is the only case when —g,, ; is not relevant (see e.g. Diagram 2.2). The
coordinates of «y fulfill the inequalities (2.32) for the representation A, showing
that v is an irreducible SO(2m — 1)-subrepresentation of A. On the other
hand, it can be directly checked that the inequalities (2.32) are not satisfied
anymore for any of the SO(2m)-representations of highest weight A\ 4 ¢ with
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e € J, showing that v does not occur as SO(2m — 1)-subrepresentation in
Dees V)\-‘r&"

For n = 2m+1 we similarly choose an irreducible SO(2m)-subrepresentation
of A with highest weight v = (71, ..., %m), whose coordinates are defined by
the following rule, for each 1 <7 <m — 1:

i = {)\1, if )\z = )\i+1 or —¢g; € J (235)

Aiv1, if g1 €,

and v, = A\n,. It follows also in this case that the inequalities (2.31) are
fulfilled for A, but fail for any A 4+ ¢ with ¢ € J. The branching rule then
implies that v is an irreducible SO(2m)-subrepresentation of V) which does
not occur as subrepresentation in G.c;V)ic. O]

Remark 2.29. From Corollary 2.25 and Corollary 2.28 we recover Branson’s
classification of minimal elliptic operators, up to an exceptional case. Namely,
when n is odd, N = 2¢ — 1 and \,, > 0, then the zero weight is rele-
vant. If A is moreover properly half-integral, then the corresponding operator
P, : VM — V, M is elliptic (by Branson’s result), while if A is integral, Py is
not elliptic. Unfortunately this special case cannot be recovered by the above
arguments, since they only involve the translated conformal weights, which
are associated to the Lie algebra so(n), so that they do not distinguish be-
tween the groups Spin(n) and SO(n). The argument based on the branching
rule for establishing the maximal non-elliptic operators does not work either
for the zero weight, since in this case the source and target representations
are isomorphic.

Remark 2.30. This new approach to the classification of minimal elliptic op-
erators has the advantage that it is mainly based on representation theory
and avoids the techniques of harmonic analysis which, as powerful as they
are, seem to be particular for the special orthogonal group. Our hope is that
this method can be carried over to the subgroups G in (1.6), in order to pro-
vide a similar classification of the minimal elliptic operators obtained from
G-generalized gradients. We notice that the argument in Lemma 2.26 still
works for any of these groups G' (because they occur as holonomy groups,
which are known to act transitively on the unit sphere) and combined with
the branching rules of the groups involved yield a list of non-elliptic oper-
ators. This is work in progress and until now we only have partial results,
particularly for the group Gs.
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In the sequel we present our partial results regarding the ellipticity of G-
generalized gradients. The group G, is the smallest of the exceptional Lie
groups. It is a compact, simple and simply-connected group, defined as
the automorphism group of the octonions algebra Q. Hence, we have the
inclusion Gy < SO(7), where SO(7) is identified with the rotation group of
the imaginary octonions. Alternatively, G, may be defined as the isotropy
group of a 3-form of general type in A3(R7) or as the isotropy group of a real
Spin(7)-spinor. The Lie algebra gs is 14-dimensional and has rank 2.

We denote by T' the complexification of the defining representation of G5 (or,
equivalently, of go) given by the restriction of the standard SO(7)-representa-
tion. Thus, T" is a 7-dimensional representation and it has too many weights
to be orthonormal for any scalar product on the dual h* of a fixed Cartan sub-
algebra b of go. However, one can choose an ordering of the weights in *, so
that the weights of T are totally ordered: e; >e9>e3>0> —e3> —ec9> —¢3.
In this notation, the fundamental weights of g, are given by: w; = &y,
wy = €1+€9; and the last weight of T" is expressed as follows: €3 = —ws + 2w .

Any irreducible Ga-representation is parametrized by a dominant weight, A,
which is expressed as a positive integral combination of the fundamental
weights: A = aw; + bwy, with a,b > 0, or, equivalently, with respect to the
weights of T" as: A = A\je1 + Ageg, with integers Ay > Ay > 0. The selection
rule given by Theorem 1.7 for the decomposition of 7' ® V), into irreducible
Go-representations may be visualized in following diagram, which is similar
to the ones for the special orthogonal group (see Diagrams 2.1 and 2.2) and
is found as well in [63]:

Diagram 2.3: Selection Rule for G,

AL > Ay
€1 —&1 A >0
€2 —&9
0 €3
AL > A+ 1 —€3

Let (M, g) be a Riemannian manifold carrying a Ge-structure and consider
the Gy-generalized gradients (in a simplified notation: P. := PY" = II. o V)
acting on sections of the associated vector bundle V3 M, as defined by (1.17),
where V is any Go-connection.
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We now consider Question 2.7 for the group G,. Namely, we ask for which
subsets I of the set {+¢;,0},-1 3 of weights of the representation T is the ope-
rator Dy := Y _.; P*P_ elliptic. By Lemma 2.8, which holds for any group G,
this question is equivalent to asking when the first order differential operator
Pr:=73%"_c; P is (injectively) elliptic. The interesting cases are, as for SO(n),

the minimal elliptic operators and the maximal non-elliptic operators.

We recall that the method used in our proof of Branson’s classification for the
case of SO(n) consists of two steps: first we proved that the Kato constant
of the operators in Branson’s list is strictly smaller then 1, which yields their
ellipticity, and then we established the set of maximal non-elliptic operators,
which implies that the operators in the list are all minimal elliptic operators.
Our purpose is to use the same method for the group GG5. The results we have
until now give a partial answer for the second step. Namely, we provide a list
of non-elliptic operators, but it is still open if it contains all maximal non-
elliptic operators. We obtain this list using the following necessary criterion
for ellipticity, which is the analogue of Lemma 2.26:

Lemma 2.31. Let P : T'(V)) — I'(® VL) be the operator corresponding to a
eel

subset I C {+£e;,0}i=13. If there exists an irreducible SU(3)-subrepresentation
of Vi that does not occur as SU(3)-subrepresentation of any V., with € € I,
then Pr 1s not elliptic.

The proof of Lemma 2.31 is based on the same argument as for Lemma 2.26,
which is straightforwardly carried over to the case of G3. We only need to
observe that the group G acts transitively on the 6-dimensional sphere in
R” and the isotropy group of a point on the sphere is SU(3).

In order to apply Lemma 2.31, we need the branching rule for restricting a
representation of Gy to SU(3). This rule was established, for instance, by
R. King and A. Qubanchi, [38], and can be formulated as follows:

Proposition 2.32. (Branching Rule for Gy to SU(3), [38]) The multiplicity
of the SU(3)-irreducible representation of highest weight (11 > vy > 0) in the
Go-irreducible representation of highest weight (A\y > Ay > 0) is given by:

C((li\llj\;)) =1+ min(Al - A27 A27 vy — Vg, 9, >\1 + )\2 - V1,
’ (2.36)
/\1 — 1 + Vo, )\1 — V9, —>\2 + 1/1),

where the minimum is taken only if all elements are positive; otherwise one
takes -1, so that the coefficient is equal to 0.
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Lemma 2.31 and Proposition 2.32 imply as follows that the differential opera-
tors P; given by the subsets I = {eq, —¢3}, respectively I = {—e1, —eq, —£3},
are not elliptic.

Let [ = {ey, —e3}. It is enough to show that for any Ge-irreducible represen-
tation V) of highest weight (A > Ay > 0), there exists an SU(3)-irreducible
representation of highest weight (v, 1) which occurs in the decomposition
of V), but does not occur in the decompositions of Vy;., and V\_.,. We
check directly by (2.36) that the SU(3)-irreducible representation with high-
est weight (Ag,0) fulfills these conditions, as follows:

CO0? = 14 min(A — Ag, Ao, At 0) > 1
C((Axl 3)2+1) =14+ min(A\; — Ay — 1, 2,0, A, —1) =0,
C((/)\‘l 0)1 Artl) min(A; — Ay — 2, A2,0, A\, — 1,—1) = 0.

Let I = {—&1, —e9,—c3}. Similarly, we check that for the G-irreducible
representation V) of highest weight (A; > Ay > 0), there exists the SU(3)-
irreducible representation of highest weight (A; + A2, A1) with multiplicity
greater or equal to 1 in the decomposition of V), but which does not occur
in the decompositions of V\_.,, Vi_., and V\_.,. Namely, it holds:

C&lfji ) = L+ min(Ar — Ao, Ao, Ay, 0) =

Clnany = L+min(d = Ao — 12z, Ay, —1) — 0,

Ce ) =14 min(A — Ag, Ao — 1, Ay, —1) =0,
O(:;)l\g/\f\:r)l) =1+min(A; — Ay — 2,0, A\ — 1,—1) = 0.

The following table summarizes the known results on the ellipticity of the
operators of type P; contructed from G,-generalized gradients:

‘ Singletons H Pairs H Triples ‘
{—=¢e1} | non-elliptic || {—e1, —e2} | non-elliptic || {—e;, —€2, —£3} | non-elliptic
{e2} | non-elliptic | {—e1, —e3} | non-elliptic
{—¢e2} | non-elliptic || {—e2, —e3} | non-elliptic
{—¢e3} | non-elliptic | {e2,—e3} | non-elliptic
strongly
{er} elliptic
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We recall that the top gradient given by the weight £; and corresponding
to the projection onto the Cartan summand is, by Proposition 2.9, strongly
elliptic. The other sets in the table, providing non-elliptic operators, follow
from the two sets I considered above and from the remark that if P; is non-
elliptic, then all the operators corresponding to subsets of I are non-elliptic
as well. We notice that there are two singletons for which the ellipticity
question is still open, namely €3 and 0. For the weight 0, the source and
target of the operator are both equal to V), so that Lemma 2.31 cannot
be applied. For the weight &3, it follows from a dimension argument (using
Weyl’s dimension formula) that if A\; > 2Xy — 1, then dim(V)) > dim(V),,),
showing that in these cases the Go-generalized gradient P., is not elliptic.
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Kahlerian Twistor Spinors
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Chapter 3

Preliminaries: Spin (Geometry
on Kahler Manifolds

The purpose of this chapter is to fix the notations and to recall some results
of spin geometry on Kahler manifolds that we shall need in the sequel.

3.1 The Decomposition of the Spinor Bundle

Let (M,g,J) be a Kdhler manifold of real dimension n = 2m with Rie-
mannian metric g, complex structure J and Kéhler form Q = g(J-,-). The
tangent and cotangent bundle are identified using the metric g. In the sequel
{ei};—1 always denotes a local orthonormal frame and, where we do not write
sums, we implicitly use the Einstein summation convention over repeated in-
dices. The complexified tangent bundle splits into the (%i)-eigenbundles of
the complex structure: TM® = TM* @ TM*! and we denote the components
of a vector field X with respect to this splitting as follows:

1 1
X+ = 5(X —iJX) e (TM), X~ = 5(X +4JX) € I(TM™).

We now assume on M the existence of a spin structure. On Kahler manifolds
this is equivalent to the existence of a square root of the canonical bundle
K = A™9)M . i.e. a holomorphic line bundle L such that K = L ® L
(see [29]).
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Let Spin, M be the Spin(2m)-principal bundle of the spin structure and de-
note by XM the associated spinor bundle: ¥M = Spin, M Xgpin(2m) 22, Where
Y is the 2™-dimensional complex spin representation of Spin(2m). XM is a
complex Hermitian vector bundle and its sections are called spinor fields (or
shortly spinors).

The Clifford contraction ¢ : T"M ® XM — M is defined on each fiber by
the Clifford multiplication on the spinor representation . On decomposable
elements we have ¢(X ® ¢) = X - . It is extended to a multiplication with
k-forms. Each k-form « acts as an endomorphism of the spinor bundle, which
is locally given by:

a-p= Z A€y ey € )€y e €y e P
1< <t < <1, <2m
Consider now the Clifford multiplication with the complex volume form (with
the orientation given by the complex structure): w® =" ], e; - Je;. Since

the dimension is even, w® has the eigenvalues +1 and —1 and the eigenspaces
are inequivalent complex irreducible representations of Spin(2m) denoted by:

rT=YteX . (3.1)
As an endomorphism of the spinor bundle, the Kahler form is given locally by:

1 n
Q= §;€j . J@j. (32)

By a straightforward computation, it follows:

Lemma 3.1. Under the action of the Kahler form €0, the spinor bundle splits
into the orthogonal sum of holomorphic subbundles:

SM = &3, M, (3.3)
r=0

where each X.M is the eigenbundle of €2 corresponding to the eigenvalue
i = i(2r —m) and ranke (X, M) = (7).

This decomposition corresponds to the one for (0, *)-forms in (0, r)-forms on
M, if we consider the so-called Hitchin representation (see [29]) of the spin
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bundle of any almost Hermitian manifold: ¥M = L ® A%*, where L is the
square root of the canonical bundle K of M determined by the spinorial
structure.

Comparing the decomposition (3.1) with the finer one (3.3) we have:

STM= & LM, YM= ¢ %M.
0<r<2m 0<r<2m
T even r odd

On the spinor bundle ¥ M there is a canonical C-anti-linear real (resp. quater-
m(m+1)

nionic) structure, j : YM — XM, such that j> = (—=1)~ = . The following
property of j holds:

i SM — Y M, i(Z-p)=7-i(p), forall ZecT(TM").

3.2 The Dirac Operator and Estimates for
Its Eigenvalues

The Levi-Civita connection V on TM induces a covariant derivative on XM,
which we also denote by V. Since the Kahler form is parallel, V preserves
the splitting (3.3).

The Dirac operator is defined as the composition
N(EM) S T(T*M® SM) S T(EM), D=coV. (3.4)

Explicitly D is locally given by

D= ¢V, (3.5)
j=1

Associated with the complex structure J there is another “square root of the
Laplacian”, locally defined by

D = zn:Jej V.
j=1
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D¢ is also an elliptic self-adjoint operator and it follows easily that

(D)? = D* and DD‘+ DD = 0.
Define now the two operators

1 & 1
D= i) = SV D= KD D) = 3 @)
j=1

which satisfy the relations

D=D"+D", (D" =0, (D)*=0, D'D +D D'=D? (3.7)

When restricting the Dirac operator to X, M, it acts as follows:
D=D +D":T(S.M)—-T(3,_M)oT(S. M),

because of the following result which can be checked by straightforward com-
putation.

Lemma 3.2. For any tangent vector field X and r € {0,...,m} one has
Xt MCY. . M X -L.MCX,_ M, (3.8)

with the convention that ¥ 1M = ¥, M = M x {0}. Thus, if we denote
by c, the restriction of the Clifford contraction to T"M ® 3. M , then c, splits
as follows:

cr=c,. @ c;f TTM®YM — X, M &Y, M.

One of the main tools for the study of the Dirac operator is the Schrodinger-
Lichnerowicz formula:

D= V'V 4+ }15, (3.9)

where V*V is the Laplacian on the spinor bundle and S is the scalar curvature
of M.

Let us recall here for later use the lower bounds for the spectrum of the Dirac
operator on Riemannian and Kahler manifolds. The first such inequality
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was obtained by Th. Friedrich, [20], who showed that on an n-dimensional
compact Riemannian spin manifold (M, g) each eigenvalue A of the Dirac
operator satisfies

2 no .
> — . .
A° > =) 111\14f5’ (3.10)

Of course, this inequality gives new information only if the scalar curva-
ture is positive, in which case we denote the smallest possible eigenvalue by

A=\ /D i]r\14fS . In [20] it is shown that a limiting manifold for (3.10) is

characterized by the existence of a special spinor. More precisely, we have:

Theorem 3.3. Let (M, g) be a Riemannian manifold which admits an eigen-
spinor o of the Dirac operator D with the smallest eigenvalue \g. Then the
manifold is Einstein and o is a Killing spinor for the Killing constant —%,
i.e. satisfies the equation

A
Vxp = —fX -, (3.11)

for all vector fields X on M. Conversely, if ¢ is a nontrivial spinor on M
satisfying the equation (3.11) for some real constant, then g is an Einstein
metric and (M, g) is a limiting manifold for (3.10), ¢ being an eigenspinor
of D of the smallest eigenvalue \g.

The complete simply connected Riemannian manifolds carrying real Killing
spinors have been described by Ch. Bér, [5]. The main tool in his proof is
the cone construction. He shows that Killing spinors correspond to fixed
points of the holonomy group of the cone and then uses the Berger-Simons
classification of possible holonomy groups.

On Kéahler manifolds the inequality (3.10) is always strict since a Kéhler
manifold does not admit Killing spinors. It was improved by K.-D. Kirchberg,
who showed that each eigenvalue X of the Dirac operator on a 2m-dimensional
compact spin Kéhler manifold (M, g, J) satisfies

m—+1

2> infS, if m is odd, (3.12)
dm M
A2 > $1ﬁfs, if m is even. (3.13)
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Again we can only get new information about the eigenvalues from these
inequalities if the scalar curvature is positive. In this case we denote the smal-

lest possible eigenvalues by \34¢ := /"Z—;l i]r\14fS and A" 1= /ﬁ i]r\14fS .

The limiting manifolds of Kirchberg’s inequalities are also characterized by
the existence of spinors satisfying a certain differential equation. More pre-
cisely, K.-D. Kirchberg, [43], and O. Hijazi, [28], proved:

Theorem 3.4. Let (M, g,J) be a compact Kihler spin manifold of complex
dimension m = 2l + 1 which admits an eigenspinor ¢ of D corresponding to
the smallest eigenvalue \3%. Then the metric g is Einstein and the spinor
Y =Y+ Y41 € F(;lM @ X M) is a Kdhlerian Killing spinor for the

Killing constant — A

i.e. its components satisfy the equations:

m—+1’
)\odd B
Vxpr = — 0+1X Qi1
me (3.14)
X
\V4 = -y,
XPi+1 m1 2

for any vector field X. Conversely, if o = ¢ + pi11 € T(EM & X1 M) is
a spinor on M satisfying the equations (3.14) for some real constant, then g
is an Einstein metric and (M, g, J) is a limiting manifold for (3.12), ¢ being
an eigenspinor of D corresponding to the smallest eigenvalue A3

In the case of even complex dimension, the characterization of limiting mani-
folds in terms of special spinors has been given by K.-D.Kirchberg, [41], and
in the following stronger version by P. Gauduchon, [25].

Theorem 3.5. Let (M, g,J) be a compact Kihler spin manifold of complex
dimension m = 21 > 4 which admits an eigenspinor ¢ of D to the small-
est eigenvalue \;'". Then the manifold has constant scalar curvature and
© = @1 +i(p]_q), where i1, ; € T'(3,_1M) are spinors satisfying the
following equation:

Vxpi1 = —%X_ Dy, (3.15)
for any vector field X. Conversely, if ¢ = pi—1+j(¢)_;) € D'(E1 MBE 1 M)
is a spinor on M such that o1, @) satisfy the equation (3.15) and if there
exists a real nonzero constant X such that D*p = X2, then the manifold has
constant scalar curvature and is a limiting manifold for (3.13), X being equal
to AG'°".
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These limiting manifolds have been classified by A. Moroianu in [51] for m
odd and in [54] for m even. In the even complex dimension, the result was
conjectured by A. Lichnerowicz, [48], who proved it under the assumption
that the Ricci tensor is parallel.

Theorem 3.6. The only limiting manifold for (3.12) in complex dimension
4k + 1 is the complex projective space CP**'. In complex dimension 4k + 3
the limiting manifolds are exactly the twistor spaces over quaternionic Kdhler
manifolds of positive scalar curvature.

Theorem 3.7. A Kdhler manifold M of even complex dimension m > 4 is
a limiting manifold for (3.13) if and only if its universal cover is isometric
to a Riemannian product N x R?, where N is a limiting manifold for the odd
complex dimension m — 1 and M 1is the suspension over a flat parallelogram
of two commuting isometries of N preserving a Kdhlerian Killing spinor.
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Chapter 4

Kahlerian Twistor Spinors

In this chapter we introduce the main objects, the Kéahlerian twistor spinors.
We show that these spinors are in one-to-one correspondence to parallel
sections of a connection called the Kahlerian twistor connection, which we
construct explicitly. Moreover, we compute the curvature of the Kahlerian
twistor connection and obtain formulas that are the starting point for the
classification of Kahler spin manifolds carrying Kahlerian twistor spinors.

4.1 Twistor Operators

Natural first order differential operators acting on sections of an associated
vector bundle E over the manifold M are given by the composition of pro-
jections onto irreducible components of the tensor product T*M ® E with
a covariant derivative on E, as we have seen in § 1.1. Then the principal
symbol of the operator is the projection defining it. There is always a distin-
guished projection onto the so-called Cartan summand, whose highest weight
is exactly the sum of the highest weights of the representations defining the
bundles T*M and FE.

Consider now the spinor bundle X M over a Riemannian spin manifold (M, g).
Since the tensor product TM®X M splits as Spin(n)-representation as follows:

TM ® XM = XM & ker(c),

we get two first order differential operators: the Dirac operator (see (3.4)),
given by the projection (which is identified with the Clifford contraction) of
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the covariant derivative onto XM and the complementary operator given by
the projection of the covariant derivative onto the Cartan summand ker(c).

In order to define the projections we need to consider an embedding of XM
into the tensor product TM ® XM, i.e. the right inverse of the contraction
¢, t: XM — TM ® XM, such that ¢ o v = ids)ys, which is given locally as
follows:

1 n
L) = —ﬁZej@)ej F P
Jj=1
The Riemannian twistor (Penrose) operator is then defined by
1
T:XM — kerc, Ty =Vo+ —e;Re;- Do,
n
or, more explicitly, when applied to a vector field X:
1

Definition 4.1. Let (M, g) be a Riemannian manifold. A spinor ¢ € I'(X M)
is called Riemannian twistor spinor if it belongs to the kernel of the Rieman-
nian twistor operator, z.e. if it satisfies the differential equation

1

for all vector fields X.

Let us now consider the case of Kédhler manifolds. It was proven in [42] by
K.-D. Kirchberg that on a Kéahler manifold with nonzero scalar curvature,
the space of Riemannian twistor spinors is trivial (a different proof of this
result is also given by O. Hijazi, [28], and for compact Kéahler manifolds
this vanishing result is due to A. Lichnerowicz, [49]). Thus, it is natural to
consider a twistor operator adapted to the Kahler structure, by looking at the
decomposition of each tensor product of the vector bundles TM ® ¥, M (for
r = 0,...,m) into irreducible components under the action of the unitary
group U(m). There are three irreducible summands:

TM®S,M 2%, Ma&%, M ker(c,), (4.3)

where ¢, is the restriction of the Clifford contraction to X, M as in Lemma 3.2.
Thus, there are three first order differential operators: the first two projec-

tions are given by ¢, respectively ¢, and the third one is the projection

r ro



4.1. TWISTOR OPERATORS 95

onto the Cartan summand, kerc,. As in the Riemannian case we need the
two embeddings, which are locally given as follows:

n

1
- . - _ +
by Zr_lM —-TM® ZTM, Ly (QO) = —m ]221 €; X €j -,
1 n
+ . + _ E —
Lyt 2T+1M — TM &® ZTM7 Ly (QO) = —m £ €; &® €j © Q.

The Kahlerian twistor (Penrose) operator is defined as the projection of the
covariant derivative onto the Cartan summand: 7, : I'(3, M) — I'(ker(c,)),

T.0o=Vp+ ej®ej-D_g0+ ej®ej_-D+g0,

2(m —r+1) 2(r+1)

or, more explicitly, when applied to a vector field X:

1
(T)xp=Vxp+———X"-D o+

m—r 1) X~ -Dty.  (4.4)

1
2(r+1)

The Kéhlerian twistor operator has already introduced e.g. by P. Gauduchon,
[25]. Different approaches have been considered by O. Hijazi, [28], and by
K.-D. Kirchberg, [41]. In Remark 4.8 we discuss the relationship between
the various definitions of a twistor spinor adapted to the Kahler structure.

Definition 4.2. Let (M, g, J) be a Kédhler manifold. A spinor ¢ € I'(X, M)
is called Kdhlerian twistor spinor if it belongs to the kernel of the Kahlerian
twistor operator, i.e. if it satisfies the differential equations

e (4.5)
Vx-¢ ==X D7,

{Vmw =~ X Do,
for all vector fields X.

We shall denote by K7 (r) the space of Kéahlerian twistor spinors in 3, M.
It follows immediately from the defining equations (4.5) that the real (or
quaternionic) structure of the spinor bundle, j, preserves these spaces:

ji:KT(r) = KT(m—r).

Thus, it is sufficient to study K7 (r) for 0 <r < .
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A special class of spinors in K7 (r) are the special Kahlerian twistor spinors
defined as follows:

Definition 4.3. A Kéahlerian twistor spinor ¢ € I'(X, M) is holomorphic,
respectively anti-holomorphic Kdhlerian twistor spinor if D@ = 0, respec-
tively D~ = 0.

We denote the space of holomorphic and anti-holomorphic Kahlerian twistor
spinors in X, M by HKT (r), respectively AKT (r), and notice that they are
interchanged by j:

it AKT (r) = HKT (m —r). (4.6)

Parallel spinors are of course the simplest examples of a twistor spinor of
any kind, because, by definition, all components of the covariant derivative
vanish. However, this condition is very restrictive, since parallel spinors only
exist on Ricci-flat Kahler manifolds.

Directly from the decomposition (4.3) and using the embeddings ¢." and ¢,
we get the following Weitzenbdck formula, relating the differential operators
acting on sections of X, M:

1 1
vt ppry—1  ppirn @
VIV = T T o m—r 1) 1 (47)

This is just a special case of a general Weitzenbock formula (see § 1.3) which
expresses the rough Laplacian V*V acting on an associated vector bundle
as the sum of all 7*T with T first order differential operator given by the
projections of a covariant derivative onto the irreducible components of the
tensor product TM ® E.

Remark 4.4 (Relationship to the estimates of the eigenvalues of the Dirac
operator). By Theorem 3.3, each eigenspinor corresponding to the smallest
eigenvalue of the Dirac operator on a Riemannian manifold is a Killing spinor,
thus in particular a twistor spinor. Moreover, the eigenspinors to the smallest
eigenvalue are exactly the eigenspinors of D which are twistor spinors.

Similarly, on a Kahler manifold Theorems 3.4 and 3.5 imply that every eigen-
spinor of the Dirac operator corresponding to the smallest eigenvalue is a sum
of two special Kéhlerian twistor spinors: if m is odd, then (3.14) implies that
¢ € AKT (™) @ HKT (™) and if m is even, then (3.15) implies that
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¢ € AKT (% — 1) @ HKT (3 + 1). Moreover, eigenspinors corresponding to
the smallest eigenvalue are exactly the eigenspinors of D which are Kahlerian
twistor spinors. The geometric description of the limiting Kahler manifolds
(Theorems 3.6 and 3.7) provides the first examples of manifolds admitting
Kahlerian twistor spinors. Thus, Kahlerian twistor spinors may be seen as a
generalization of these special spinors which naturally appear in the limiting
case for the lower bound of the spectrum of the Dirac operator.

We now show that special Kéahlerian twistor spinors on a Kahler manifold
of positive scalar curvature are exactly the eigenspinors with the smallest
eigenvalue of the square of the Dirac operator restricted to an irreducible
subbundle ¥, M. This result has been proven by K.-D. Kirchberg, [41], and
by O. Hijazi, [28]. Here we follow the argument given by P. Gauduchon, [25],
and by U. Semmelmann, [60].

Lemma 4.5. Let ¢ € T'(X,M). Then the following inequality holds

Vo|? > 5 D)%, (4.8)

— ~  _|Dtp?
S AR

(m—r+1)

with equality if and only if ¢ is a Kdhlerian twistor spinor (T, =0).

Proof: The statement of the lemma is a direct consequence of the following
relation:
Dl +

IVe|* = D¢l + |T,0]?,
2

1
(r+1)
which in turn is implied by the following equalities that are straightforward
from the definition of the embeddings (*:

1
2(m —r+1)

1
2(r+1)

1

I 2
2(m —r+1) [eral’

|5 (prin)|* = e R Ly () [

Vo =11(D )+t (D p) + Tp.

The Lichnerowicz formula (3.9) yields the following:

Lemma 4.6. Let ¢ be an eigenspinor of D?, D*p = A\ that satisfies the
inequality

|V|]? > —|De)?. (4.9)

| =
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Then the following inequality holds:

ko1
5 _k 1.
)\_k_141}\14f5

and equality is attained if and only if S is constant and equality in (4.9) holds
at all points of the manifold.

Proposition 4.7. Let (M, g,J) be a Kdhler manifold of positive scalar cur-
vature. Then any eigenvalue X of D? on X, M satisfies:

2(r+1)1 , m
> — < — .
2 5T 4me if r < 5 (4.10)
and 2m D1
T+ m
> - 7 ) —. .
)\_2m_2r+14me zfr>2 (4.11)

Equality is attained if and only if the scalar curvature is constant and the
corresponding eigenspinor is an anti-holomorphic (holomorphic) Kdihlerian
twistor spinor if r < F (1> ).

Proof: Let ¢ € ['(Z, M) with D?¢ = \p. We distinguish two cases.

L If D~ =0, then |Dg|?> = |[DTp|* and (4.8) implies:

1
= |De|?.

2>
Vel™ 2 2(r + 1)

Dt

2(r+1)

Applying Lemma 4.6, it follows that \ > 22(:—:[1% iﬂr}[fS )

IT. If D¢ # 0, then we apply the same argument for ¢~ = D¢ €
(3, 1 M) with D*¢~ = A¢p~. Then D™ ¢~ = 0, so that |[Dy~|* = | D¢~ |?
and from (4.8) it follows:

B 1 B 1
Ve > > 5P ? = 5 1D¢ 2.

Applying again Lemma 4.6, it follows that A\ > 2311}11]{1;5 > 22(:—11)% iJ‘I}IfS .
The same argument applied to the cases when D¢ = 0 and D¢ # 0 shows

(m—r+1) 2(m—r+1) 1 - r+1
that>\> 2+1sz5 If7“<m then —2+14 infS < 2+141nf5and

thus follows (4.10). Similarly for » > 2 it follows (4 11). The equality case
follows from Lemmas 4.5 and 4.6. O
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Remark 4.8 (Relationship to other notions of Kéhlerian twistor spinors). The
term “Ké&hlerian twistor spinor” has already been used in the literature. A
class of spinors with this name has been introduced by K.-D. Kirchberg, [41],
and by O. Hijazi, [28]. We explain here the relationship between Defini-
tion 4.2 and these definitions.

In [41], K.-D. Kirchberg defined a Kéhlerian twistor spinor of type r (for
1 <r <m) to be a spinor ¢ € I'(¥M) satisfying the equation

1
VX¢:—4—(X-D¢+JX-DC¢). (4.12)
T
He showed that a solution of (4.12) must lie in I'(X,_ M & %,,,_, 11 M). By
rewriting this equation using the operators Dt and D™:

Vx+p = _%X+ D7,
Vx-p=—5X" Dty

it follows that the spinors satisfying (4.12) are exactly the anti-holomorphic
and holomorphic Kahlerian twistor spinors in X,y M, respectively >, .1 M,
see Definition 4.3. K.-D. Kirchberg, [42], further proved some vanishing re-
sults for these spinors, which we shall also obtain in § 5.3 (for K&hler-Einstein
manifolds) and § 5.2 (for Kéhler manifolds of constant scalar curvature) as
a special case.

In [28], O. Hijazi considered as defining equation for a spinor ¢ € I'(XM)
the following slightly more general equation than (4.12):

Vxp=aX- -Dp+bJX D, (4.13)
where a and b are any real numbers. For example, if a = —% and b = 0,
then a solution of (4.13) is a Riemannian twistor spinor (as (4.2) shows).
Furthermore O. Hijazi proved that on a Kahler spin manifold with nonzero
scalar curvature there exists a nontrivial solution of (4.13) if and only if
a=0b= —m, for some integer r with 0 < r < m — 2, thus reducing
equation (4.13) to (4.12). For r = m — 1 it is proven ( [28, Theorem 4.30]
and [41, Proposition 11, Theorem 17]) that the solutions of the equation
(4.13) are exactly the Riemannian twistor spinors and they are all trivial on

a Kéhler spin manifold of nonzero scalar curvature.
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In order to better compare these definitions we notice that, using the opera-
tors D and D¢, the defining equation (4.5) for Kéhlerian twistor spinors can
be rewritten as follows:

m + 2
8(r+1)(m—r+1)
m — 2r
C8(r+1)(m—r—+1)

Vxp=-— (X -Dp+ JX - D)

i(JX -Dp— X - D%).

An important property of the special Kahlerian twistor spinors noticed by
K.-D. Kirchberg, [42], is that they are eigenspinors of the square of the Dirac
operator, if we assume the scalar curvature to be constant. This is implied
by the Lichnerowicz formula as follows.

Let ¢ € AKT(r): Vxp = —ﬁX* - Dtyp. By differentiating once this
defining equation and then contracting, we get

1

Ve Ve = =501

e; Ve, DV,

where {e;},_17 is a local orthonormal frame parallel at the point where the
computations are made. Since D~ ¢ = 0, it follows

1 2

1
*Vo——— D Dto=——D
ViV ST kg

2(r+1)
which together with the Lichnerowicz formula (3.9) yields

r4+1
D*o=————_Sop. 4.14
7T o2+ )77 (4.14)

Thus, if the scalar curvature S is constant, then ¢ is an eigenspinor of D?.

Similarly, if o € HKT (r), then we get D?*p = 2(2’;}1’_—%&0.

4.2 Particular Cases

We first look at extremal cases of Kéhlerian twistor spinors, ¢.e. of highest
and lowest type and notice that they are always special Kahlerian twistor
spinors. Let ¢ € I'(X, M): if r = 0, then D~ vanishes automatically and if
r =m, then D"¢ = 0. Thus ¢ is an anti-holomorphic, respectively holomor-
phic Kahlerian twistor spinor. Moreover, as shown by K.-D. Kirchberg, they
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are exactly the holomorphic, respectively anti-holomorphic sections in XgM,
respectively X, M ( [41, Theorem 12], with the remark that we use different
conventions, namely Sy in [41] corresponds to 3, M in our notations):

KT(0) = AKT(0) = H°(M,SoM) = jH'(M, K?),

KT (m) = HKT (m) = H (M, %,,M) = H(M, K?).

Another special case is the middle of the dimension, when m is even and
r = 4. This is the only case when the coefficients of the defining equations
(4.5) of a Kéahlerian twistor spinor are equal:

1
Vyp=——(XT-D o+ X -Dty). 415
X m+2( @+ ©) (4.15)

We show that on a compact Kéahler spin manifold of positive constant scalar
curvature there does not exist any nontrivial solution of this twistorial equa-
tion, which means that there are no Kahlerian twistor spinors in the middle
dimension.

By differentiating and then contracting (4.15) we obtain

1
m—+ 2

vejvejw:_ (eﬂ_'vejD_soﬂkej_'ve;D—‘r@)v

J

where {e;},_75 is an orthonormal frame parallel at the point where the com-
putation is made. Thus, it follows that

. 1 _ _ 1

which together with the Lichnerowicz formula (3.9) implies

+2
Dlp=-"T2 g
T i m+ 7"

showing that if the scalar curvature is constant, then ¢ is an eigenspinor with
the eigenvalue \§'" = 4(”;—:21)8 , which is strictly smaller than ﬁs . This
value is the lower bound given by Kirchberg’s inequality (3.13) for m even.
Thus ¢ must be zero.

If S =0, then from the above relations we have V*V¢ = D?p = 0, so that

@ is a parallel spinor if the manifold M is compact.
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4.3 The Kahlerian Twistor Connection

The purpose of this section is to construct for each r (from now on we fix an
m

r with 0 < r < m and r # ) a vector bundle endowed with a connection,
called Kdhlerian twistor connection, such that Kahlerian twistor spinors in
3. M are in one-to-one correspondence to parallel sections of this connection.
This allows us to conclude for instance, that the space of Kahlerian twistor
spinors is finite dimensional. The curvature of this connection provides useful
formulas for computations with Kahlerian twistor spinors, needed in § 5 to

describe geometrically the Kahler manifolds admitting such spinors.

The idea of constructing a larger vector bundle with a suitable connection
such that solutions of a certain equation correspond to parallel sections has
often appeared in the literature. For example for Riemannian twistor spinors
this construction was done by Th. Friedrich, [21], and for conformal Killing
forms by U. Semmelmann, [61].

By the definition of a Kahlerian twistor spinor, the covariant derivative of
¢ involves pt := Dty and ¢~ := D~ p. Hence, the first step will be the
computation of the covariant derivatives of these sections, which yields an
expression involving only zero-order terms and D?p. Then we compute the
covariant derivative of D%y and get an expression involving zero-order terms
and the sections ¢ and ¢, showing that the system closes and thus defines
a connection. More precisely, if we denote by ¢ the section (¢, ™, =, D*p)
inE, Mo,  MeX, {MeY,. M, then we have Vx@ = B(X )@, where B(X)
is a certain 4 x 4-matrix whose coefficients are endomorphisms of the spinor
bundle, depending on the vector field X. The Kéhlerian twistor connection
is then a connection in the bundle ¥, M & >, M & X, 1M & X, M, defined
as Vx =Vx—B (X) and the Kéhlerian twistor spinors are given by the first
component of parallel sections of V.

Let ¢ be a Kahlerian twistor spinor in .M. First we derive some formulas
relating the second order differential operators D™ D~, D~ D% and D?, when
applied to a Kéhlerian twistor spinor. Since we asssumed that r # m/2,
the system formed by the Weitzenbock formula (4.7) (using the fact that, by
definition, 7,.¢ = 0) and the Lichnerowicz formula (3.9) can be inversed and
we get the following relations:

(2r—|—1)(m—7’—|—1)D250+(7"+1)(m—7“—|—1)

DD p=—
7 m — 2r 2(m — 2r)

S,  (4.16)

DDty — (2m—2r—|—1)(r+1)D2(p_ (7"+1)(m—r+1)5g07 (4.17)
m —2r 2(m —2r)
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_ 2r+1)(m—r+1) m—r+1
D D= D~D* Sp. (418
T T em 2t 1)(r + 1) ?t Sam oy r (418)
N 2m —2r+1)(r + 1) N r+1
DDy = D*D o+ 1" g, 4.19
r+1)(m—r-+ T+
4 o + 1 1 ESTCRE VR (4.19)

We now compute the covariant derivatives of DT and D~y in the direction
of a vector field X which is parallel at the point where the computations are
done. The local orthonormal frame {e;},_17 is parallel at this point too.

: 1
Vi (D*) D (Vo) = SRie(XH) -

__ 2(m——1r—i—1)D+(X+ D) — %Ric(X*) "
(A:"’)m)ﬁ .D*D p— %Ric(X*) e
(“416) _ %XJF -D?*p + 4(%_1270)5)(+ - %Ric(XJr) .
Vi (D7) DN (Vi) =~ DR D7)
X DT D) + 2V (D) = V- (D7)

so that Vx- (D% ) = 0.

These two equations give the second row of the connection in (4.25). Simi-
larly, for the covariant derivative of D~ ¢ we have

2m —2r +1 m—r-+1
(D)= - pr, T
Vx-(D7¢) 2(m — 2r) 7 4(m — 2r)

Vx+(D ) =0,

1
SX™ - p— §Ric(X_) -,

which yield the third row of the connection in (4.25).

For the last component of the connection we compute the covariant derivative
of D?%p.

A.10 1 .
VX(DQQD) ( = ) DZ(VXgD) — §D(R1C)(X) - -+ VRic(X)SO — €j € vVejVEngD.
(4.20)

We now compute separately the terms appearing in (4.20). The first one is:
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1 y o o 1
Q(m—r—i-l)D(X b S0>_2(7"—i—1)

D*(V i) = D(X~-D*p), (4.21)

DXX*-D-) X+ . DDy — Ric(X*)- D+ D¥X*)-D

DX+ . D DD p — Rie(X+) - D~ + D*(X*) - D¢
(418 m—r+1
- 22m—2r +1)
m-—r+1 m—r+1
et SX+'D7
22m —2r £ 1) P S em 2+ 1)
—Ric(X")-D o+ D*(X)-D g
m—r+1 m—r+1
= SXT.D p— S).- X+
T e G v

2(2m — 2r + 1)
XT(S)p —Ric(X1) - D p+D*(XT) - D g,

X*t.D7(S¢)—Ric(XT)-D p+D*(X1)-D

X+.0(8) -

m—1r+1

om — 2r + 1

r+1 r+1
T SX~ Dtp—
2(2r + 1) T o2+ 1)

r—+1
_ X~ —Ric(X")-Dro+D*X")-DFo.
] (S)¢ — Ric(X ™) o+ D*(X7) ©

DX~ Dy) = 0(8)- X~ -

Replacing these terms in (4.21) it follows

DHVxe) = T 42m —12r 1) SXT D 4(2m —127“ %) Xy
o0m —12r X et o —17’ Ty el Do
—msx— Dty + maw) X (4.22)
+mx-<5)¢ 4 ﬁm(x—) Dt
T _1r ey D*(X*)- D¢ — 2<T1+ 1)D2(X‘) D

The third term in (4.20) is given by
VRic(x)® = VRic(xH)¥ + VRic(x—)®
— R Do Riex) Dy P

2(m —r+1)
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and the last term in (4.20) is

1
e VegTxy = —gp gy e Ve VX T DTy
1

_ e, Vo Vo X - DY 4.24
2(T+1)6] € v]vz QD ( )

1 1
- = DXAXN-D p— D2(X™)-Dto.
2(m —r+1) (X7)-D7¢ 2(r+1) (X7)-DTe

Substituting the formulas (4.22), (4.23) and (4.24) in (4.20), we get the fol-
lowing equality, which yields the last row of the connection matrix (4.25):

1 . 1
sam—ar 1 O teg

2(9) - XT -

V(D) = —%D(Ric)(X)prr

1 .
1 - +
I Pes

X7 (8)p

1
42m —2r + 1)
SXT . D .

4(2m —2r + 1)

Hence, we have shown that if ¢ € I'(X, M) is a Kéhlerian twistor spinor, then
the four-tuple (¢, ™ := DT, o~ := Dy, D?p) is parallel with respect to
the following connection, denoted by @, which we call Kdahlerian twistor
connection:

_1 - 1
1 v 1 S T 5 10
_4(7::%) SXT - +3Rie(XT): Vx 0 2(7£J_rgr)X+'
e oy 0w Jmmc
AX) w5 X " S Xt Vx
(4.25)

where we denote by A(X) the following endomorphism of the spinor bundle:

1 1

A(X) :_%D(Ric)(X) T X X
1 N 1
C202m—2r + 1)X (%)~ 2(2r + 1)X (5).

Moreover, it follows that any parallel section is of the form (o, ™, =, D?p)
with ¢ a Kéhlerian twistor spinor:
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Proposition 4.9. There is a one-to-one correspondence between Kdhlerian
twistor spinors in .M and the parallel sections of the wvector bundle
YoM &Y M S Y, M S X, M with respect to the connection \Y, given by
(4.25). The explicit bijection is given by ¢ — @ = (p, o™, =, D*p).

Proof: In the above discussion we have seen that the function ¢ +— ¢ takes
values in the space of parallel sections with respect to the connection (4.25)
and it is obviously injective. Thus we only need to prove its surjectivity.

Let (p,¢,&,n) € (XM & X, M & X, 1M @& X.M) be a parallel section
with respect to (4.25). Since the first row of this connection is exactly the
Kéhlerian twistor operator, it follows by contractions that the first three
components are (¢, T, ¢7), where ¢ is a Kéhlerian twistor spinor. From

1

2(r+1)X_'¢

Vx-¢=—

we get by contraction that ¢» = D~ . Similarly, from

1

2(m—r+1)X+'§

\V4 X-Y = —
we get £ = DV, Substituting now v and £ in the first row yields that ¢ is
a Kahlerian twistor spinor. For the last component of the four-tuple we may
compare for example the second row of the connection matrix applied to the
parallel sections (¢, = @1, & = o, n) and (¢, ", o=, D*p) obtaining:

XT.np=XT.D%p,
which contracted yields n = D%p. 0J
If the manifold (M, g,.J) is Kihler-Einstein, then Ric(X) = 2X and the

T on

K&hlerian twistor connection V simplifies as follows:

Vx ﬁx—- m)ﬁ- 0
o _ | TEeeSXT Y 0 X
e gx =0 Vx ~ e X

0 @ SX T TS X T Vx
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4.4 The Curvature of the Kahlerian Twistor

Connection

In this section we compute the curvature of the Kéhlerian twistor connection.
The first component of this curvature allows us to reduce the Kéahlerian
twistor connection V to one acting on a bundle of smaller rank, namely on
S, M@, M @Y,y M, which is given by the matrix (4.28).

Let ¢ € T'(X,.M) be a Kéhlerian twistor spinor. As ¢ = (p, 9", 07,0 =
D2%p) is a parallel section of V (see Proposition 4.9), then by definition the
curvature of this connection vanishes on this section: ﬁX,y(@) = 0, for any
vector fields X and Y. Thus, computing the components of R we get cer-
tain identities which by further contractions yield the formulas in Proposi-
tion 4.12.

The first component of R is computed as follows.

¥
. +

1 1
Rxy = Vx (Vyap +—Y o+ ———YV". gp_)

Y
2 2(r+1) 2(m—r+1)
M/
1 r+1 1
= x [ — T gyt o4 ZRic(Y) - +
MDY ( A(m — 2r) ? o+ GRic(¥) SOWW)
1 m—r+1 1
- x+ (T gy o4 SRie(Y ) g+ Yy
T = (4(m—27’) ot Rt ot Y‘p)
1 2r+1 __Y+_2m—2r—|—1
4m—2r) \ r+1 m—r+1
1 1
CVy (Vxpt Xt Xt
Y( ARG R T ——— 90)

+

X+-Y_)-77

L G o+ TRic(xH) - +
2(r+1)Y (4(m_2T)SX <p+2R1c(X) g0+VXg0)

1 m—r+1 1
- Yt [ —S5X - —Ric(X7) - Vxp~
2(m —1r+1) (4(m—2r) g0—|—2 ie(X7) - o + XSO)
1 2 1 2m — 2 1
— Tt y—.X+_uy+.X— -7
4m —2r) \ r+1 m—r+1
1 1
- XYt ——
oY s

— Vixye — (X, Y]" o™
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1
4(r+1)

= RX,YSO_ ml(X, JY>90+ |:X_-RiC(Y+)—Y_-RiC(X+):| 3%,

1
+4(m—r—i—1)
2r —m 2(2r +1)

1 . -
4(m—2r)[(r+1)(m—r+1)(X+'Y YO

{X* Ric(Y ) —Y™*- Ric(X‘)} e

n i(X, JY>] 7

Contracting this equation using the formulas in Appendix A we obtain:

(m+2)S (m+2)S . i

0= — -. Yt "y,
8(r+1)(m — 2r) SO—i_8(m—7”—|—1)(m—27") 7 4(r+1) pre
) m—+1 m+1
Ty, Y= on— y+.
Tim—rr P T nm=2 " 2m—rsDm-20 "

or, equivalently:

(m+2)S_ _ i, m+1_
AT A Y op-0o— Y .n=0
4(m — 2r) P15 A — =5
(m+2)S i m+1
A Tyt Ytepoo— Ton=0
4(m — 2r) 7ty AR G — ="
which both yield by a further contraction:
(m+2)S N i m+1 0
4(m — 2r) P Ty T

so that ( 2)5 5
m—+ m —2r
Do =n= 0 - Q. 4.27
L 4(m+1)§0+2(m+1)l’0 Y ( )

This relation allows us to reduce the connection to one acting on sections of
the bundle ¥, M & ¥, M & %,y M. Substituting (4.27) in the second and
third row of the connection (4.25), we get the following connection, denoted
by V, with respect to which the triple (o, o™, ¢7) is parallel if p € KT (r):

- +,

1 .VX 2r+1 2(T+1)X 2(m— T+1)X
mH)SXJr 1RIC(X+) 4—24(;31)11)(* - Vx 0
s SX ™ HLRie(X ) - — 22y 0 Uy

(4.28)
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As in Proposition 4.9, it follows that there is a one-to-one correspondence
between Kahlerian twistor spinors on .M and parallel sections of the bundle
S, M @ X, M & X, M with respect to the connection V given by (4.28).
An immediate consequence is that the space of Kéahlerian twistor spinors is
finite dimensional and an upper bound is given as follows.

Corollary 4.10. Let (M,g,J) be a connected spin Kdhler manifold. The
dimension of the space of Kahlerian twistor spinors in X,.M is bounded by
the rank of the vector bundle >, M & X, 1M & X, 1 M:

dime(KT(r) < (m> . QTJ N (/fl).

Remark 4.11. Twistor operators are one of the typical examples of general-
ized gradients (see § 1.1). Twistor operators are strongly elliptic by a result
in [64], implying directly that on compact spin Ké&hler manifolds the space of
Kahlerian twistor spinors is finite dimensional. However, our Corollary 4.10
is a purely local result: the manifold M is not assumed to be compact.

¥
The second component of the curvature of the connection V, Rxy | ¢ | ,
o

2
is computed as follows.

1 1 2+ 1 1
- = SX T+ _Ric(XT = " Xt . Y—.poT
( stmrn X R X Ty p) (VY‘”z(rH) *0)
n L b sxri e 4 L ixr ) v
2m—r+1) \_ 8(m+1) 2 dmy1) P 14

1 2r+1
SVt o+ —Rie(Y) o+ iyt +
+VX( 8(m+ 1) #+ Rie(Y) Pt imr)t 7 ¢+vy¢)
1 1 % +1 1
(e YT+ Ric(Y )4 iyt ) I
( Rm+ 1) 2 ic( )+4(m—|—1)z p) (VX(70+2(T+1) 14 )
1 1 1 0 +1
_ _ SYF 4+ Ric(YH) 4+ — 2 v+ p) . Xt
2(m—r+1)< simany Y FeRie )+ ey p) ?
1 2r+1

1
_ S e IRy v +
Vy( 8(m+1)SX g0+2R10(X )+ XTp-o+ VXgo)

Am+ 1)

1
_ - _ oy vty
=Bxve +4(r+1)[ T XYy -y X
2r +1
(XY —Ric(Y )X )+ — T ity v X )| ot
+ (Ric(X)- Y™ —Ric(Y")-X )+2(m+1)%(X pY =Y T p- X )} ©



110 4. KAHLERIAN TWISTOR SPINORS

+ 4(m —17‘ +1) [_4(m1+ 1)5(X+ YT -YTXT)

+ (Ric(X*)-Y+—Ric(Y*)-X+)+2<2;——rr11)i(X+-p-Y+—Y+-p-X+ .

b |~ g XS = Y(S)X) + S(VaRie)(¥) — (VyRie) (X))
2r+1

= AvTt. _Xt. .
+4(m+1)Z(Y Vxp—X Vyp)] ©.

Contracting this equation using the formulas in Appendix A we get

0 :%Ric(Y) St + 4(rl+ 1 {2(m1+ 1)5((m —r)Y +(r+1)Y")

- ((g +ip) YT +20r+ 1)Ric(y+))

2r+1
A i2m=r)p- Y 42V p—iSY )| ot
2<m+1)z( (m—r)-p +2r p—1iS )} @
1 m—=r_ .. S + ARV
+4(m—7’—|—1) [m+1SY (2—|-zp) Y* —2(m —r)Ric(Y™)
2r+1 . n . N _
——i(22m —2r — 1Y " -p+4i(m —r — 1)Ric(Y ") +iSY ") |-
2(m+1)
1 +
.S 2(m — )Y
-I—{ 8(m—|—1)(d8 YT +2(m—r)Y(S))
1 : 1,4 . 1
+ 3 —iVy+p — §Y (S)+iVyp+ §Y(S)
2 +1 (1.
1 S
_ 2yt DY) +ir(2r + )Y -
4(7‘+1)(m+1){2<r T+ DY) +ir@r+ DY p

+i(r+1)2m—2r+1)Y " -p+2(r+1)(m— 2T)RiC(Y):| ot
1 mS
+4(m—r+1)(m+1)[ >

Y+ (472 +4r —drm — 3m)iYt - p

+2(m—r—1)2r — m)RiC(YJ“)} S
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—m (m—1 — LYV (S)—(r + 1V (S)4rY*-(dS)" —(r + 1)V *-(dS)"

—2(2r+1)(m—7r—1)iVy+p—2(r+1)(2m — 2r + 1)@'Vyp] p
By projecting this equality onto >, M and X,.,oM, it is equivalent to the

following two equations:

+ [gr +i(2m —2r + 1)Y ™ - p+2(m — 2r)Ric(Y‘)] -7

— ! {mSYJF + (472 + 47 — drm — 3m)iY " - p
m—r+1] 2
+2(m —r—1)(2r — m)Ric(Y*)} ST (4.29)

- L(m —r =Y (S)+ (r+ )Y (S) + (r+ YT - (dS)~

—2@2r +1)(m =7 —=1)iVysp+2(r+1)(2m — 2r + 1)iVy-p| - ¢ = 0,

{gw +i2r+ )Y ,0] T+ (r+ DY (dS) o =0 (4.30)

The contraction of (4.30) yields ( if r #m — 1):

E +(2r + l)ip] T+ (r+1)(dS)T e =0,

so that
1 4 r+1

St -
22r+1)°F T 2r 41

ip-pt=— (dS)* - . (4.31)

The contraction of (4.29) yields:

O0=(m—r+1Set+2@2r +1)(m—r+1)ip-p"
e e
+2(r+1)(m—7r+1)(dS)T o —4(r+1)(m —1r)(dS)” - ¢,
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which, by projections onto >, 1 M, respectively >, _1 M, is equivalent to the
following two equations:

1 n r+1

Dot = gt +. 4.32
wew 22r +1)°% o 10497 (4.32)

which is again the equation (4.31) (here it follows to be true also for r = m—1)
and

, . 1 S+ m—r+1
= Y T o m )+ 1

(dS)™ - . (4.33)

Inserting the relations (4.32) and (4.33) back in (4.29) we get

(m — 2r) {%Y - QRiC(Y)] ot (4.34)
+ _5:)—(74: - [2m —827’ e 2RiC<Y+>] s
+ [—(m V() ()~ T Dy g

1)(2m — 2 1
+(7“+ )(2m — 2r + )Y_-
2r+1

@)7] -
+2i [(27" +1)(m—7r—=1)Vyip+ (r+1)(2m —2r + 1)Vyp] =0,

which is equivalent to the following equations:

. B (m — 2r) 1 _ -
Ny = S —r + 1) [2(2m—2r+1)sy+ _Rm(w)] i
1 . . B
Tyt (S)'90+2(2m—2r+1)y (d9)” - ¢,
(4.35)
, m — 2r S _ e n
Wyopre=- (r+1)(2m —2r +1) [2(2T+1)Y - Riel¥ )} ad (4.36)
1 . 1 . . '
“2em—zan) O ogayy (U@

Now we do a similar computation for the third component of the curvature
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of the Kahlerian twistor connection.

@
- 1 1 2m —2r+1
R ] = (————SX — Ric(X )+ T X )
o (5) (G e g i o) (s
3
1 1 1 1
B S P ——8Y~ — —Ric(Y "~
2 Y Ty ¥ >+(8(m+1) y RieY™)

2m —2r +1 1
s Ve I Xty Xt
Am+1) p) (szo+2(r+1) R Tr—— S0)
1 1 2m —2r +1
——  SY o+ =Ric(Y ) p— iy -
+VX( S+ 1) ptRic(Y™) ey p90+Vys0>
1 1 2m —2r 4+ 1
_ . S§X -0+ Ric(X Vo T ix ). -
VY( ST N e RieX ) ey ”“”VX*‘))
_ 1 1 C o _ —
= Rxyy +4<T+1)[—4(m+1)5(x YT -V X))
2m —2r +1
ic(X7)- Y —Ric(Y™)- X7 )= —Z (X pY =Y p X ) | o"
(R ) Y~ Rie(y )X )= 2 2L 0 ﬂ 0
1 1
— S(X~-Yt—-y .Xx*
+4(m—r+1){ MmrD )
F(Rie(X™)- Y+ —Rie(Y)- X H)— 20 =2 e vy X ) |
2(m+1)
1 1
e (X(S)Y —Y()X )+ = ic)(Y ™) — ic) (X~
|- XY = YSX ) + 5(TxRiy ) - (FyRie) (X))
2m —2r 4+ 1
i N 16 Vo —_X. ..
Contracting this equation using the formulas in Appendix A we get

1
1 r I . _
DTy ((m+ 1)SY Tt AT e DR
B %i(_mr — DY - p+iSY ™ +4i(r — 1)RiC(Y_)>> s
+ ! ! SrY ™t + (m — +1)Y‘)—§Y++'Y+'
on 7 D) |20m 1 1) r m-—r 9 § p

—2(Ric(Y ™) + (m —r + 1)Ric(Y "))
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%i(zrw pt AirRiC(YF) 4 2(m — 1)V - p 4 iSY )| o
i [—8(m1+ 5 (Y~ -dS+2Y(S) — 2rY (S)) + %(—pr + %W(S))
— %i(%}/‘ - JdS — 2Vy-p + QTVYP)] L
+2(r —1)(m — 2r)Ric(Y‘)> -gp*—m_;m (g((m —r+ )Y T+ (m—r)Y")

—i(2r+)(m—r+1)Y T+ 2m—-2r+1)(m—7)Y7))-p

+2(m —r+1)(2r — m)Ric(W)) o+ ((m — )Y H(S) = (r— 1Y (S)
+(m—r+1)Y" - (dS)"—(m—r)Y"-(dS)” —22r+1)(m —r+1)iVy+p
—2(r — 1)(2m — 2r + 1)iVy,0)} L

By projecting this equality onto >, oM and >, M, it is equivalent to the
following two equations:

[gY_ —i(2m —2r+1)Y~ -p} -+ (m—r+1)Y - (dS)” -9 =0 (4.37)

and

- {gY* —i(2r+ )Y p+2(2r — m)Ric(Y*)} o

1 S
1 {_m2 Y‘+(4rm—m—4r2+4r)z’Y_-p + 2(r—1)(m—2r)Ric(Y_)] ot
r

+ {(m —r+)YHS) = (r—=1)Y (S)+ (m—r+1)Y - (dS)"
—2(2r+1)(m —r+1)iVy+p —2(r —1)(2m — 2r + 1)@'Vyp] - =0.

(4.38)

The contractions of the equations (4.37) and (4.38) yield again the equations
(4.32) and (4.33). Also, by inserting (4.32) and (4.33) back into (4.38), we
get an equation which is equivalent to (4.35) and (4.36).
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We gather now the formulas that we obtained for the actions on a special
Kahlerian twistor spinor and deduce some new ones. Is is enough to consider
anti-holomorphic Kahlerian twistor spinors, since similar formulas are then
fulfilled by holomorphic Kahlerian twistor spinors. In fact, they are obtained
by conjugating the ones for anti-holomorphic Kahlerian twistor spinors and

replacing the constant k = 55y with k = 55—

Proposition 4.12. Let (M, g, J) be a spin Kihler manifold and ¢ € T'(X, M)
be an anti-holomorphic Kdahlerian twistor spinor for some fizedr, 0 < r < m.:

1y
{Vx—sf? = —mmX ¥

so that in particular =~ = D7 = 0. Then the following formulas hold,

where we denote by k := 57 1

(dS)” - p =0, (4.39)
D?*p = k(r +1)Sep, (4.40)
Vxpt = —%RiC(XJF) -, (4.41

)

Ric(X7)- o =kSX™ -, (4.42)

ip-p=kSp, (4.43)

iVx-p-o=—kX () —kX - (dS)t-o=—k(X~ AdS)")-p, (4.44)
iVxp-p=kX"(S)p, (4.45)

ip-pt =—kSp" —2k(r +1)(dS)" - ¢, (4.46)

Ric(X ™) - o+ = kSX™ - ¢ — 2k(r + 1) X (S)p, (4.47)

iVxrppT =—Ric> (X T )p+kSRic(X ) p—2k(r+1)Vx+ (dS) tp—kXT(S)p™,

iVx-ppT = =2k(r+1)Vx-(dS)T-0—3kX (S)pT—kX-(dS)"-pT. (4.49)

Proof:  Equation (4.39) follows directly from (4.33) and ¢~ = 0. Equation
(4.40) is the property of a special Kéhlerian twistor spinor to be eigenspinor
of D?, which we have shown in (4.14).

Substituting (4.40) into the second row of the connection V given by (4.25)
we get (4.41). Similarly, by substituting (4.40) into the third row of the



116 4. KAHLERIAN TWISTOR SPINORS

connection V given by (4.25) we get the equation (4.42). Equations (4.27)
and (4.40) yield (4.43).

Substituting (4.47) in (4.36) yields (4.44) and similarly, substituting (4.39)
and ¢~ = 0 in (4.35) yields (4.45). Differentiating (4.43) we get

iVx-p-p=—ip-Vx-o+ kX (S)p+kSVx-¢

_ - _ 1 -t v — Rl X\ L ot
= kX (9 e 1)kSX o+ e 1)[X p— 2iRic(X7)] - ¢
(446) ) — _ ST —.oT—2Ric(X ) ot
=" kX (S)p e 1)k:SX © T D) [ESX ™" —2Ric(X7)-p

+%k(r + D)X~ - (dS)* - ]
— EX(S)p — r%[/@sx— CRie(X )] - ot —kX~ - (dS)* - o,

which compared with (4.36) yields

- 1 - : - + _

=20 X Rie(X )] + 2(2m —127’ +1)

@m—2r + )(r+ 1) X (5)e,

thus proving (4.47). Equation (4.46) is just (4.32). Differentiating (4.46) we
get

iVxp-om = —ip-Vxpm—kX(S)p" —kSVxo™ —2k(r+ 1)Vx(dS) ¢
—2k(r +1)(dS)* - Vxo
(4.41)1 N L1 P
=5 Ric(X ™) - ¢ — kX (S)p" + 5]€SR1€<X )
—2k(r+1)Vx(dS)" - o+ k(dS)" - X~ - o™,
which together with the commutator relation

[ip- Ric(XT) - p = iRic(X1) - p- o —2Ric* (X 1) - ¢

and (4.43) yields (4.48) and (4.49). O



Chapter 5

The (Geometric Description of
Manifolds Carrying Kahlerian
Twistor Spinors

In this chapter we prove our main result, the classification of simply-connected
compact Kahler spin manifolds of constant scalar curvature carrying Kahlerian
twistor spinors (Theorem 5.15). Let (M, g, J) be such a manifold. Briefly, the
main steps of the proof, which we shall describe in detail, are the following:

1. All Kahlerian twistor spinors on M are special Kéhlerian twistor spinors.
2. The Ricci tensor has two constant eigenvalues.
3. The Ricci tensor is parallel.

4. M = My x My with M; Kéahler-Einstein admitting Kahlerian twistor
spinors and M a Ricci-flat Kéhler manifold.

In the last section we relax the condition on the constancy of the scalar
curvature to the metric being weakly Bochner flat.

5.1 Special Kahlerian Twistor Spinors

We show that if the scalar curvature is constant, then each Kéhlerian twistor
spinor is holomorphic or anti-holomorphic.

117
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Proposition 5.1. Let (M, g, J) be a compact Kahler spin manifold of positive
constant scalar curvature and ¢ € I'(X, M) (0 <r <m) a Kihlerian twistor
spinor . Then ¢ is an anti-holomorphic Kahlerian twistor spinor if r < %
or a holomorphic Kdhlerian twistor spinor if r > 5.

Proof:  The relation (4.7) and the Lichnerowicz formula (3.9) imply the
following Weitzenbock formula:

2r+1 n 2m —2r +1

1
2T p D D*D p=" 1
2(r + 1) T ———— v =% (5.1)

If r < %, then 22(:1“1) < 22(71’7”;2:jll) and from (5.1) it follows by integration

(where we denote by || - || the global norm: ||¢[|* = [,, (e, @)voly):

2r+1
2(r+1)
with equality if and only if D~¢ = 0. Further it follows that

1
1Dyl < 2Sliell?. (52)

2
A+l _IDel? 2+
2r 1 47 == g = 2r 11 4

where the first inequality is given by (4.10) and the second inequality is
the property of the Rayleigh quotient to have as its minimum the smallest
eigenvalue A, of the operator (here D? acting on the Hilbert space of square
integrable sections of 3, M). It then follows that equality must hold in (5.2),
so that ¢ must be an anti-holomorphic Kahlerian twistor: D~ = 0 and in
particular an eigenspinor of D? with the smallest eigenvalue of D? on ¥, M
(Proposition 4.7).

m

The same argument shows that for r > 3, any Kéhlerian twistor spinor in
..M must be a holomorphic Kéhlerian twistor spinor.

If m even and r = 7, then we have seen in § 4.2 that the only nontrivial
Kahlerian twistor spinors are the parallel ones. O

Remark 5.2. We notice that the condition for the scalar curvature to be
positive in Proposition 5.1 is not restrictive. If S < 0, then taking in (5.1)
the scalar product with ¢ and integrating over M yields DYy = D~ ¢ = 0.
As p is also in the kernel of the twistor operator, it follows that Vi = 0,
implying that the manifold is Ricci-flat (and thus S = 0), unless ¢ = 0.
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5.2 The Eigenvalues of the Ricci Tensor

We now show that the Ricci tensor of a Kéhler manifold of constant scalar
curvature admitting a special Kahlerian twistor spinor has two constant
eigenvalues and is parallel. This result has been proven by A. Moroianu
in [53] and [54] for the special case of a limiting even dimensional spin Kéahler
manifold for Kirchberg’s inequality (3.13). We note that the same method
can be applied when the existence of a special Kahlerian twistor spinor is as-
sumed. As shown in Proposition 5.1 this is no restriction, since all Kahlerian
twistor spinors are special Kahlerian twistor spinors if S is constant.

Theorem 5.3. The Ricci tensor of a Kdhler spin manifold of constant scalar
curvature admitting a Kahlerian twistor spinor has two constant eigenvalues.
If ¢ is an anti-holomorphic Kdhlerian twistor spinor in ¥,.M, then the Ricci
tensor has the eigenvalues % and 0, with multiplicities 2(2r + 1) and
2(m — 2r — 1) respectively. If ¢ € T'(X,M) is a holomorphic Kdhlerian
twistor spinor, then the Ricci tensor has the eigenvalues 2(2m——S2'r+1) and 0,
with multiplicities 2(2m — 2r + 1) and 2(2r — m — 1) respectively.

Since the multiplicity of an eigenvalue is a positive integer, we get directly
the following

Corollary 5.4. On a Kdhler spin manifold of positive constant scalar cur-
vature, anti-holomorphic Kdhlerian twistor spinors may exist only in 3. M
with v < ™=L and holomorphic Kihlerian twistor spinors may exist only in

2
XM with r > mTH

Remark 5.5. In the extremal cases, if m is odd and r = mTﬂ, then the
existence of a holomorphic (respectively anti-holomorphic) Kahlerian twistor
spinor ¢ € I'(X,M) implies that the Ricci tensor only has one eigenvalue,
thus proving that the manifold must be Kéahler-Einstein. As we move away
from the middle dimension the multiplicity of the eigenvalue 0 of the Ricci
tensor grows and the manifold is actually the product of a Kéahler-Einstein
manifold and a Ricci-flat one, if M is supposed to be simply-connected (see

Theorem 5.15) below.

The proof of Theorem 5.3 follows from Lemmas 5.6 and 5.7. It is enough to
consider anti-holomorphic Kéhlerian twistor spinors, since the holomorphic
ones are obtained by applying the canonical C-anti-linear quaternionic (resp.
real) structure j to the anti-holomorphic ones.
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Lemma 5.6. If ¢ € I'(3X,M) is an anti-holomorphic Kdhlerian twistor

spinor, then the following formulas hold (with the notation K =kS = 2(TS+1))

1
Vxp™ = —ERiC(X+) -, (5.3)

Ric(X7)-p =KX -, Ric(X 7)o" =KX~ - ¢t (5.4)
ip-po=Kp, ip-p"=—-Kp", (5.5)

Vxp-p=0, iVxp- o =—(Ric*(X") — KRic(X1)) - ¢. (5.6)
Proof:  These relations follow directly from the general formulas (4.41) -

(4.49) for anti-holomorphic Kéhlerian twistor spinors by using the fact that
the scalar curvature S is constant. O

Let us consider the 2-forms

n n

1 . 1 .
Ps 1= 5261- A JRic’(e;) = 3 Zei - JRic%(e;).

i=1 i=1
We need the following two properties of these 2-forms: the commutating rule
ps- X =X - ps + 2JRic*(X) (5.7)

and the equivalence

dps =0 & V., Ric’(e;) =0, (5.8)
which follows from the following formula:
Ips(X) = =V, ps(e;, X) = =V, (JRic’(e;), X) = (V,,Ric*(e;), JX),

where X is a vector field and {e;};,_15; a local orthonormal frame parallel at
the point where the computation is done.

We consider then as in [53] the following statements:

(as) tr(Ric®) =2(2r + 1)K,
(bs) ips - p = K°p;
(Cs) ips : 90+ - _KS@+§

(ds) vXps P = 0;
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(es) iVxps- 9™ = —(Ric"™ (X T) — K*Ric(X™)) - ¢;
(fS) 505 =0.

From Lemma 5.6 it follows that these statements are true for s = 1 (constant
scalar curvature implies dp = —%J dS = 0). We prove by induction that they
are true for all s € N.

Lemma 5.7. The following implications hold:

3.
4.
Proof: Let x € M and {X;, X,} be an orthonormal basis adapted with
respect to the Ricci tensor:

Ric(Xy) = paXa, a€{l,...,p} pa # K,

From (5.4) it follows that
Xﬁ . ()0 pr— 0 (5.9)

and
X ot =0, (5.10)

for all a € {1,...,p}.
1. Suppose that (as) is true. We then have:

Zp:(uz — K*) =tr(Ric®) —nK*=22r+1—m)K*® (5.11)

a=1
and using (5.9) we get:

p . P

1 7
(ps = K°Q) o= 3 (py = KXo TXarp =5 (4= K*) X Xow 0

a=1 a=1
P

L S S N S
:§E (s — K°) - =1i(m—2r —1)K%p.

a=1
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Thus we obtain
ips-p=1K°Q-p—(m—=2r—1)K°p=(m—2r—m+2r+1)K°p = K°p.
Similarly, from (5.10) and (5.11), it follows

(ps — K°Q) - 0" =i(m —2r — 1)K*¢™,

so that
ips T =iK*Q- @t —(m—2r — 1)K°p = —K°¢p.

2. Using the relation (5.7) we obtain

iVxps @ =iVx(ps-p) —ips- Vxp=KVxp—ips- Vxop

1
:——KS—'S . . +
2(7’+1)( ips) - X7
L PR CR L)
:—m(KX —1X 'ps—ZRIC(X ))g&
) 1 sv— R y—1y 4 (54
= X Rie(X7)) 9" =10

and similarly

iVxps ¢t =iVx(ps-¢") —ips- Vxp© = K'Vxp™ —ip, - Vxp©

1
= 5([(5 +ips) - Ric(X ™) - ¢

1
= i(KS -Ric(X ™) +iRic(X 1) - p, — 2Ric*™ (X 1)) - ¢

©) _(Ric* (X F) — K*Ric(XH)) - .

(5.13)

3. From (as) we get
1
(VxRic)(e;, Ric*te;) = tr(VxRic o Ric®™ ) = =V x(tr(Ric*)) = 0.
s

Thus, considering X a vector field and {e;},_i;; a local orthonormal frame
parallel, both parallel in x and using (5.8), we obtain

0 = dp(Je;, Ric*te;, X)
= (Vie,p)(Ric* i, X) + (Viie-1,0) (X, Jei) + (Vxp) (Jes, Ric™ ' e;)
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= (Ve Ric) (JRic* "e;, X )+ (Viies—1., Ric) (J X, Je;) — (VxRic) (e, Ric® ' e;)
= 2(V,,Ric)(Ric* te;, X) = 2(V,, Ric*(e;), X) — 2Ric(V,,Ric* ' (e;), X),

proving that (as) and (fs_1) imply (fs)-
4. By contracting (es) we get

iDp, - T = —(tr(Ric*t!) — K*tr(Ric))p. (5.14)

As Dp, = dps + dps () dps, it follows that Dp, is symmetric (i.e. (Dpy -
¥V, &) = (¢, Dps - &) for any spinors ¢ and &, where (-,-) is the Hermitian
scalar product on X M). Taking then the scalar product with ¢ in (5.14)
yields

i(tr(Ric™™) — K*tr(Ric)){g, ) = (Dps - 9", ) = (¢*, Dps - ) =0,
and as the support of ¢ is dense in M, we obtain (as;1). O

The formulas (as) show that the sum of the s powers of the eigenvalues
of Ric equals 2(2r + 1)K*® for all s, so by Newton’s relations this proves
Theorem 5.3.

5.3 Kahler-Einstein Manifolds

In this section we show that on a Kahler-Einstein manifold there may only
exist non-extremal Kéahlerian twistor spinors if its complex dimension, m, is
odd. They must lie in X mTaM or X mTHM and are automatically Kahlerian
Killing spinors. Thus such a manifold is a limiting manifold for Kirchberg’s
inequality (3.12). These manifolds have been geometrically described by
A. Moroianu (see Theorem 3.6).

Let (M, g,J) be a Kahler-Einstein manifold. Then the scalar curvature S is
constant and by Proposition 5.1 it follows that all Kahlerian twistor spinors
are special Kéhlerian twistor spinors: if 0 <r < %, then they must be anti-
holomorphic Kéahlerian twistor spinors and if 3 < r < m, then they must be
holomorphic Kéahlerian twistor spinors. As above, it is sufficient to consider
anti-holomorphic Kéhlerian twistor spinors ¢ € I'(X,M) for a fixed r with
0<r<i.
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As p = 559, it follows that ip - p = %225y and from (4.27) we get

2m

D2 _m? +m —2mr + 2r?
7 2m(m + 1)

Se. (5.15)

On the other hand, by Proposition 4.7, any anti-holomorphic Kéahlerian

twistor spinor in ¥, M (for 0 < r < ) is an eigenspinor of D? with the
smallest possible eigenvalue on >, M:

D*p = %gp. (5.16)

Comparing the eigenvalues in (5.15) and (5.16), we get for r < 7o

(r+1)S  (m*+m—2mr+2r%)S

2(2r+1) 2m(m +1) ’
which, since S # 0, is equivalent to 0 = —r(m — 2r)(m — 2r — 1).

Asr # 0and r # 7, it follows that the only possible value for r is mT_l Thus,
except for parallel spinors (if S=0) and extremal spinors (those in 3yM),
anti-holomorphic Kéahlerian twistor spinors on a Kéhler-Einstein manifold
can only exist in X mTflM and they are by definition exactly the Kahlerian
Killing spinors. A similar result is true for holomorphic Kahlerian twistor
spinors and it might be obtained by considering the isomorphism (4.6) given
by the quaternionic (resp. real) structure j.

Concluding, we have proven the following

Proposition 5.8. On a spin Kdhler-Einstein manifold of scalar curvature
the only nontrivial Kdahlerian twistor spinors are the extremal ones in oM
and X, M and the Kdhlerian Killing spinors in ZmT—lM and EmT-‘rlM (if m
is odd).

Combining Proposition 5.8 with the characterization in Proposition 3.4 of the
limiting manifolds of Kirchberg’s inequality and their geometric description
given by A. Moroianu (see Theorem 3.6) we obtain

Theorem 5.9. A Kdihler-FEinstein spin manifold admitting nontrivial and
non-extremal Kdihlerian twistor spinors is either CP**1 or o twistor space
over a quaternionic Kahler manifold of positive scalar curvature if m = 4k+3.
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Example 5.10 (The complex projective space). The dimension of the space
of Kéhlerian Killing spinors on CP*™ with m = 2k — 1 is (%) (see [43]).

Corollary 5.11. (see [52]) Let (M, g,J) be a Kihler-Finstein manifold ad-
mitting nontrivial non-extremal Kahlerian twistor spinors, which is not the
complex projective space, then the dimension of their space is 2. More pre-

cisely: . o
m — m

dime (KT (7)) = dime(KT (“—)) = L.

5.4 Kahlerian Twistor Spinors on
Kahler Products

We now study Kéhlerian twistor spinors on a product of compact spin Kahler
manifolds and show that they are defined by parallel spinors on one of the
factors and special Kahlerian twistor spinors on the other factor. For twistor
forms a similar result was obtained by A. Moroianu and U. Semmelmann,
[56]. They showed that twistor forms on a product of compact Riemannian
manifolds are defined by Killing forms on the factors.

Let M = M; x Ms be the product of two compact spin Kéahler manifolds
of real dimensions 2m and 2n respectively. Then M is also a spin Kahler
manifold and its induced spinor bundle is identified with the tensor product
of the spinor bundles of the factors:

XM =2 YM, @ XM,,
with the Clifford multiplication given by:

(X1+X2)'(¢1®@/J2)=X1'@/)1®¢2+7,E1®X2'¢27

where 1) is the conjugate of the spinor with respect to the decomposition
given by (3.1), XM, =3, M; & ¥_M;.

We consider the decompositions of the spinor bundles of M; and M, with
respect to their Kéahler forms Qp, Qs (Lemma 3.1): XM, = &' XM,
Y My = B} X M,. Then the corresponding decomposition of XM into eigen-
bundles of 2 = Qy + Q5 is:

m4n

SM =6 %,M, (5.17)
r=0
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with .
YoM = @XM Q2,1 Mo, (5.18)
k=0

since the Kéhler form €2 acts on a section of X, M; ® X,_ M, as:

Q- (1 @) =( + Qo) - (Y1 @ o) = Q- Y1 @2 + Y1 @ Qy -y
=i(2r —m — n)Y ® s.

Let us define the differential operators:

2m

2n
Df:Ze;r-vei—, D;:Zf;'vfj—a
j=1

i=1

where {e;};_15, and { f;},—73, denote local orthonormal basis of the tangent
distributions to M, respectively M,. Their adjoints are

2m 2n
Dy =Y ¢ -V, Dy=» [V
i=1 ' j=1 !
The following relations are straightforward:
DY =Df +D3, D™ =Di+Dy,
(DY)? = (D3)* = (Dy)* = (Dy)* =0,
DiDj + Dy Df = Dy D; + D; Dy =0,
DDy + D; D} = Dy DS + D D] = 0.
We may suppose without loss of generality that one of the factors M; or M, is

not Ricci-flat. Otherwise, M = M; x M, is Ricci-flat and by the Lichnerowicz
formula Kéhlerian twistor spinors are parallel.

Theorem 5.12. Let M = M, x My be the product of two compact spin
Kahler manifolds of dimensions 2m, respectively 2n and suppose that My is
not Ricci-flat. Let b € T'(X, M) be a nontrivial Kdhlerian twistor spinor.
Then 1) has the following form

¢ = 60 & ©r + 5m ® Pr—m; (519)

where &y, &y are parallel spinors in oMy, X, My, . is an anti-holomorphic
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Kahlerian twistor spinor in X,.Ms (if 1 < n, otherwise ¢, = 0) and p,_,
is a holomorphic Kdhlerian twistor spinor in 3,_,,Ms (if m < r, otherwise
Or—m = 0). In particular, M, is a Ricci-flat manifold and My carries special
Kahlerian tunstor spinors in 3. My or X, Ms.

Proof: Let ¢ be a Kahlerian twistor spinor in X, M:

V-t = (TH)X bt ¥,

for any vector field X tangent to M. With respect to the decomposition
(5.18), ¢ is written as

b=ttt
with ¢ € T'(ZgM; @ X, Ms), for k=0,...,r

Projecting onto the components given by (5.18), the twistorial equation
(5.20) is equivalent to the following two systems of equations:

For X € I'(TM,):

Vit = mX+ (Dy ¢k + Dy 1), (5.21)
Vx-tp = 7”+1)X (DY Y. + D3 hpi1)

and for X € I'(TM,):
Vxety = —m?ﬁ (DY Yrsr + Dy ), (5.2)
Vx-iy = T1+1)X_ (DY 1 + Dy thy.).

If {ei};—12m is an orthonormal basis of the 2m-dimensional manifold Mj,
then we have on X, Mj:

By contracting (5.21) using the relations above, it follows that

1
Dip =e; -V = — ;e - (Dy D3
1wk €; ej’wk 2(m—i—n—r+1)ez €; ( lwk+ ka 1)
m—k—+1

= Dyt + Dy ),
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1

Dy =e¢f -V -1y, = —mej 7 (DY Yk + Dy pyn)
k +1
1 —— (D" + D hrs1),
so that we get
(r — k)Dfrwk =(k+ 1)D§r¢k+1 (5.23)
and
(n+k—r)Ditp = (m —k+1)Dy 1. (5.24)

We distinguish three cases for 0 < r < m + n:

I. Suppose that r is strictly smaller than m and n. For k < r, (5.23) and
(5.24) imply:

k+1 kE+1
Dy Df by = ~— Dy Df 1 = ———Df Dithy s
—k r—k (5.25)
kE+1)(m—k _ '

(r—k)(n+k—r+1)

which integrated over M yields Df ¢, = Dyt = 0, for all k < r. Similarly,
it follows that Dy, = Dy = 0, for all k > 0. As D¢y = Dy, = 0
holds automatically, then (5.21) and (5.22) show that v, are parallel spinors
on M (and thus are zero, since M is not Ricci-flat) for 1 < k <r — 1. The
first component ¢y € T'(XoM; ® X, Ms) satisfies the equations:

Vxthy =0, forall X € T'(TM,),

1
VX+77Z)O - O, vaﬁbo —?X D+’I7Z)(), for all X € P(TMQ)

and v, € T'(Z, M) ® 3gM,) satisfies the equations:
1

Vx+p =0, Vx-t, = —mX’ - Dfp,, for all X € I'(TM,),

Vxi, =0, forall X € T'(TMy,)

Thus 1y = & ® ¢, with § € T'(XgM;) a parallel spinor on M; and ¢, €
['(3, Ms) an anti-holomorphic Ké&hlerian twistor spinor on My (D~ ¢, = 0).
Similarly 1, = &, ® g, in particular with ¢ € I'(XM5) a parallel spinor on
M, but as M, is not Ricci-flat, this term must vanish.
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IT. If r is strictly larger than m and n, then by applying the real (resp.
quaternionic) structure j to a Kéhlerian twistor spinor in X, M we get one in
Yiman—rM, thus reducing to the first case. It then follows that a Kahlerian
twistor spinor ¢ € ', M is of the form ¢ = &, ® p,_,,, with &, € ['(X,,M;)
a parallel spinor on M; and ¢,_,, € I'(X,_,,Ms) a holomorphic Ké&hlerian
twistor spinor on M.

III1. Let r be a number between m and n and suppose that m < r < n. Since
Y M exist only for 0 < k < m, then automatically ¢,,1 = --- = 1, = 0.
Integrating (5.25) over M we obtain as above D¢y = Dy = 0, for all
k <m—1and Dy¢y = Dyt = 0, for all k > 1. From (5.21) and (5.22) it
follows that vq,...,1,,_1 are parallel spinors in XM and thus must vanish.
The first component v has as above the form vy = {o®¢, with & € I'(XgM;)
a parallel spinor on M; and ¢, € I'(X,M;) an anti-holomorphic Ké&hlerian
twistor spinor on Ms. The last component is of the form ¢, = &, ® ¢,
with &, € ['(3,,M;) a parallel spinor on M; and ¢,_,, € ['(3,_,, M) a
holomorphic Kéahlerian twistor spinor on Ms.

The last possible case is when n < r < m. The same argument as above holds
with M; and M, interchanged. As M, is assumed not to be Ricci-flat, then
it carries no parallel spinors, showing that there are no nontrivial Kahlerian
twistor spinors in this case. O

Remark 5.13. From Theorem 5.12 it follows in particular that on a product of
two compact spin Kéhler manifolds any Kahlerian twistor spinor is a special
Kahlerian twistor spinor. Moreover, since one of the factors must be a Ricci-
flat manifold, it follows that the second factor, which in turn carries special
Kéhlerian twistor spinors, is an irreducible Kéhler manifold with holonomy
U(m) (from Berger’s list, where we eliminate the case of symmetric manifolds,
which are in particular Kéhler-Einstein and thus studied in Theorem 5.9).

If n < m, where m is the complex dimension of the Ricci-flat factor M; and
n the complex dimension of the other factor Ms, then Theorem 5.12 implies
that there are no nontrivial Kahlerian twistor spinors in >, M for n < r < m.

5.5 The Geometric Description

In this section we give the main result (Theorem 5.15), which is now a con-
sequence of Theorems 5.3 and 5.12 and the following splitting result proven
by V. Apostolov, T. Draghici and A. Moroianu, [2]:
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Theorem 5.14. Let (M,qg,J) be a compact Kdihler manifold whose Ricci
tensor has two distinct constant non-negative eigenvalues A\ and . Then the
universal cover of (M,g,J) is the product of two simply-connected Kdihler-
FEinstein manifolds with Finstein constants \ and p, respectively.

Theorem 5.15. Let (M*™, g, J) be a compact simply-connected spin Kdihler
manifold of constant scalar curvature admitting nontrivial Kahlerian twistor
spinors in 2. M for an r with 0 < r < m. Then M s the product of
a Ricci-flat manifold M, and an irreducible Kdhler-FEinstein manifold My,
which must be one of the manifolds described in Theorem 5.9. More pre-
cisely, there exist anti-holomorphic (holomorphic) Kdhlerian twistor spinors
in at most one such L. M with v < 3 (r > 3 ) and they are of the form:

@D = 50 & Pr (¢ = §2T—m—1 ® @m—r—i—l)a (526)

where & € T'(XgM1) (§2r—m—1 € T(Xar_m_1M1)) is a parallel spinor and ¢, €
L3 Ms) (om-rs1 € T(Zm_rr1Ms)) is an anti-holomorphic (holomorphic)
Kahlerian twistor spinor. In particular, the complex dimension of the Kdahler-
Finstein manifold My is 2r + 1 (resp. 2(m —r) +1).

Proof:  Let (M,g,J) be a Kédhler manifold as in the hypothesis of the
theorem and ¢ € T'(X, M) a Kéhlerian twistor spinor. By Proposition 5.1, ¢
is a special Kéahlerian twistor spinor and, as usual, we may suppose that it
is an anti-holomorphic Kahlerian twistor spinor. Then, by Theorem 5.3 the
Ricci tensor has two constant eigenvalues: ﬁ with multiplicity 2(2r +
1) and 0 with multiplicity 2(m — 2r — 1). From Theorem 5.14, as M is
supposed to be simply-connected, it follows that M is the product of a Ricci-
flat manifold M; and a Kéahler-Einstein manifold M; of scalar curvature equal
to 2(TS+1) By Theorem 5.12, v is of the form (5.26) with & is a parallel spinor
in YoM, and ¢, is an anti-holomorphic Kahlerian twistor spinor in ¥, M. We
then conclude by applying Theorem 5.9. We notice that this result together
with Corollary 5.11 also provides the dimension of the space of Kéhlerian

twistor spinors. O

Remark 5.16. This result can be seen as a generalization of the geometric
description of limiting even dimensional Kéahler manifolds for Kirchberg’s
inequality (3.13) using the characterization in Theorem 3.5. Thus, if M is a
limiting Kahler manifold of even complex dimension m = 2/, then it admits
an anti-holomorphic Kéhlerian twistor spinor in ¥, 1M (or equivalently a
holomorphic Kéhlerian twistor spinor in ;41 M). By Theorem 5.15, M is
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then the product of a 2-dimensional Ricci-flat manifold M; and a (4] — 2)-
dimensional Kéhler-Einstein manifold Ms, which is a limiting manifold for
Kirchberg’s inequality (3.12) in odd dimensions.

Remark 5.17. If in Theorem 5.15, (M, g) is not assumed to be simply-
connected, then its universal Riemannian cover (ZT/[/ ,§) carries a unique spin
structure. By a result of J. Cheeger and D. Gromoll ( [9, Theorem 6.65])
(M, §) is isometric to a Riemannian product (M x R?,§ X go), where go is
the canonical flat metric on R? and (M, §) is a compact simply-connected
manifold with positive Ricci curvature. In order to complete the classifica-
tion of Kahler spin manifolds admitting nontrivial non-extremal Kéahlerian
twistor spinors, one has to analyze the existence of such spinors on the prod-
uct (M x R?,g x go) and the action of the fundamental group of M on M.
In the special case of limiting manifolds for the even dimensional Kirchberg
inequality, this classification was obtained by A. Moroianu, see Theorem 3.7.

In particular, Theorem 5.15 together with Proposition 4.7 answer a ques-
tion raised by K.-D. Kirchberg, [41], about the description of all compact
Kéhler spin manifolds, whose square of the Dirac operator has the smallest
eigenvalue of type r.

5.6 Weakly Bochner Flat Manifolds

All known examples of Kéahler spin manifolds admitting special Kéhlerian
twistor spinors have parallel Ricci form, being thus in particular weakly
Bochner flat. The purpose of this section is to show conversely, that any spin
weakly Bochner flat manifold admitting special Kahlerian twistor spinors
must have constant scalar curvature and thus, is described in Theorem 5.15.

We first recall that a Kéhler manifold (M, g, J) is called weakly Bochner flat if
its Bochner tensor (which is defined as the projection of the Weyl tensor onto
the space of Kéhlerian curvature tensors) is co-closed. In [1, Proposition 1],
the codifferential of the Bochner tensor is computed using the Matsushima
identity and it is proven that a Kahler manifold is weakly Bochner flat if and
only if the normalized Ricci form defined by

N 1
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is a hamiltonian 2-form, i.e. it satisfies the following equation

1

_— X —d° X 2
T IS N IX = dS A X), (5.28)

VXﬁ =

for all vector fields X.

Proposition 5.18. Let (M,g,J) be a spin weakly Bochner flat manifold
and ¢ € T'(X,.M) (with 0 < r < m) be a nontrivial anti-holomorphic (or
holomorphic) Kdhlerian twistor spinor. Then the scalar curvature S of the
metric g 1s constant.

Proof: Let ¢ € I'(X, M) (with 0 < r < m, r # %) be a nontrivial anti-
holomorphic Ké&hlerian twistor spinor (using the isomorphism j the same
argument holds for a holomorphic Kéhlerian twistor spinor). First we notice
that using the projections onto T M and TV M, the equation (5.28) is
equivalent to the following equations:

: . 1 n _

iVx+p = 2m T 1)X A(dS)™, (5.29)

: . 1 _ n

iVx-p= Sm + 1)X A (dS)T. (5.30)
From (5.27) and (5.29) we obtain:

1

. o ~ . + — Jr — . +
iVx+p=1iVx+p+ om0 1)2X () ST 1) [XTA(dS)” +iX7(9)Q].

Applying this equation to ¢ and using (4.39) we get

' cp=———(XTA(dS)7)- ——iXT(9)Q-
1 m — 2r m—2r+1
— X+ Xt — Xt
s Ot ot =Sy X B
(5.31)

On the other hand, by (4.45) we have

. 1 n

iVxip o= XT(S)ep. (5.32)

2(2r 4 1)
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Comparing the equations (5.31) and (5.32) we get

m—2r+1 n 1

mr1) L 5P = 2(2r+1)X+(S)"0’

which is equivalent to

r(m — 2r)

2(m + 1)(2r + 1)X+(S)‘p =0

As r # % and r # 0, it follows that X*(S) = 0 at all points where ¢ does
not vanish, thus proving that S must be constant. O
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Appendix A

Auxiliary formulas

We collect here some formulas that we use in our computations. In the sequel
(M™, g) is a Riemannian manifold and {e;},_i is a local orthonormal frame.
The conventions used for the curvature are the followings: the Riemannian
curvature tensor is given by R(X,Y) = VxVy — VyVx — Vixy], and the

Ricci tensor is Ric(X,Y) = Y R(e;, X, Y, ¢;).
i=1

If M is also endowed with a Kéahler structure whose complex structure de-
noted by J, then the Ricci form is defined as p(X,Y) = Ric(JX,Y), or

locally as

1
p= Z §Ric(ei) N Je;.

i=1

The Ricci form is closed and its codifferential and Laplacian are:

1 1 1 _
Op = —5JdS = —3d°S, Ap=dip=—3dd°S = ~iddS. (A.1)

It is useful to introduce the following notation. We consider the local formula
(3.5) defining the Dirac operator (and the formulas (3.6) defining D~ and
DT) and apply it to sections of different associated bundles (V is then the
connection induced by the Levi-Civita connection). Thus, when applied to
functions we get:

Df =df, D (f)=0f D"(f)=0f.

135
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Applying (3.5) to a vector field X we get the following endomorphisms of
the spinor bundle:

D(X)-:=) e;- Ve X,
j=1

D*(X) =) ej-e-VeVeX-.

i,j=1

On forms we have: D =d+6, D' =0+0*, D~ =0+ 0. We may
also extend the formula (3.5) of the Dirac operator to endomorphisms of the
tangent bundle. For instance, for the Ricci tensor we define the following
endomorphism of the spinor bundle:

D(Ric)(X)- :=¢; - (V,Ric)(X) -.

With the above notation, the following relations hold (for any tangent vector
field X parallel at the point where the computations are done):

D™ (Ric)(X*) = —iVysp— %X‘L(S), D*(Ric)(X) = 0,

D*(Rie)(X~) = iVy-p — %X‘(S), D~ (Ric)(X~) = 0,
DH((dS)") = D*(8S) = (3 + 8")(8S) = —iAp + %AS,
D((dS)") = D~(9S) = (9 + 7)(S) = —93"S = 0

For any tangent vector field X and any k-form w, the following formulas for
the Clifford contraction hold:

X w=XANw-XJuw,

w- X=(-D"XANw+Xiw), X w=(-1)w-X-2X,w.

Moreover, we have the following commutator relations:

D(w-¢) =Dw- ¢+ (—1)'w- Dy —2(e;2w) - Ve, 0,

D¥(w-p)=D*w-p+ (~1)f'w- D% —2(ef 1w) - V5.
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If wis a k-form and we consider the extended action of the complex structure
J on forms as a derivation, J(w) := Je; A e; 1w, then:

1
ef - (e;aw)=¢elf N(ejaw) —ef J(ej Jw) = §(kw —iJ(w)) — € J(e; Jw).

If w is a 2-form, then the above formula becomes:

100G

ef - (ej aw) = %(2@ —iJ(w)) —w(e;,ef) = %(Quj —iJ(w)) — %iw(Jei,ei).

In particular, for the Ricci form p, which is a (1,1)-form, J(p) = 0 and it
follows:

1 1
el - (e;up)=p+ EiRic(ei, e)=p+ 52'5’

1 1
e; - (e; 2Ap) = Ap — Ei(Ap)(Jei, e;) = Ap+ 5@'AS.

[

Lemma A.1. For any vector field X and a local orthonormal frame {e;};,_15

parallel at the point where the computations are done, the following commu-
tator rules hold:

DX -4+X-D=D(X) —2Vy, (A.2)

DYX* 4+ X*.D" = DY (X¥), DYX™+X"-D* = D*(X7)-—2Vx-, (A3)

DX +X"-D" =D (X)), DXt 4+ XD~ =D (XT)-—2Vx+, (A4)

1
[Vx, D] = —§R1C(X) c—€; Vvei)(, (A5)
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1
[Vx+,D+] = —§RiC(X+)'—6:—'VV 7x+, [Vx—,D+] = —Gj'Vv _X— (AG)

7

| _ _ _
[VX—,D_] = —§RIC(X )-—61- 'Vvejxf, [Vx+,D ] = —€; -vVeijr, (A?)
[D?, X] = —Ric(X) - +D%(X) - =2V, X - V.,, (A.8)
D(Ric(X)-) 4 Ric(X) - D = —2Vgie(x) + D(Ric)(X)-, (A.9)
1
[VX, D2] = — ED(RIC)(X) . +VRiC(X) - 6]‘ € R€j7v6iX — Gj € Vveixvej
- €€ VvejVEiX — €; VVEixD, (AlO)

Proof: = We show these relations by straightforward computation using the
well known elementary relations of spin geometry. For (A.2) and (A.3) we
compute as follows:

D<X90):61V61<X¢):€lv61X¢+€szeﬁp
=D(X) ¢ —X-D(p) —2Vxep.

DY X" p)=¢ V- (XT-p)=¢ V- XT-p+ef X7V,
=D"(X") o= X"-D"(¢).

DY X -p)=ef V- (X -¢p)=¢ V-X -po+ef - X -V_-p
=DV(X7)-o—X"-D"(p) —2Vx-¢.

By conjugating (A.3) we get (A.4).
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For (A.5) we have:

Vx (D) = Vx(ei-Ve,p) =€+ Rxept € Ve Vxp+ € Vyge, v, x¢

1.
= —§RIC(X) o+ D(Vxp) —ei - Vy, x¢,

and similarly for (A.6):

VX+<D ) Vx+( V (,0)
:€+.RX+,6;90+61—"—'VEIVXJrSD—f_ej_'VVXjLe;—V _x+¥

)

1
= —§R1C<X+) -+ D+(VX+<,0> — 63_ . VV .,X+Q0.

Uy (D*9) = Vx-(ef -V, ¢)
—et. +.V _ _ +. _
=€ RX*,ei_gp—i_ez Vei VX (10+€z VVX,ei —VS,X*SO

7

=D"(Vx-¢) — ¢ - Vv _x-¢.

i

Again (A.7) is obtained by conjugating (A.6). For (A.8) we first compute:

E

X)- @) =¢€; Ve (€i- Ve X - )

(X)-p—€i-€- VX V-2V, X -V,

(X)) p+e-VeX e -Ve,p+2(e;, Ve X)e; Ve,0 — 2V, X Ve
*(X)- ¢+ D(X) Do +2¢-Vy, xp =2V, X - Ve,0,

|l
S O T

which implies

DX ) ¥ — D(X - D) + D(D(X) - ) — 2D(Vxp)

A ¥ . D2 — D(X)- Dy + 2V (D) + D*(X) - ¢ + D(X) - Dy

+ 2e; - VveiXSO =2V, X -V — 2D<VX90)

X D2 Rie(X) o+ DAX) ¢ — 29X V.
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The relation (A.9) is just (A.2) with X replaced by Ric(X). For the last
relation, (A.10), we have:

A. 1.
V(D%0) ‘2 D(Vx(Dy)) — SRic(X) - Dy — ¢;- Vv, xDep

1 .
=D*(Vxy) — §D(RIC(X) p)—ej € Rejv..xp—e€j-¢e- Vveix(vejSO)
1.
— ej c € vvejveing — §R1C(X) . D(,D —€; vVeixD(,O
(A.9) 10 1 .
="D*(Vxp) - §D(RIC)(X) o+ VRie(x)p — €+ € - Re, v, . xp

—¢ i Vu,x(Vep) —¢j-ei- Vo, v, x¢ =€ Vv, xDo.

We notice that these commutator relations become simpler if X € I'(TM) is
parallel at the point where the computations are made. 0

By straightforward computations we get:

Lemma A.2. The following formulas for contractions hold, when considered
as endomorphisms of the spinor bundle restricted to the subbundle ¥, M :

e cej ==2r, e -ef ==2(m—r), (A.11)

1
i Ry = SRic(Y), ¢ - Ry y == 7 [Ric(Y) +ip(Y )], (A.12)

e; - Ric(e;) = =S, e

(2

- Ric(e]) = %[ei -Ric(e;) —i-e; - Ric(Je;)] = —g —ip,
(A.13)

el - Ric*(e]) = %[ei-RiCQ(ei) —iJ(e;)- Ric*(e;)] = —%tT(Ric2)—|—ip2. (A.14)



Bibliography

1]

[10]

V. ApostoLov, D.M.J.CALDERBANK, P.(GAUDUCHON, Hamiltonian
2-Forms in Kahler Geometry I: General Theory, J. Diff. Geom. 73
(2006), 359-412.

V. ArostorLov, T. DRAGHICI, A. MOROIANU, A splitting Theorem
for Kahler Manifolds with Constant Eigenvalues of the Ricci Tensor,
Internat. J. Math. 12 (2001), 769-789.

M.F. ArivAH, I.M. SINGER, The Index of Elliptic Operators on Com-
pact Manifolds, Bull. Amer. Math. Soc. 69 (1963), 422-433.

H. Baum, TH. FRrIEDRICH, R. GRUNEWALD, I. KATH, Twistor
and Killing Spinors on Riemannian Manifolds, Teubner Verlag
Leipzig/Stuttgart, 1991.

CH. BAR, Real Killing Spinors and Holonomy, Commun. Math. Phys.
154 (1993), 509-521.

CH. BAR, Elliptic Operators and Representation Theory of Compact
Groups, Geometry and Global Analysis, Tohoku Univ., Sendai (1993),
151-160 .

CH. BAR, Elliptic Symbols, Math. Nachr. 201 (1999), 7-35.

N. BERLINE, E. GETZLER, M. VERGNE, Heat Kernels and Dirac

Operators. Grundlehren der Mathematischen Wissenschaften, Springer-
Verlag, Berlin, 1992.

A. L. BESSE, Einstein Manifolds, Ergebnisse der Mathematik (3),
Springer Verlag, Berlin, 1987.

J.-P. BOURGUIGNON, The Magic of Weitzenbock Formulas, Variational
Methods (Paris 1988), H. Berestycki, J.-M. Coron, I. Ekeland, eds.,
PNLDE, vol. 4, Birkh&user Boston (1990), 251-271.

141



142

[11]

[12]

[13]

[14]

[15]

[16]

[18]

[19]

[20]

[21]

22]

23]

BIBLIOGRAPHY

J.-P. BOURGUIGNON, O. H1yazi, J.-L. MILHORAT, A. MOROIANU, A
Spinorial Approach to Riemannian and Conformal Geometry, in prepa-
ration.

TH. BRANSON, Harmonic Analysis in Vector Bundles Associated to the
Rotation and Spin Groups, J. Funct. Anal. 106, no. 2 (1992), 314-328.

TH. BRANSON, Stein-Weiss Operators and Ellipticity, J. Funct. Anal.
151 (1997), no. 2, 334-383.

TH. BRANSON, Spectra of Self-gradients on Spheres, J. Lie Theory 9
(1999), 491-506.

TH. BRANSON, Kato Constants in Riemannian Geometry, Math. Res.
Lett. 7 (2000), no. 2-3, 245-261.

T. BROCKER, T. ToM DIECK, Representations of Compact Lie Groups,
Graduate Texts in Mathematics, 98. Springer-Verlag, New York, 1985.

D.M.J. CALDERBANK, P.GAUDUCHON, M. HERZLICH, On the Kato
inequality in Riemannian Geometry, Global Analysis and Harmonic
Analysis (Marseille-Luminy, 1999), Sémin. Congr., 4, Soc. Math. France,
Paris (2000), 95-113.

D.M.J. CALDERBANK, P.GAUDUCHON, M. HERZLICH, Refined Kato

Inequalities and Conformal Weights in Riemannian Geometry, J. Funct.
Anal. 173, no. 1 (2000), 214-255.

H. FEGAN, Conformally Invariant First Order Differential Operators,
Quart. J. Math. Oxford Ser. 27 (1976), 371-378.

TH. FRIEDRICH, Der erste FEigenwert des Dirac-Operators
einer kompakten Riemannschen Mannigfaltigkeit nichtnegativer

Skalarkriimmung, Math. Nach. 97 (1980), 117-146.

TH. FRIEDRICH, On the Conformal Relation between Twistor and
Killing Spinors, Suppl. Rend. Circ. Mat. Palermo (1989), 59-75.

TH. FRIEDRICH, Dirac Operatoren in der Riemannschen Geometrie,
Advanced Lectures in Mathematics, Vieweg Braunschweig, 1997.

W. Furron, J. HARRIS, Representation Theory. A First Course.

Graduate Texts in Mathematics, 129. Readings in Mathematics,
Springer-Verlag, New York, 1991.



BIBLIOGRAPHY 143

[24]

[25]

[26]

[27]

32]

33]

[34]

[35]

[36]

P. GAUDUCHON, Structures de Weyl et théorémes d’annulation sur une

variété conforme autoduale, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
18, no. 4 (1991), 563-629.

P. GAUDUCHON, L’Opérateur de Penrose kahlérien et les inégalités de
Kirchberg, preprint (1993).

M. HERZzLICH, Refined Kato Inequalities in Riemannian Geometry,

Journées “Equations aux Dérivées Partielles” (La Chapelle sur Erdre,
2000), Exp. No. VI, Univ. Nantes (2000).

O. Huazi, Opérateurs de Dirac sur les variétés riemanniennes : minora-
tion des valeurs propres, These de Doctorat, Ecole Polytechnique-Paris
VI (1984).

O. Hiujazi, Eigenvalues of the Dirac Operator on Compact Kahler Mani-
folds, Comm. Math. Phys. 160 (1994), 563-579.

N. HiTcHIN, Harmonic Spinors, Adv. Math. 14 (1974), 1-55.

N. HiTtcHIN, Linear Fields Equations on Self-dual Spaces, Proc. Roy.
Soc. London Ser. A, 370 (1980), 173-191.

Y. HomwmA, Universal Bochner-Weitzenbock Formulas for Hyper-

Kahlerian Gradients, Advances in Analysis and Geometry, Trends
Math., Birkh&user, Basel (2004), 189-208.

Y. HomMmA, Bochner Identities for Kéhlerian Gradients, Math. Ann.
333, no. 1 (2005), 181-211.

Y. HoMMA, Bochner-Weitzenbéck Formulas and Curvature Actions on
Riemannian Manifolds, Trans. Amer. Math. Soc. 358, no. 1 (2006), 87—
114.

Y. HomMA, Estimating the Eigenvalues on Quaternionic Kahler Mani-
folds, Internat. J. Math. 17, no. 6 (2006), 665—691.

J. HUMPHREYS, Introduction to Lie Algebras and Representation The-
ory, Graduate Texts in Mathematics, Vol. 9, Springer-Verlag, Berlin,
1980.

J. KALINA, B. ORSTED, A. PIERZCHALSKI, P. WaLczak, G.
ZHANG, Elliptic Gradients and Highest Weights, Bull. Polish Acad. Sci.
Math. 44, no. 4 (1996), 527-535.



144

[37]

[38]

[39]

[40]

[41]

[42]

[45]

[46]

[47]

[48]

BIBLIOGRAPHY

J. KALINA, A. PIERZCHALSKI, P. WALCZAK, Only One of Generalized
Gradients Can Be Elliptic, Ann. Polon. Math. 67, no. 2 (1997), 111-120.

R.C. KiNnGg, A. H. A. QUBANCHI, The Evaluation of Weight Multi-
plicities of Go, J. Phys. A 11, no. 8 (1978), 1491-1499.

R.C. KinGg, B.G. WYBOURNE, Multiplicity-free Tensor Products of
Irreducible Representations of the Exceptional Lie Groups, J. Phys. A
35, no. 15 (2002), 3489-3513.

K.-D. KIRCHBERG, An Estimation for the First Eigenvalue of the Dirac
Operator on Closed Kahler Manifolds of Positive Scalar Curvature, Ann.
Global Anal. Geom. 3 (1986), 291-325.

K.-D. KIRCHBERG, The First Eigenvalue of the Dirac Operator on
Kéhler Manifolds, J. Geom. Phys. 7 (1990), 449-468.

K.-D. KIRCHBERG, Properties of Kahlerian Twistor Spinors and Vani-
shing Theorems, Math. Ann. 293 no. 2 (1992), 349-3609.

K.-D. KIRCHBERG, Killing Spinors on Kahler Manifolds, Ann. Glob.
Anal. Geom. 11 (1993), 141-164.

K.-D. KIRCHBERG, U. SEMMELMANN, Complex Contact Structures
and the First Eigenvalue of the Dirac Operator on Kahler Manifolds,
Geom. and Funct. Analysis 5 (1995), 604-618.

A. W. Knapp, Lie groups Beyond an Introduction, Progress in Math-
ematics, 140. Birkhauser Boston, Inc., Boston, MA, 1996.

W. KRAMER, U. SEMMELMANN, G. WEINGART, Figenvalue Esti-

mates for the Dirac Operator on Quaternionic Kahler Manifolds, Math.
Z. 230, no. 4 (1999), 727-751.

H. B. Lawson, M.-L. MICHELSON Spin Geometry, Princeton Mathe-
matical Series, 38. Princeton University Press, 1989.

A. LICHNEROWICZ, La premicre valeur propre de 'opérateur de Dirac
pour une variété kahleriénne et son cas limite, C.R. Acad. Sci. Paris, t.
311, Serie I (1990), 717-722.

A. LICHNEROWICZ, Spineurs harmoniques et spineurs-twisteurs en
géométrie kahlérienne et conformément kahleriénne, C.R. Acad. Sci.
Paris, t. 311, Serie I (1990), 883-887.



BIBLIOGRAPHY 145

[50]

[51]

[52]

[53]

P. LITTELMANN, On Spherical Double Cones, J. Algebra 166, no. 1
(1994), 142-157.

A. MOROIANU, La premiére valeur propre de 'opérateur de Dirac sur
les variétés kahlériennes compactes, Commun. Math. Phys. 169 (1995),
373-384.

A. MOROIANU, Opérateur de Dirac et submersions riemanniennes,
These de Doctorat, Ecole Polytechnique (1996).

A. MOROIANU, On Kirchberg’s Inequality for Compact Kahler Mani-
folds of Even Complex Dimension, Ann. Global Anal. Geom. 15 (1997),
235-242.

A. MOROIANU, Kéhler Manifolds with Small Eigenvalues of the Dirac
Operator and a Conjecture of Lichnerowicz, Ann. Inst. Fourier. 49

(1999), 1637-1659.

A. MOROIANU, Lectures on Kahler Geometry, London Mathematical
Society Student Texts, 69. Cambridge University Press, Cambridge,
2007.

A. MOROIANU, U. SEMMELMANN, Twistor Forms on Kahler Manifolds,
Ann. Scuola Norm. Sup. Pisa IT (2003), 823-845.

A. MoroiaNU, U. SEMMELMANN, Twistor Forms on Riemannian
Products, J. Geom. Phys. 58 (2008), 1343-1345.

L. ORNEA, Weyl Structures Lecture notes of Seminario Interdisciplinare
di Matematica. Vol. I, S.I.M. Dep. Mat. Univ. Basilicata, Potenza
(2001), 43-80.

S. SEIFARTH, U. SEMMELMANN, The Spectrum of the Dirac Operator
on Complex Projective Spaces, SFB 288 preprint, no. 95, Berlin (1993).

U. SEMMELMANN, A Short Proof of Eigenvalue Estimates for the Dirac
Operator on Riemannian and Kéahler Manifolds, Diff. Geom. and Appl.,
Proceedings, Brno (1998), 137-140.

U. SEMMELMANN, Conformal Killing Forms on Riemannian Manifolds,
Math. Z. 245, no. 3 (2003), 503-527.

U. SEMMELMANN, G. WEINGART, Vanishing Theorems for Quater-
nionic Kdhler Manifolds, J. Reine Angew. Math. 544 (2002), 111-132.



146 BIBLIOGRAPHY

[63] U. SEMMELMANN, G. WEINGART, The Weitzenbock Machine, preprint
(2007), math.DG/0702031, to appear in Compositio Math.

[64] E. STEIN AND G. WEISS, Generalization of the Cauchy-Riemann Equa-
tions and Representations of the Rotation Group, Amer. J. Math. 90
(1968), 163-196.

[65] J.R. STEMBRIDGE, Multiplicity-free Products and Restrictions of Weyl
Characters, Represent. Theory 7 (2003), 404-439.

[66] M. WANG, Preserving Parallel Spinors under Metric Deformations, In-
diana Univ. Math. J. 40, no. 3 (1991), 815-844.

[67] H. WEYL, The Classical Groups. Their Invariants and Representations,
Princeton University Press, Princeton, N.J., 1939.

[68] H. H. Wu, The Bochner Technique in Differential Geometry, Math.
Rep. 3, no. 2 (1988), 289-538.



Index of Notation

conformal weight operator on V,, 22
conformal weight operator of g on V), 33
Casimir operator of A\, 23

Dirac operator, 9

Weyl structure, 20

(complex) Dirac operators associated to J, 89
induced Weyl structure on V5M, 21

natural second order operator defined by I, 56
Rarita-Schwinger operators on X3z, thﬂ, 9
structure group, 3

principal bundle of structure group G, 10

the holonomy group of V, 11

subset of the set of relevant weights of 7, 39
(almost) complex structure, 87

canonical bundle (Part II), 87

classifying endomorphism (Part I), 45

square root of the canonical bundle K, 88
number of relevant weights of A, 17
generalized gradient associated to the Weyl
structure D, 22

generalized gradient defined by V¢, 32
generalized gradient defined by V9, 21
natural first order operator defined by I, 39
generalized gradient acting between sections
of VM and V..M, 6

curvature tensor, 137

representation ring of g, 14

Ricci tensor, 137

scalar curvature, 90

intrinsic torsion of a G-structure, 31

147



148

AKT (r), HKT (r)

Index of Notation

twistor (Penrose) operator on spinors, 9
twistor operator acting on forms, 7
Kéhlerian twistor (Penrose) operator, 97
associated vector bundle to the representation
V,6

associated vector bundle to GM and A, 35
associated vector bundle to SO,M and A, 25
(strict) Weyl chamber, 13

projection of the tangent vector X on T'OM,
resp. TO1 M, 87

Yamabe operator of the metric g, 38

bundle of oriented c-orthonormal frames, 19
Laplace operator, 38

bundle of linear frames, 10

weight lattice, 13

bundle of p-forms, 7

Cartan summand of TM ® APM, 7

the set of maximal non-elliptic operators, 69
Kahler form, 87

projection defined by I, 57

projection onto V.., resp. Vii.M, 5

bundle of oriented orthonormal frames, 5
spin structure of the metric g, 7

G-structure conformally related to GM,
sort=GM, 35

character of the representation V', 13

Weyl vector, 13

codifferential, 7

Kahlerian twistor curvature, 109

Kahlerian twistor connection, 107

space of Kahlerian twistor spinors in .M, 97
eigenvalue of the Dirac operator (Part II), 90
dominant weight of g of rank r (Part I), 4
irreducible representation of highest weight A
(Part 1), 4

smallest eigenvalue of D on Riemannian mani-
folds, 91

space of (anti-)holomorphic Kéhlerian twistor
spinors in .M, 97



Index of Notation

odd even

ZA

U(g)
W(Vi)

—oa g

CSpin, M

Cl(n)

T™, T*M
Tl’OM, TO0.IM
TM

pf

smallest eigenvalue of D on Kéahler manifolds
of odd, resp. even complex dimension, 92
integral group ring on the abelian group A, 13
universal enveloping algebra of g, 48

space of Weitzenbock formulas on V)M, 41
center of the enveloping algebra U(g), 48
Weyl group, 13

Lie algebra of G, 10

Cartan subalgebra, 4

real (resp. quaternionic) structure on LM, 89
spin structure on the conformal manifold
(M,c), 28

Clifford algebra, 8

tangent and cotangent bundle, 6
(£1)-eigenspaces of J, 11

complexified tangent bundle, 11

Pfaffian element, 48

metric connection, 5

Levi-Civita connection, 8

extension of V¢ to (R x G)M, 32

induced connection by V on VA M, 6

minimal connection of a G-structure, 31
complex volume form, 88

1-form of the Levi-Civita connection, 31
fundamental weights of g of rank r, 13
isomorphism between V&M and VEM, 35
isomorphism between VI M and VM, 25, 26
isomorphism between V(y .,)M and VAGM , 35
isomorphism between V()M and VIM, 25
Ricci form, 137

Ricci form of “order s, 122

eigenbundle of 2 on XM, 88

spinor bundle, 8

bundle of positive (negative) spinors, 8

twist (canonical involution) of W(V)), 42
principal symbol of the operator P, 54
(complex) standard representation, 4
translated conformal weight operator, 63
normalized Ricci form, 133

149



150

Index of Notation

translated curvature homomorphisms on
VAM, 50

highest weight of an irreducible CO(n)-
representation, 19

isomorphism between V;\g M and V;\g M, 29
(translated) higher Casimir element, 48
relevant weights of 7 for A, 5

the complement of [ in {1,..., N}, 64
translated conformal weights, 63

basis of h*, the dual of b, 4

oriented orthonormal basis of R"(or local or-
thonormal basis on M), 4
(algebraic) dual frame to {e;}
class of conformal metrics, 19
Clifford multiplication, 9
Casimir number of A, 23
upper bound for k;, 74
exterior differential, 7

Kato constant (for Pr), 62
Clifford homomorphism &, 49
the weight of a CO(n)-representation, 19
the second Stiefel-Whitney class of M, 8
conformal weight of A and ¢, 23

21

=1,n



Index

adjoint action, 46

Bar’s classification, xi
Bochner method, viii, 38
branching rule, xv
for SO(n), 71, 76
for G, 80
Branson’s classification, xv, 57, 58
bundle
associated vector -, 6, 11, 21
canonical -, 85, 87
cotangent -, 6, 11
of p-forms, 7, 26
of conformal frames, 19
of orthonormal frames, 5
principal -, 6
spinor -, 8, 86, 125
tangent -, 6, 11
complexified -, 85
twistor -, 9

Cartan
subalgebra, 4, 11, 13, 79
summand, 7, 10, 55, 93
Casimir
number, 23, 32
operator, 23, 32
Clebsch-Gordan theorem, 12
Clifford
algebra, 8
homomorphism, 46, 48

multiplication, 9, 54, 86, 125, 136

codifferential, 3, 7, 135
complex projective space, 91, 125

cone construction, xii, 89
conformal invariance, xiii, 18
connection

1-form, 6, 10, 30

G-, 10

minimal -, 18, 30

induced -, 6, 10, 87

Kahlerian twistor -, 102, 105

Levi-Civita -, 6, 22, 25, 30

metric -, 5
Weyl -, 33
curvature

Kahlerian twistor -, 107

eigenvalue
estimates, 96
smallest -, 89, 90, 96, 118, 124
of type r, 131
element
(translated) higher Casimir -, 46
Pfaffian -, 47
endomorphism
classifying -, 44
curvature -, 49
exterior differential, 3, 7

Fegan’s lemma, 23, 32, 45
form
(anti)selfdual -, 4
complex volume -, 86
Kéhler -, 86, 126
eigenbundle of -, xvi, 86
Ricci -, 135
normalized -, 131

151



152

formal adjoint, 51
Freudenthal’s formula, 23
Friedrich’s inequality, xi, 89

gradient
generalized -, 3, 6, 21
G-, xiii, 16
antiholomorphic -, 17
holomorphic -, 17
Kahlerian -, 35
top -, 56
group
conformal -, 19
spin -, 27
holonomy -, 10
stabilizer (isotropy) -, 76, 80
structure -, 10

intrinsic torsion, 30
isotypical component, 5, 16

Kato
constant, 51, 60, 63
optimal -, xv, 51, 61, 70, 71
inequality, 51
classical -, 59
refined -, 60, 61, 69
Killing
constant, 89
form, 4
Kirchberg’s inequality, xii, 89
refined -, xvii, 98
Kostant’s multiplicity formula, 13

Lichnerowicz
-Schrédinger formula, 41, 88
conjecture, xiii
Lie
algebra, 4
enveloping algebra of -, 19, 44
semisimple -, 11, 12
group, 11

INDEX

manifold
conformal, 10
Einstein -, 89, 90
Kahler -, xii, 85, 91, 94
-Einstein, 106, 123, 124, 130
extremal -, xviii
limiting -, xii, xvii, 97, 119
Ricci-flat -, 96, 130
limiting -, 90, 91
of constant scalar curvature, 118,
131
product of Kahler spin -, 125
spin -, 8, 85
weakly Bochner flat -, 131
Moroianu’s classification, xii, 91

operator

conformal Killing -, 3

conformal weight -, xiv, 23, 32
translated -, 61

conformally invariant -, 22, 24, 28,

32, 33

curvature -, 44

Dirac -, 3, 9, 18, 28, 54, 87, 135
lower bound of -, xi, 88, 97
spectrum of -, xi
twisted -, 10

elliptic -, 51, 53, 71
injectively -, 53
maximal non-, 67, 68, 76
minimal -, 55, 57, 58, 73
overdetermined -, 53
strongly -, 53, 56
underdetermined -, 53

Laplace -, 37, 53, 56, 135

Rarita-Schwinger -, 3, 9, 18, 30

Stein-Weiss -, 3

twistor (Penrose) -, 3, 7, 9, 28, 94
Kahlerian -, 95

Yamabe -, 37

parallel section, 102, 106



INDEX

principal symbol, 19, 47, 52

Rayleigh quotient, 118
recursion
formula, 45
procedure, 45
representation
character of a -, 13
complex -, 5
spin -, 8, 86
Hitchin -, 86
irreducible -, 4, 19
multiplicity-free -, 5, 12
standard -, 4, 11
root, 4, 13
rough Laplacian, 40, 55, 96

Schur’s lemma, 23, 45, 47
Schwarz inequality, 60
refined -, 63
selection rule, 12
for SO(n), 5, 57, 58
for Go, 79
spinor, 86
Killing -, xi, 89

Kihlerian -, xiii, 90, 91, 123,

124
parallel -, 96, 125

positive (negative) half-, 8

twistor -, xi, 94

Kihlerian -, xvi, 95, 97, 102,

106, 119, 126, 130
structure
G-, xiii, 10
integrable -, 31

almost complex -, 11, 17
almost Hermitian -, 10
complex -, 85, 135
conformal -, 19

Kahler -, 135

real(resp. quaternionic) -, 87, 95

spin -, 7, 85

tensor

Bochner -, 131

curvature -, 135

Ricci -, 91, 119, 121, 130, 135
torsion

intrinsic -, 31, 42
totally skew-symmetric -, 42

twist, 40
twistor space, 91

weight, 4

conformal -, 20, 36
natural -, 20
ordering of -, 62
translated -, 61

dominant -, 4, 11, 13, 76, 79

effective -, 5

fundamental -, 13, 79

highest -, 4, 20, 36

lattice, 13

natural -, 26

relevant -, 5, 6, 12

virtual -, 5, 61

Weyl

118

space of -, 38
universal -, 44
chamber, 13

strict -, 13
character formula, 13, 14
group, 13
structure, 20

closed -, 20

exact -, 20

vector, 13, 23, 32

153

Weitzenbock formula, 38, 41, 49, 96,



154 INDEX



Erklarung

Ich versichere, dass ich die von mir vorgelegte Dissertation selbstandig ange-
fertigt, die benutzten Quellen und Hilfsmittel vollstandig angegeben und die
Stellen der Arbeit - einschliellich Tabellen, Karten und Abbildungen -, die
anderen Werken im Wortlaut oder dem Sinn nach entnommen sind, in jedem
Einzelfall als Entlehnung kenntlich gemacht habe; dass diese Dissertation
noch keiner anderen Fakultat oder Universitat zur Priifung vorgelegen hat;
dass sie - abgesehen von unten angegebenen Teilpublikationen - noch nicht
veroffentlicht worden ist sowie, dass ich eine solche Veroffentlichung vor Ab-
schluss des Promotionsverfahrens nicht vornehmen werde.

Die Bestimmungen der Promotionsordnung sind mir bekannt. Die von mir
vorgelegte Dissertation ist von Prof. Dr. Uwe Semmelmann betreut worden.

Teilpublikationen:

Die in Abschnitten 1.1 und 1.2, beziehungsweise in Kapiteln 4 und 5 dargestell-
ten Resultate wurden von mir zum Teil bereits auf dem Preprint-server

arXiv.org (http://arxiv.org/) in den Preprints math/0908.2413v1 bzw.

math/0812.3315v1 veroffentlicht.

(Ort, Datum) (Mihaela Veronica Pilca)



156



