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Abstract:
(i) Let 𝑋 be a vector field whose curl is zero everywhere in a simply
connected set. Then 𝑋 is a gradient of a function 𝑓. As a system of partial
differential equations, the problem is whether the following has a solution

𝜕𝑓

𝜕𝑥𝑖
= 𝑋𝑖 , 𝑖 = 1,2,3.

The isometric embedding problem can also be written as a system of
partial differential equations



𝑘=1

4
𝜕𝑓𝑖
𝜕𝑥𝑖

𝜕𝑓𝑖
𝜕𝑥𝑗

= 𝑔𝑖,𝑗 , 𝑖, 𝑗 = 1,2,3,

where 𝑓 is the immersion and 𝑔𝑖,𝑗is the coefficients of the metric tensor.

Is there a “curl”=0 for this problem too?

(ii) A locally symmetric space are naturally a semi-symmetric space. It
naturally follows from 𝛻𝑋𝑅 = 0 that 𝑅𝑋,𝑌𝑅 = 0 . Conversely, there are

examples where 𝑅𝑋,𝑌𝑅 = 0 but 𝛻𝑋𝑅 ≠ 0 [Nomizu 1967].

We can write 𝑅𝑋,𝑌𝑅 = 𝛻𝑋,𝑌
2 𝑅 − 𝛻𝑌,𝑋

2 𝑅 and then also

𝛻𝑋,𝑌
2 𝑅 =

1

2
𝑅𝑋,𝑌𝑅 +

1

2
𝑆𝑋,𝑌
2 𝑅 where 𝑆𝑋,𝑌

2 𝑅 = 𝛻𝑋,𝑌
2 𝑅 + 𝛻𝑌,𝑋

2 𝑅.

This decomposition of 𝛻𝑋,𝑌
2 𝑅 is mathematically correct but it has a fun-

damental problem.
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