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ABSTRACT. This article establishes the algebraic covering theomyuaindles. For every
connected quandI® with base pointg € Q, we explicitly construct a universal cover-
ing p: (&,d) — (Q,q). This in turn leads us to define the algebraic fundamentalgro
m(Q,q) := Aut(p) = {g € Adj(Q)’ | ¢? = q}, where Ad[Q) is the adjoint group of.
We then establish the Galois correspondence between dedneaverings of Q,q) and
subgroups ofr (Q,q). Quandle coverings are thus formally analogous to coverofg
topological spaces, and resemble Kervaire’s algebraieramy theory of perfect groups.
A detailed investigation also reveals some crucial difiess, which we illustrate by nu-
merous examples.

As an application we obtain a simple formula for the secomjh@mology group of
a quandleQ. It has long been known that; (Q) 2 H(Q) = Z[m(Q)], and we construct
natural isomorphismil>(Q) 2 75 (Q, q)ap andH?(Q, A) 22 Ext(Q,A) 2 Hom(7a(Q,q),A),
reminiscent of the classical Hurewicz isomorphisms in dedr. This means that whenever
m(Q,q) is known, (co)homology calculations in degree 2 become easy.
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1. INTRODUCTION AND OUTLINE OF RESULTS

1.1. Motivation and background. In every group(G,-) one can define conjugation on
the rightaxb=b~1.a-b, and its inverse, conjugation on the laffb=b-a-b~1. They
enjoy the following properties for afl, b,c € G:

(Ql) axa=a (idempotency)
(Q2) (axb)*b=(a*¥b)xb=a (right invertibility)
(Q3) (axb)xc=(axc)(bxc) (self-distributivity)

Turning these properties into axioms, D. Joy&&][defined aquandleto be a seQ
equipped with two binary operatioast: Q x Q — Q satisfying (Q1-Q3). Alternatively it
suffices to require that be right invertible, the right inversecan then be deduced from
Quandles thus encode the algebraic properties of confugdtiis axiomatic approach is
most natural for studying situations where group multggiicn is absent or of a secondary
nature. We mention three classical examples:

Example 1.1(knot quandles) The main motivation to study quandles comes from knot
theory: the Wirtinger presentation of the fundamental grog = 75 (S® . K) of a knot or

link K c S® involves only conjugation but not the group multiplicatitself, and can thus

be seen to define a quandg . The three quandle axioms then correspond precisely to the
three Reidemeister moves. These observations were firktreggn 1982 by Joycel[7],

who showed that the knot quanddg classifies knots up to orientation. Many authors have
since rediscovered and studied this notion. (See the fdateemarks ir§3.8)

Example 1.2(Lie algebras) Every Lie groupG is tied to its Lie algebrg = T;G by two
important maps: the exponential map exp+ G and the adjoint action add — Aut(g),
denoted by a@): x+— x9. They induce a quandle structure@hy xxy := x**¥)_ The Lie
bracket is its derivativex,y] = % [x*tyl,_o- The quandlég, «) is thus half-way between
the Lie group(G,-) and the Lie algebrégg, [,]). Itis usually preferable to work with the
strongest of these three structures, namely the Lie gf@p, which induces the other
two. Some infinite dimensional Lie algebras, however, cabadntegrated to a Lie group.
The quandle structure, on the contrary, can usually be saeef3.3.

Example 1.3(symmetric spaces)A symmetric spacis a Riemannian manifold such that
for each poink € X there exists an isometi;: X = X that reverses every geodesic arc
y: (]—€,+¢€[,0) — (X,x). It follows that (X, x) is a quandle with respect to the operation
Xk Y= 5y(X), see§3.7.

Slightly more general than quandlesiagk is only required to satisfy (Q2—-Q3). Such
structures appear naturally in the study of braid actiorgee@Rorn P]) and provide set-
theoretic solutions of the Yang-Baxter equation (Driftf¢8]).

In the 1990s emerged the concept of rack and quandle (co)bggnfld], and it has
since been put to work in constructing combinatorial kneanmants [, 6, 5]. Calculating
guandle cohomology, however, is difficult even in low degtesainly for two reasons:

e Brute force calculations are very limited in range. Even witieey are feasible for
small quandles and small degrees, their results are ugiffibult to interpret.

e Unlike group cohomology, the topological underpinningslass well developed.
Geometric methods that make group theory so rich are mdssigre for quandles.

For example, given a diagram of a kriotc R3, it is comparatively easy to read off a
fundamental homology clagk] € Hy(Qk ) and to verify that it is an invariant of the knot
[7]. Ever since the conception of quandle homology, howetavas an important open
question how to interpret this fundamental clé§g and to determine when it vanishes.
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The notion ofquandle covering9] was introduced in order to geometrically interpret
and finally determine the second (co)homology grobp&x ) = H?(Qx) = Z for every
non-trivial knotK. More preciselyH?(Qx) is freely generated by the canonical class
[E] € H2(Qk), corresponding to the galois coveriig Z ~ Q. — Qg coming from the
long knotL obtained by cutting< open, while its duaH,(Qk ) is freely generated by the
fundamental clas§] € Hy(Qk). In particular,[K] vanishes if and only if the knd is
trivial, answering Question 7.3 of]. As another consequendi| encodes the orientation
of the knotK, and so the paifQx, [K]) classifies oriented knots. (The generalization to
links with several components will be established7mband$9.4 below.)

1.2. Quandle coverings. Knot quandles are somewhat special, and so it was not immedi-
ately realized that covering techniques could be usefuhfbitrary quandles as well. The
aim of the present article is to fully develop the algebraiearing theory of quandles. This
will lead us to the appropriate definition of the algebraicdamental groupr (Q, q), and

to the Galois correspondence between connected covenmysubogroups ofz (Q,q).!
Detailed definitions and results will be given in the nextets, following this overview.

Definition 1.4 (see§2.8). A quandle homomorphism: Q — Qis called acoveringif it
is surjective ang(y) = p(2) impliesxx§ = X+ Zfor all X,§,Z € Q. In the words of Joyce,
§y andZarebehaviourally equivalenthat is, they act in the same way @n

Example 1.5. Consider a group extensign G — G and let® c G be a conjugacy class,
or more generally a union of conjugacy classeSinWithout loss of generality we can
assume tha® generate€s. As noted aboveQ is a quandle with respect to conjugation,
and the same holds for its ima@e= p(Q) C G. The projectionp: Q — Q is a quandle
covering if and only ifp is a central extension.

As a consequence, the covering theonygofndles embedded in grouigsessentially
the theory of central group extensions. Most quandles, fierydo not embed into groups,
which is why quandle coverings have their own distinctivetfiees. We will see below that
unlike central extensions, the theory of quandle coveriagtherently non-abelian.

Example 1.6. Consider the cyclic grou@m = Z/mZ with m € N. We explicitly allow
m= 0, in which cas& = Z. The disjoint uniorQmn = Zm U Zs becomes a quandle with
axb=aforabec ZyorahbeZ, andaxb=a-+ 1 otherwise. This quandle has two
connected componentg;, andZy, each is trivial as a quandle, but both act non-trivially
on each other. This expository example will serve us forowillustrations; for example,
we will see in Propositio2.38thatQmn embeds into a group if and onlyrifi = n.

For every factorizatiom = m'm” andn = n'n”, the canonical projection&y, — Zy
andZn — Zy define a map: Qmn — Quv v, Which is a quandle covering according to
our definition. (See Figuré.) In this family, the trivial quandl&; ; = {0} LI {0} is the
terminal object, whileQg o = Z LI Z is the initial object. In fact, the maQg o — Qmn will
turn out to be the universal covering @, provided that gc@n,n) = 1. (The general
case is more complicated and involves the Heisenberg gemepExampl&.20below.)

Lin a more general context it will be cautious to use the nmuamf'g(Qq) to emphasize that we are dealing
with purely algebraic notions derived from the quandlecttize (Q, *); we do not conside® as a topological
space. Whe® also carries a topologyﬁ'g(Q,q) should not be confused with the usual topological fundaaient
group nf’p(Qq). While in the present article there seems to be no dangerrdtision, the more distinctive
notation will become mandatory whenever both concepts sed alongside.
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FIGURE 1. The universal covering of the quandgs

1.3. The adjoint group. The structure of a quand@®, and in particular its coverings, are
controlled by its adjoint group AdR), a notion introduced by Joyc#7, §6] and discussed
in §2.4 below. In order to state our results precisely, we briefleihgs definition as a
technical digression:

Definition 1.7. The adjoint groupof a quandleQ is the abstract group generated by the
elements ofQ subject to the relationa« b = b~tabfor a,b € Q. It comes with a natural
map adj:Q — Adj(Q) sending each quandle element to the corresponding gromeste

There exists a unique group homomorphismAdj(Q) — Z with e(adj(Q)) = 1. We
denote its kernel by AdQD)° = ker(g). If Q is connected, thes is the abelianization
of Adj(Q), and Ad[Q)° is its commutator subgroup. Notice that we can reconsthect t
adjoint group from AdjQ)° as a semi-direct product Adp) = Adj(Q)° x Z.

Remark 1.8. Even though it is easily stated, the definition of the adjgioup AdjQ) by
generators and relations is difficult to work with in explicalculations. Little is known
about such groups in general, and only a few examples hawe wekked out. Since
Adj(Q) turns out to play a crucial rdle in determining the covesingQ and the homology
groupH(Q), we will investigate these groups and calculate severaheies in [L1].

Example 1.9. For the quandl€mn of the previous example we will determine AQnn)

in Proposition2.38 below: assuming gddh,n) = 1 we find AdjQmn) = Z x Z with
adja) = (1,0) for all a € Zn and adijb) = (0,1) for all b € Z,. Form=n=0, how-
ever, AdjQo0) is the Heisenberg groud C SL3Z of upper triangular matrices. Since
Qo0 — Qmn — Q1.1 induces group homomorphisris— Adj(Qmn) — Z x Z, we find
that Adj(Qmpn) is some intermediate group. This turns out ta-h&Z') wherez < H gen-
erates the centre &f, and¢ = gcdm,n).

1.4. Galois theory for connected quandles.Motivated by the analogy with topological
spaces, we shall develop the covering theory of quandlegdle usual lines:

Introduce the category of coverings over a fixed pointed dlegi®, q).

Identify the universal covering space (uniqueness, exigteexplicit description).
Deduce the fundamental gromp(Q, q) as the group of deck transformations.
Establish the Galois correspondence between coveringsudrgtoups.

The results are most easily stated for connected quandhes. dan be suitably refined
and adapted to non-connected quandles, as explained betbdetailed irg7-9.
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Definition 1.10(sees5.2). For a quandl€ we define itfundamental groupased atj € Q
to bern (Q,q) = {g € Adj(Q)” | a® =q}.

Notice the judicious choice of the group A))°; the approach would not work with
another group such as A€)) or Aut(Q) or Inn(Q). The right choice is not obvious, but
follows from the explicit construction of the universal eving quandle ir35.1

Proposition 1.11 (functoriality, see§5.2). Every quandle homomorphism {Q,q) —
(Q,d) induces a group homomorphism: fri (Q,q) — m(Q,q'). We thus obtain a func-
tor i Qnd, — Grp from the category of pointed quandles to the category of ggou

Proposition 1.12(lifting criterion, see;5.4). Let p: (Q, §) — (Q,q) be a quandle covering
and let f: (X,x) — (Q,q) be a quandle homomorphism from a connected quandle X. Then
there exists a liftingf : (X,x) — (Q,§), po f = f, ifand only if £.m(X,x) C p.m(Q,d).

In this case the lifting is unique.

Theorem 1.13(Galois correspondence for connected coveringsySés. For every con-
nected quandl€Q, q) there exists a natural equivalen@»v,(Q,q) = Sub(rm(Q,q)) be-
tween the category of pointed connected coveringQod) and the category of subgroups
of 75(Q, q). Moreover, a normal subgroup K 74(Q, q) corresponds to a galois covering
p: (Q,§) — (Q,q) with deck transformation grouput(p) = m(Q,q)/K. O

The Galois correspondence can be extended to non-conreestedngs, and further to
principal A\-coverings. The latter correspond to extensidns. Q — Q of the quandl&
by some group\ as defined irt4.4.

Theorem 1.14(Galois correspondence for general coverings,5&8. For every con-
nected quandl€Q, q) there exists a natural equivalenGav(Q) = Act(1(Q,q)) between
the category of coverings 0B, q) and the category of actions @f (Q,q). Moreover, there
exists a natural bijectiorExt(Q,A) = Hom(rq (Q,q),\) between equivalence classes of
extensiong\ ~ Q — Q and the set of group homomorphisms$Q, q) — A.

Throughout this article our guiding principle is the analdptween the covering the-
ories of topological spaces and quandles. While their dvstiaicture is the same, the
individual objects seem quite different. The formal anglatpy thus come as a surprise,
even more so as it pervades even the tiniest details. Thigndange parts be explained
by the common feature of the fundamental groupoid, as desting8. We will complete
this analogy ir§9 by establishing the relationship with (co)homology:

Theorem 1.15(Hurewicz isomorphism for connected quandles,§e8). For every con-
nected quandle Q we have a natural isomorphisft) = 1 (Q, g)ap. Moreover, for every
group/A we have natural bijections HQ,A) = Ext(Q,A) = Hom(rm(Q,q),A). If Ais an
abelian group, or more generally a module over some ring Rntthese objects carry
natural R-module structures and the natural bijectionsigammorphisms of R-modules.

The introduction of a cohomology?(Q,A) with non-abelian coefficienta is natural
inasmuch as it allows us to treat all cases in a uniform wayis T§hanalogous to the
cohomologyH!(X,A) of a topological spac¥ with non-abelian coefficients, see B1].

1.5. Examples and applications.As a general application, let us mention that every
guandleQ can be obtained as a covering of a quar@le G in some groups. (Take

for example the image @ in its inner automorphism group.) This is useful in underdta
ing finite connected quandles: it suffices to consider camyglasses) in finite groups

G such thaG = (Q), together with their covering quandl€s— Q; these are parametrized
by subgroups of the fundamental grom{Q, q).
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Remark 1.16. For every finite connected quandlethe group Ad{Q) is finite, whence
the fundamental groum (Q,q) and the universal covering — Q are both finite, seelfl].

Example 1.17(dihedral quandles)The dihedral quandIB,, is obtained from the cyclic
groupZn = Z/nZ with the quandle operatioa« b = 2b— a. It is isomorphic to the sub-
quandleZ, x {1} of the dihedral groufZ, x Z,, corresponding to tha reflections of a
regularn-gon. Forn odd, the quandl®;, is connected, and we find Adn) = Zn x Z
with group action(a,i)- (b, j) = (a+ (—1)'b,i + j), and adj:D, — Adj(Dy) is given by
adj(a) = (a, 1), see L1]. Since Ad{Q)° = Z, x {0} acts onD,, by a?? = a— 2b, we find
the fundamental groumm (Dp, 0) = {0}. This means that evey dihedral quanBleof odd
order issimply connectedEquivalently, every quandle covering Bf; is trivial, that is,
equivalentto py: D x F — Dy, whereF is some trivial quandle.

Example 1.18(symmetric groups) Consider the symmetric grouf on n > 3 points,
and letQ be the conjugacy class of the transpositeps (12). This is a quandle with
(5) = “m—z’l) elements. It is not difficult to see that A)) = A, x Z, where the action of
k € Z on A, is given bya— (12)a(12)%, see 11]. We thus find Ad{Q)° = A,, which
yields the fundamental groum (Q,q) = S,—2. The subgroups 08,_» thus characterize
the connected coverings of the quan@le (For n = 3 notice thatQ = D3, for which we
already know thatg is trivial; 7(Q,q) is non-trivial only forn > 4.)

Turning to the extensions @ by some group\, we find H?(Q,A) = Ext(Q,\) =
Hom(S,_2,A). If Ais abelian, we see without any further calculation tH&{Q,A) is
trivial for n= 3, and isomorphic to the group of 2-torsion elementa fior n > 4, because
(Sh-2)ab = Zy. MoreoverH,(Q) =0 forn= 3, andH,(Q) = Z, forn > 4.

Example 1.19(knot quandles) As in [9, §3] let L be a long knot and le&K be its corre-
sponding closed knot. Both knot quand@s andQg are connected, their adjoint groups
are Adj QL) = Adj(Qk) = 1k, and the natural projectiop: Q. — Qk is a quandle cov-
ering. We may choose a canonical base pging Q. and its imagek € Qx. Both map
to a meridiarm_ = mk € 1k, and we denote bgk € 1k the corresponding longitude. The
explicit construction of universal coverings ifl] [showsm (QL,qL) = {1}, and soQ_ is
the universal covering of the quandlx. For the quotienQx = (¢k)\QL we thus find
m(Qk,0k) = (¢k), whencern (Qk, 0k ) = Z for every non-trivial knoK.

This observation, although not in the language of quandkerags and fundamental
groups, was used by JoycEf] in order to recover the knot group da(m<,mK,£§) from
the knot quandI€x . According to Waldhausen’s resul{], the triple(7ik, mk, ¢k ) classi-
fies knots, so the knot quandle classifies knots modulo iforer$ he remaining ambiguity
can be removed by the orientation cl@i§ € Hz(Qk ), as explained ing, §6].

Remark 1.20(knot colouring polynomials) The knot quandI€), just as the knot group
Tk, is in general very difficult to analyze. A standard way taragt information is to con-
sider (finite) representations: we fix a finite quan@levith base point € Q and consider
knot quandle homomorphisngs (Qk,0qx) — (Q,q). Eachg induces a group homomor-
phism @.: m(Qk,0k) — ™ (Q,q), which is determined by the image of the canonical
generatork € 1 (Qk, 0k ). We can thus define a map

P3: {knots — Zm(Q,q) by F(K):= > @ (0k).
@: (Qk,0x)—(Q,0)
This invariant is theknot colouring polynomiadssociated t4Q,q), and provides a com-

mon generalization to the invariants presentedli@] pnd [30]. Colouring polynomials
encode, in particular, all quandle 2-cocycle invarianggp@ven in L0].
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Examplel.17above shows that the longitude images are necessarilgltforidihedral
colourings; the only information extracted is the numben-@blourings. The situation is
different forQ = (12), where longitude images yield more refined information.

Example 1.21. We conclude with another natural and highly non-abeliameta, where
our tools are particularly efficient. Consider the quar@fec 7i consisting of all merid-
ians of the knoK, that is, the conjugacy class of our preferred meridignin 75, or
equivalently, the image of the natural quandle homomorpl@ — 7. Here we find
Adj(QF) = Tk, and i (QF, Mk ) is a free group of rank if K =Ky t---£K, is the con-
nected sum of prime knots 9, Corollary 39]. Via the Hurewicz isomorphism we obtain
thatH,(Q) = Z", as previously noted irB] Theorem 53].

1.6. Tournants dangereux. There are a number of subtleties where quandle coverings do
not behave as could be expected at first sight. First of &, tto not form a category:

Example 1.22. The abelian grou® = Q/Z becomes a connected quandle wathb =
2b—a. The mapp: Q — Q, ar 2a, is a quandle covering. The compositipap: Q — Q,
a— 4a, however, isnota covering: 0 ane} do not act in the same way @p The same
phenomenon already appears for finite quandles, for exagle®> Dy, —2 Dp.

Remark 1.23. Coverings of topological spaces suffer from the same propsee Spanier
[34], Example 2.2.8: given two coverings. X — Y andq: Y — Z, their composition
gp: X — Zis not necessarily a covering. This phenomenon is, howeter a pathology:
the compositiorgpis always a covering iZ is locally path connected and semilocally 1-
connected (seef], Theorems 2.2.3, 2.2.6, 2.4.10). These hypotheses hofghriicular,
for coverings of manifolds, simplicial complexes, or CWhgalexes.

When we speak of topological covering theory as our modelyiN@eglect all topolog-
ical subtleties such as questions of local and semilocatectedness. The reader should
think of covering theory in its nicest possible form, say @W-complexes.

Remark 1.24. There are two further aspects in which quandle coverindsrdsignifi-
cantly from the model of topological coverings:

e For a quandle covering: (Q, §) — (Q,q) the induced map on the fundamental
groups,ps nl(Q, g) — m(Q,q), need not be injective.

o If Qis simply connected, thepis the universal covering dRQ,q). The converse
is not true: it may well be thap is universal buf is not simply connected.

It is amusing to note that the Galois correspondence stditedeas salvaged because
these two defects cancel each other.

Example 1.25. For Q = Q/Z one finds Ad{Q) = (Q/Z) x Z with adja) = (a,1), see
[11]. The subgroup AdjQ)° = Q/Z x {0} acts onQ via a®® = a— 2h, which implies
that7s(Q,0) = {(0,0), (3,0)} = Z. This means thap: Q — Q, ar 2ais the universal
covering. In particular, the universal covering quandleas simply connected, and the
induced homomorphismp, between fundamental groupsistinjective.

Remark 1.26. The previous example may appear somewhat artificial, bedhagproblem
essentially arises from 2-torsion and the fact that allr8itm elements are 2-divisible. In
particular, these conditions for€@to be infinite. Examplé.18exhibits afinite quandle
with a universal covering that is not simply connected. Thdefinitely not a pathological
construction: the phenomenon naturally occurs in finiteigey for example the conjugacy
class of[ °, ] in the group PSEK over a finite fieldK.



8 MICHAEL EISERMANN

1.7. Perfect groups. Quandle coverings resemble Kervaire’s algebraic covehagry of
perfect groups(], which he applied to algebraic K-theory in order to identtie Milnor
groupKz(A) of a ringAwith the Schur multiplieH,(GL(A)). Itis illuminating to contrast
the theory of quandle coverings with Kervaire’s classieslits.

Recall that a groufs is perfect or connectedn the words of Kervaire, i’ = [G, G| =
G, or equivalentlyH;(G) = Gz = 0. A coveringof G is a central extensio® — G with
G perfect. Kervaire established a bijection between suljggoliH,(G) and isomorphism
classes of covering — G. The theory is thus analogous to the covering theory of topo-
logical spaces, and consequently Kervaire defimgc) := Ha(G).

Remark 1.27. By constructionjg (G) is abelian and base points play no rdle. Moreover,
the covering theory of perfect groups is well-behaved inftilewing sense:

e Coverings of perfect groups form a category, which meargtieecomposition of
two coverings is again a covering@, Lemme 1].

e A coveringG — G is universal if and only ifG is simply connected, that is,
m(G) = Ha(G) = 0 [20, Lemme 2].

e For every coveringy: G — G the induced map, : m(G) — m(G) is injective
[20, Théoreme de classfication].

As we have seen above, quandle coverings do not enjoy thedleges in general. They
may thus be considered a “non-standard” covering theotywiherants a careful analysis.

The analogy between coverings of quandles and perfect gisuyot only a formal one.
Their precise relationship will be studied in a forthcomantjcle [L1]. As an illustration,
it can be applied to determine certain adjoint groups:

Theorem 1.28. Let G be a simply connected group, i.e.(B) = H»(G) = 0. Consider a
conjugacy class @ q° that generates G, so that Q is a connected quandle. Then vee hav
an isomorphisni\dj(Q) = G x Z given byadj(q) — (q,1) for all g € Q. In particular, we
obtainAdj(Q)’ = G andra(Q,q) = Cs(a) = {ge€ G| a® =q}. o

This directly applies to every simple gro@with Schur multiplierHz(G) = 0. Most
often we haveH,(G) # 0, in which case it suffice to pass to the universal cove@ng

1.8. Generalization to non-connected quandlesOne final difficulty arises when we
pass from connected to non-connected quandles. In theganedanodel of topological
spaces, this generalization is simple, because a topalagpace (say locally connected)
is the disjoint union of its components. For quandles, harghis is far from being true:
the different components act on each other, and this irtiereis in general non-trivial. In
particular, the disjoint union is not the appropriate model

In order to develop a covering theory for non-connected dleswe have to treat all
components individually yet simultaneously. The convetieay to do this is to index the
components by some fixed detand then to deal with-graded objects throughout. (For
details see Sectiol.) The upshot is that for a non-connected quar@lall preceding
statements remain true when suitably interpreted in théegtaense:

Definition 1.29(grading, se€7.1). A graded quandlés a quandl® =| |, Q; partitioned
into subsetgQj)ici such thatQ; + Qj = Q; for all i, j € I. A pointed quandl€Q,q) is a
graded quandle with a base pomte Q; for eachi € I. We call(Q,q) well-pointedif q

specifies one base pointin each component(.& the component ajj in Q. In this case
we define thgraded fundamental groujp be the productn (Q,q) := ic Ta(Q, o).
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Theorem 1.30(Galois correspondence, s§e.4). Let (Q,q) be a well-pointed quandle
indexed by some set I. There exists a natural equival@ume(Q,q) = Sub (1a(Q,q))
between the category of well-pointed covering$@fg) and the category of graded sub-
groups ofri(Q,q). Likewise, there exists a natural equivaler@ev(Q) = Act(1(Q,q))
between the category of coveringg @ q) and the category of graded actionsmf(Q, g).

Theorem 1.31(Hurewicz isomorphism for general quandles, §8e3). For every well-
pointed quandl€Q,q) we have a natural isomorphismptQ) = &, T (Q, ¢ )an, and for
every graded group we have natural bijections

H?(Q,A) = Ext(Q,A) = Hom(m(Q,q),A) = |‘] Hom(m (Q,qi), Ai).

One of the motivations to study non-connected quandleseis &pplication to links.
Given ann-component linkk = Ky LI--- UK, C S3, we choose a base poiq')g € Q for
each link componerk;, and obtain a decompositi@x = Qf U--- LIQR into components
Q\ = [d]. This establishes a natural bijectiog(K) = 15 (Qx ).

Theorem 1.32(see§7.9). For every link KC S8 the graded fundamental group of the link
quandle Q is given by (Qk, k) = [1{L1(fk), wheredy € Adj(Qk) = (S K) is the
longitude associated to the meridiary re- adj(qj ) € Adj(Qk).

This highlights once more that quandles are well suited tméa peripheral link group
data. We will see i§9.4that the Hurewicz isomorphism maps the longitédde s (Qk , )
to the orientation clas¥;] € H2(Qk ) of the componenk;. We conclude that the quandle
Qx is a classifying invariant of the linK in the following sense:

Theorem 1.33(see§9.4). Two oriented links K= Ky L--- UKy and K = KjU--- UK] in
S® are ambient isotopic respecting orientations and numledhcomponents if and only
if there exists a quandle isomorphigm Qx = Q- such thatp, [Ki] = [K/] for all i.

1.9. Related work. The present article focuses on the systematic investigafiquandle
coverings and their Galois correspondence. The explicistaction of a universal cov-
ering and the definition of the corresponding algebraic &mental group appear here for
the first time. Our construction can easily be adapted tostabkre Ad{Q)° has to be
replaced by AdjQ), and the definition of the fundamental group has to be adauteard-
ingly. Modulo these changes, our results hold verbatimdaoks instead of quandles.

As it could be expected, these notions are closely relateglitmdle extensions and
cohomology, which have both been intensively studied ireméyears. The subject of
rack cohomology originated in the work of R.Fenn, C. Rourked B. SandersorLy],
who constructed a classifying topological sp&2¢ for every rackX. The corresponding
guandle (co)homology theory was taken up by J.S. Carter endadfiaborators, in order
to construct knot invariants (see for example§]). Quandle coverings were introduced
and applied to knot quandles ifi][ They have also appeared in the context of non-abelian
extensions, explored by N. Andruskiewitsch and M. Grdfjajhere a corresponding non-
abelian cohomology theory was proposed. This generaliaedrology, in turn, has been
taken up and applied to knot invariants 5j.[

We have stated above how our approach of quandle coverindgeecplied to complete
the trilogy of cohomologyH?(Q,A) and extensions E¢®,A) by the third aspect: the
fundamental groups (Q,q). The result is the natural isomorphism

1) H2(Q,A) = Ext(Q,A) = Hom(1(Q,q), A).
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A similar isomorphism has been noted by P. Etingof and Mn@ia2, Cor. 5.4]: for every
rack X and every abelian grouf they prove thaH?(X,A) = H1(Adj(X),Map(X,A)),
where MagX, A) is the module of map¥ — Awith the action of the adjoint group Ag{).
The formulation {) takes this one step further and highlights the geometriarimg. For
practical calculations it is as explicit and direct as oneld@ossibly wish.

1.10. Acknowledgements. The concept of quandle covering, algebraic fundamentaigro
and Galois correspondence developed in 2001 when | was mgpoki knot quandle$]. In
this case the fundamental gromy Q, g) is abelian, and sbl>(Q) captures all information.
In the intervening years, non-abelian extensions haveedaimerest, and in November
2006 the conferencknots in Washington XXlllon “Quandles, their homology and ap-
plications” convinced me that covering theory furnishes thissing link. | thank Jozef
Przytycki and the organizers for bringing together this timge

1.11. How this article is organized. The article follows the outline given in the intro-
duction. Sectior? reviews the basic definitions of quandle theory leading uguandle
coverings, while Sectio8 displays some detailed examples. Sectieacords elementary
properties of quandle coverings. Sect®ronstructs the universal connected covering,
defines the fundamental group, and establishes the Galoisspondence for connected
coverings. Sectiob explains how to extend these results to non-connected ioggeover

a connected base quandle, while Secifatiscusses the technicalities necessary for non-
connected base quandles. Sect®axpounds the concept of fundamental groupoid in
order to explain the striking similarity between quandled &gopological spaces. Section
9, finally, elucidates the correspondence between quandémsrns and quandle coho-
mology in the non-abelian and graded setting, and thus aetethe trilogyH?, Ext, 5.

2. DEFINITIONS AND ELEMENTARY PROPERTIES

The following definitions serve to fix our notation and to make presentation self-
contained. They are mainly taken from Joy&&|[ suitably extended and tailored to our
application. Some immediate examples are stated alontjgdkefinitions, more elaborate
examples will be postponed until the next section.

We also seize the opportunity to record some elementarydaiftilobservations, which
have been somewhat neglected or dispersed in the publigbesdure. In particular, we
emphasize the rdle played by central group extensionsshwtdme to light at several
places. While on the level of groups only central extensaresvisible, quandle coverings
turn out to be essentially non-abelian (see Exampl&above).

2.1. The category of quandles.The quandle axioms are symmetricdandsx: if (Q, *,%)

is a quandle, then so {€,%,*). Moreover, each of the operatiorsind* determines the
other, so we can simply writ€Q, ) instead of(Q, *,*). If both operations coincide, then
we have(axb)xb=aforall a,b € Q, which is called arinvolutoryquandle. We will use
the same symbol«" for different quandles, and we will frequently denote a ndiz byQ
instead of(Q, %), unless there is danger of confusion.

Definition 2.1. A quandle homomorphistbetween two quandle® and Q' is a map
@: Q — Q satisfyingg(ax*b) = ¢(a) * p(b), and hencep(axb) = ¢(a) * ¢(b), for all
a,b € Q. Quandles and their homomorphisms form a category, dergaeld

Example 2.2. Every group(G,-) defines a quandléG, ) with axb = b~'ab. This is
called theconjugation quandlef G and denoted Co(§). Every group homomorphism
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(G,-) — (H,-) is also a quandle homomorphisi®, ) — (H,*). We thus obtain a functor
Conj: Grp — Qnd from the category of groups to the category of quandles.

Example 2.3. Every group(G, -) defines an involutory quand(&, ) with axb = ba~1h.
This is called thecore quandleof G and denoted Cof&). Every group homomorphism
(G,:) — (H,-) is also a quandle homomorphigi®, «) — (H, ). We thus obtain another
functor Core:Grp — Qnd from the category of groups to the category of quandles.

Example 2.4. If Ais a group and : A = A an automorphism, thelsbecomes a quandle
with axb=T(ab~1)b. This is called thélexander quandlef (A, T), denoted AlexA, T).
Every group homomorphisg: (A, T) — (B, S) with o T = So @is also a homomorphism
of Alexander quandlefA, x) — (B, ). We thus obtain a functor AlexGrpAut — Qnd
from the category of group automorphisms to the categoryahdgles.

If Ais abelian, then the pafA, T) is equivalent to &[t*]-moduleA with ta= T (a) for
alla € A. Restricting to this case, we obtain a functor AleMody;-) — Qnd from the
category ofZ[t*]-modules to the category of quandles.

Remark 2.5. Our definition of Alexander quandles is more inclusive thanal, in or-
der to embrace also non-abelian groups. Joyidge 7] used the general construction,
but reserved the namfdexander quandléor abelian group#\. In this case the quandle
Alex(A,T) is abelianin the sense thga«b) « (cxd) = (axc)* (bxd) forall a,b,c,d € Q.
Notice the special case Algx, —id) = Corg A, +).

Remark 2.6. Recall that a groufG, -) is abelian if and only if the set Ef@,-) of en-
domorphisms is a group with respect to pointwise multigiara (f - g)(x) = f(x) - g(x).
Likewise, if a quandlgQ, ) is abelian, then the set Ef@,*) of endomorphisms is a
quandle with respect to the pointwise operation defined®y = a? x a¥.

2.2. Inner automorphisms. The automorphism group A(@) consists of all bijective
homomorphismg: Q — Q. We adopt the convention that automorphism@aict on the
right, writtena®, which means that their compositigny is defined bya(?%) = (a?)¥ for
allae Q. The quandle axioms (Q2) and (Q3) are equivalent to sayiatfohn everyb € Q
the right translatiomp, : a— axbis an automorphism d®. Such structures were studied
by E. Brieskorn 2] under the name “automorphic sets” and by C. Rourke and R [}
under the name “rack”.

Definition 2.7. The group InfQ) of inner automorphismss the subgroup of AYQ)
generated by ajp; with a € Q. We define the map innQ — Inn(Q) by a+— pa.

Remark 2.8. For everyg € Aut(Q) anda € Q we have infia?) = ¢~ 1oinn(a)o ¢ =
inn(a)?. In particular, the subgroup 11iQ) is normal in Au{Q).

Notation. In view of the map innQ — Inn(Q), we also writea” for the operatiora b=
a"®) in a quandle. Conversely, it will sometimes be convenienwtite ax b for the
conjugatiorb—tabin a group. In neither case will there be any danger of confusi

Definition 2.9. A right action of a grougs by quandle automorphisms @is a group
actionQ x G — Q, (a,g) — a? such tha{axb)%+— aJ«b¥ for allac Q andg € G. This is
the same as a group homomorphisnG — Aut(Q) with h(g): Q = Q, a+~ aj% We say
thatG acts by inner automorphismshfG)  Inn(Q).

2.3. Representations and augmentationsThe following terminology has proved useful
in describing the interplay between quandles and groups.
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Definition 2.10. A representatiorof a quandle€Q in a groupG is a mapp: Q — G such
thatp(axb) = @(a) x @(b) for all a,b € Q. In other words, a representatigh— G is a
qguandle homomorphis@ — Conj(G).

o0xQ %, GxaG

T

Q L G
Definition 2.11. Let ¢: Q — G be arepresentation and et Q x G — Q, (a,g) — a9, be
a group action. We call the paip, a) anaugmentatioiif ax b= a?® andg(ad) = ¢(a)9
forall a,b € Qandg € G. In other words, the following diagram commutes:

0x0Q ¢ oxc 2%, GxG

g | | [ con

Remark 2.12. The right square says thé®,G, ¢, a) is a crosseds-set in the sense of
Freyd and Yetter15, §4.2]. Conversely, give(Q, G, ¢, a) making the right square com-
mute, the left square can be usedd&finethe binary operatior: Q x Q — Q, and it is
easily seen to satisfy axioms (Q2) and (Q3). Adding the gleacadndition (Q1), Joyce
defined in this way the notion of augmented quandlé §9]. By constructionp is a rep-
resentation and the actiam is by quandle automorphisms. This shows that augmented
quandles are naturally equivalent to cros€esets satisfyin@?@ = a.

Notation. We will usually reinterpret the group actiom as a group homomorphism
a: G — Aut(Q), and denote the augmentation@y-—— G -% Aut(Q).

Remark 2.13. Suppose that a representatipn Q — G can be prolonged by a group
homomorphisnor: G — Aut(Q) such thator o @ = p. This condition is equivalent to the
commutativity of the left square, where we seta,g) = a®9. Moreover,g(axb) =
@(a) x p(b) implies p(a%) = @(a)? for allac Q andg € (¢(Q)). If we assume thab is
generated by the imagg(Q), then the right square becomes redundant equivariant,
G acts by inner automorphisms, and the actiorsodn Q is uniquely determined by the
representatior. In this case we simply say tha@t Q — G is an augmentation.

Example 2.14.We have inflaxb) = inn(a) xinn(b), in other words, inn is a representation
of Qin Inn(Q), called thanner representationTogether with the natural action of (@)
Inc

on Q we obtain thénner augmentation G™ Inn(Q) — Aut(Q).

Remark 2.15. Augmented quandles form a categofy’[ §9]. The preceding example
shows that each quand@ecan be augmented @& = Inn(Q). This construction is canoni-
cal but not functorial, se§2.5. In this respect the adjoint augmentation has better proper
ties, seg2.4. We thus emphasize that every quan@lean be augmented on some group
G, i.e. presented as a crosgedset, but the choice d& is not unique.

Remark 2.16. For an augmentatio — G -2 Aut(Q) we do not require that the image
quandlep(Q) generates the entire gro@ We can always achieve this by restricting to
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the subgroupd = ((Q)). This also entailsr(H) = Inn(Q), so that we obtain:

] alu

Q H Inn(Q)

.

Q—2 G Au(Q)

The typical (and somewhat trivial) example is given by thgraantation inn Q — Aut(Q)
and its restriction innQ — Inn(Q).

Example 2.17. Consider a quandl® that can be faithfully represented in a groGp

so that we can assun@@C G with the quandle oEer_ation given by conjugation. Assum-
ing Q% = Q, we obtain an augmentatid® — G = Aut(Q). ForH = (Q), the inner
representation innQ — Inn(Q) extends to an augmentatiéh— H LN Inn(Q), with
ker(p) = Z(H) and In(Q) = Inn(H). In particular,p: H — Inn(Q) is a central group
extension. This observation will be generalized2n7, see CorollarR.41below.

2.4. The adjoint group. The universal representation can be constructed as fallows

Definition 2.18. Given a quandl& we define itsadjoint groupAdj(Q) = (Q| R) to be
the quotient group of the group(Q) freely generated by the s€ modulo the relations
induced by the quandle operatidR= {axb=Db"1-a-b|a,b € Q}. By construction we
obtain a canonical map adR — F(Q) — Adj(Q) with adja*b) = adj(a) * adjb).

The group Ad{Q) can be interpreted as the “enveloping groupQofNotice, however,
that the map adj is in general not injective, see Proposii8B8below.

Remark 2.19(universal property) The map adj Q — Adj(Q) is the universal group rep-
resentation of the quandl@: for every group representatiop: Q — G there exists a
unique group homomorphism Adj(Q) — G such thatp = ho adj.

Remark 2.20(functoriality). Every quandle homomorphisgn Q — @ induces a unique
group homomorphism Adp) : Adj(Q) — Adj(Q') such that Adjg) o adj, = adjy op. We
thus obtain a functor AdjQnd — Grp.

Remark 2.21 (adjointness) Its name is justified by the fact that Adj is the left adjoint
functor of Conj: Grp — Qnd, already discussed above. More explicitly this means tleat w
have a natural bijection Hofaq(Q, Conj(G)) = Homg, (Adj(Q),G), see R5, chap. IV].

Example 2.22(adjoint action) The inner representation infQ — Inn(Q) induces a unique
group homomorphism: Adj(Q) — Inn(Q) such thatinn= poadj. In this way the adjoint
group Adj Q) acts on the quandl®, again denoted b x Adj(Q) — Q, (a,g) — a%.

Remark 2.23(adjoint augmentation)The pairQ 29, Adj(Q) LN Inn(Q) is an augmen-
tation of the quandI€ on its adjoint group AdjQ), called theadjoint augmentationBy
construction it is the universal augmentation, in the obsisense.

Remark 2.24 (equivariance) Each quandle homomorphisgn Q — @ induces a mor-
phism of adjoint augmentations. In particular, /@) acts onQ via p, and onQ’ via
p’ o Adj(@). The mapp thus becomes equivariant under the natural action of @]
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2.5. (Non-)Functoriality. Unlike the adjoint representation adp — Adj(Q), the inner
representation innQ — Inn(Q) is notfunctorial:

Example 2.25. Consider a quandl®’ and an elemerq’ € Q that acts non-trivially, i.e.
inn(q') # idy. The trivial quandleQ = {q} maps intoQ" with g+ ¢, but no group
homomorphism InfQ) — Inn(Q’) can map infq) = idg to inn(q’) # idgy .

A closer look reveals that the crucial hypothesis is suirjagt

Proposition 2.26. For every surjective quandle homomorphism@®— Q there exists a
unique group homomorphism Hnn(Q) — Inn(Q) such that kbinng = inngop. In other
words, h makes the following diagram commute:

inng

Q —— Inn(Q)

Pl! lhlnn(p)
inng

Q —= Inn(Q)

Proof. Uniqueness is clear because (@) = (inn(Q)). In order to prove existence, first
observe that for eache Q the inner actiorx — xx* a preserves the fibres @i The same
is thus true for everg € Inn(Q), so we obtain a well-defined map Q — Q as follows:
for eachx choose a preimagec Q with p(x) = xand sex9:= p(x9). By construction we
havefog= f og, andg = inn(a) is mapped ta = inn(p(a)). This shows that the map
h: Inn(Q) — Inn(Q), g~ g, is well-defined and a surjective group homomorphisni]

Remark 2.27(functorial augmentation)in the category of augmentations of a fixed quan-
dle Q, the adjoint augmentation adQ) — Adj(Q) is the initial object, while innQ —
Aut(Q) is the terminal objectl[7, §9]. We have already noticed that adj is functorial, and
so it provides a functor from quandles to augmented quandlesreas inn is not func-
torial. In a more restrictive setting, Propositi@26 provides a functor from quandles
and surjective homomorphisms to augmented quandles ajettive homomorphisms by
mapping each quand(@ to the inner augmentation infQ — Inn(Q).

2.6. Connected componentsAs is the case for many other mathematical structures, a
quandleQ is calledhomogeneou$Aut (Q) acts transitively oiQ. The following definition
is more specific for quandles, and essentially goes backyteJt7, §8]:

Definition 2.28. A quandleQ is calledconnectedf Inn(Q) acts transitively orQ. A
connected componeat Q is an orbit under the action of 1(@). Given an elemerd € Q
we denote byq] its connected component, that is, the orbigjefnder the action of In(®).
Finally, we denote byp(Q) = {[q] | g € Q} the set of connected component{pf

Remark 2.29. The augmentatio® — Adj(Q) — Inn(Q) shows that the connected com-
ponents ofQ are precisely the Ad)-orbits. Sometimes this alternative point of view
proves technically simpler because the adjoint group behunctorially.

Proposition 2.30 (universal property) The setrp(Q) of connected components can be
considered as a trivial quandle, in which case the canonfalection@: Q — ™(Q),
g— [q] becomes a quandle homomorphism. It is universal in the ghasevery quandle
homomorphism @~ X to a trivial quandle X factors uniquely through O
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Corollary 2.31 (functoriality). Every quandle homomorphism Q — Q' induces a map
@.: (Q) — m(Q) defined byjx] — [@(x)]. If @ is surjective then so ig.. In particular,
the homomorphic image of a connected quandle is again coatec O

Remark 2.32. For every quandl®, the elements of a given component become conjugate
in Adj(Q). Its abelianization is thus given lay: Adj(Q) — Zm(Q), q— [q], and its kernel
is the commutator subgroup A@})’ = ker(a).

Definition 2.33. For every quandI® there exists a unique group homomorphismAdj(Q) —
Z with adj(Q) — {1}. Its kernel Ad[Q)° := ker(¢) is generated by all products of the form
adj(a)~tadj(b) with a,b € Q. The image of AdjQ)° under the natural group homomor-
phism Adj{Q) — Inn(Q) will be denoted by InfQ)°. It is generated by products of the
form inn(a)~tinn(b), calledtransvectiondy Joyce 17, §5]. In his analysis of symmetric
spaceé. Cartan called this thgroup of deplacemen{see Loos24, §11.1.1]).

Remark 2.34. If Qis connected, thea: Adj(Q) — Z is the abelianization of the adjoint
group, and in this case AdD)° = Adj(Q)’ and InQ)° = Inn(Q)’.

We have Ad{Q) = Adj(Q)° x Z: choosing a base poigte Q, every elemeng € Adj(Q)
can be uniquely written ag= adj(q)¢(@h with h € Adj(Q)°.

Remark 2.35. The components of are the orbits under the adjoint action of AGQ).
We obtain the same orbits with respect to the subgroug@dj Indeed, fora € Q and
g € Adj(Q) we havead = a" with h = adj(a) ¢(9g e Adj(Q)°.

Remark 2.36. If Q is not connected, then the orbits under &Q)j° and Ad{Q)’ usually
differ significantly: Consider the quand@= Qmn of Examplel.6 with gcdm,n) =1,
where we find AdjQ) = Z x Z and Inf(Q) = Zn x Zm. The orbits under AdQ)° = Z are
the two connected components, and do thus not coincide hétlotbits under the trivial
group Adj Q) = {id}.

2.7. Central group extensions. Fenn and Rourkel3] have called the kernel of the natu-
ral group homomorphismp: Adj(Q) — Inn(Q) theexces®f Q, but did not study more
closely. We will now see that is a central extension.

As for every group, the inner automorphism group (hdj(Q)) is the image of the
homomorphisny: Adj(Q) — Aut(Adj(Q)) defined by conjugationy(g): x — x9, and
its kernel is the centre of AdR). By definition of the adjoint group, we also have a
homomorphisnor : Aut(Q) — Aut(Adj(Q)) given byg — Adj(®).

Q inn INN(Q) —— Aut(Q)

.

Adj(Q) ——» INNAdj(Q) —— AutAdj(Q)

Proposition 2.37. We havex (Inn(Q)) = InnAdj(Q). The restriction ofx defines a group
homomorphisng: Inn(Q) — INnnAdj(Q) that makes the above diagram commute. As a
consequence, the group homomorphsmAdj(Q) — Inn(Q) is a central extension.

Proof. We already have ina- p o adj by construction op, so we only have to verify that
aop=y. Everyg € Adj(Q) acts onQ by inner automorphism@(g): Q = Q, a+~ ad.
The quandle automorphism(g) induces a group automorphism Axljg): Adj(Q) =
Adj(Q) with adj(a) — adja%) = adj(a)?, see RemarR.23 We conclude that Agj(g) =
y(9). This means that the diagram is commutative aifithn(Q)) = InnAdj(Q). O
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As an illustration we wish to determine the adjoint grouphef uandl®mn = ZmUZn
from Examplel.6. Recall that it decomposes into two componefitsandZ,.

Proposition 2.38. The adjoint groupAdj(Qo o) is isomorphic to the Heisenberg group

1= {(357) csuoe) oememeary = (339).9- (339). 2= (339)
More generally, for parameters,me N the adjoint group G= Adj(Qmn) is isomorphic
to the quotient = H /(') with ¢ = gcd(m, n), via the isomorphisnp: G = H, defined
by adj(a) +— x2 for a € Zm andadj(b) + yz ° for b € Zp,.
In particular, adj: Qmn — Adj(Qmn) is injective if and only if m=n, and we have
Adj(Qmn) = Z x Z if and only if the parameters m and n are coprime.

Proof. By definition, the adjoint grouf® = Adj(Qmn) is generated by elemenss with
a € Zm andt, with b € Z,, subject to the quandle relatiogs«ty = Sy 1 andtp xSy =ty 1,
as well ass, * sy = Sq andty #ty =ty for all a,@ € Zny andb, b’ € Zj,.

In H we have[x,y] = x"ly~Ixy =z and [x,Z = [y,Z = 1, which entails the desired
relations(x2) x (yz ) = x2*1 and (yz ?) « (x2) = yz ®*1. The quotient groupi, =
H/(Z') thus allows a quandle representatiQmn — H, with a +— x2 for a € Zm and
b— yz P for b € Z,. This induces a surjective group homomorphignG — H,.

Since INfQmn) = Zn X Zry is abelian, the commutator groW® is contained in the
kernel of G — Inn(Q), which is central according to Propositiar87. Consider

U= [Sa,to) = S5 't "Sath = S "Sas1.
Repeatedly conjugating this equationtpyields
u= SngaJrl = 5§+115a+2 == 5;—11551-
On the other hand we find= tbirlltb and repeatedly conjugating sy yields
U=ty 4ty = tpotora = - =ty tp_1.
This shows that™ = u" = 1 and thuss’ = 1 for / = gcdm,n). With s:= sy andt :=ty we
finally obtainsy = si? for all a € Zp, andt, = tu=P for all b € Z,. We conclude that every

element ofG can be written ast/u* with i, j € Z andk € Z,. The group homomorphism
@: G — H, satisfiesp(stiu¥) = x'ylZ, and is thus seen to be injective. O

Remark 2.39. The natural group homomorphist Inn(Q) — InnAdj(Q) is surjective
but in general not injective. Consider for examfle= Qmn with gcdm,n) = 1. Then
Adj(Q) = 72, so InnAdjQ) = {id}, whereas IN(Q) & Zm x Zn.

Remark 2.40. The group homomorphisien: Aut(Q) — AutAdj(Q) is in general neither
injective nor surjective. The trivial quand@= {q}, for example, has trivial automorphism
group AutQ) = {id}, whereas the adjoint group A@)) = Z has AutAdjQ) = {+id}.

Corollary 2.41. For every augmentation @% G -% Inn(Q) with G = (¢(Q)), the in-
duced group homomorphism dj(Q) — G anda : G — Inn(Q) are central extensions,
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becausaxr oh = p is a central extension according to Propositidr87. O

Adj(Q)

2.8. Quandle coverings. The following definition of quandle covering was inspired by
[9], where this approach was successfully used to study krenidjas.

Definition 2.42. A quandle homomorphismp: Q — Qis called ecoveringif it is surjective

andp(%) = p(y) impliesd«% =&« yforall 4 % § € Q.

In other words, a surjectiveNquandIeNhomomorphtsntﬁ — Qis a covering if and only
if the inner representation inrMQ — Inn(Q) factors througtp.

Example 2.43.For every augmentatio@ ?.c % Aut(Q) the quandle homomorphism
@: Q— @(Q) is a covering. In particular, the inner representation i@+ Inn(Q) de-
fines a quandle coverin@ — inn(Q). By definition, in(Q) is the smallest quandle cov-
ered byQ. In the other extreme we will show in Secti@nbelow how to construct the
universal covering o).

Notation. We shall reserve the term “covering” for the mpr — Q. If emphasis is
desired, itis convenientto cgl: Q — Qthequandle coveringndQ thecovering quandle

Example 2.44. A surjective group homomorphisp G — Gyields a quandle covering
Conj(G) — Conj(G) if and only if ker(p) C G is a central subgroup.

Example 2.45. A surjective group homomorphisp G — Gyields a quandle covering
CorgG) — CorgG) if and only if ker(p) C G is a central subgroup of exponent 2.

Example 2.46. A surjective group homomorphisp A— Awith poT =Top yields a
quandle covering AlegA, T) — Alex(A, T) if and only if T acts trivially on kefp) c A.

Warning 2.47. The composition of two central group extensions is in gdmarga central

extension, and so the functor Conj shows that we cannot giyexpect the composition
of two quandle coverings to be again a covering (see also gkalr??). Similar remarks

apply to the functors Core and Alex.

Remark 2.48. A coveringp: Q — Q allows us to define a representation Q — Inn(Q)
by settingax := &« % for all x € Q andd X € Q with p(X) = x. This is well-defined
because ¥ X does not depend on the choice of the preimag®dreover,d induces a
group homomorphisia: Adj(Q) — Inn(@). This situation is summarized in the following
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commutative diagram:

Q Adj(Q)
p Inn(Q) Adj(p)
5 7 ) P
prd Inn(p) ~~
Adj

Q \adb i(Q)

inng a/PQ

Inn(Q)

In particular,&: Q — Inn(Q) is an augmentation with If®)) = (5(Q)), and the cov-
ering p is equivariant with respect to the action of (lﬁ). Moreover,p defines a natural
action of the adjoint group A@Q) on the covering quandi®, andp is equivariant with
respect to this action. By functoriality, Ad)) and Inr{p) are likewise equivariant.

Proposition 2.49. For every quandle covering:pQ — Q, the induced group homomor-

phismsAdj(p): Adj(Q) — Adj(Q) andInn(p): Inn(Q) — Inn(Q) are central extensions.

Proof. This follows from the commutativity of the diagram and Prejpion 2.37. O

3. EXAMPLES OF QUANDLES AND COVERINGS

This section recalls some classical examples where quaadie naturally: conjuga-
tion in groups, the adjoint action of a Lie group on its Lieetlga, and the symmetries of a
Riemannian symmetric space. Our aim here is to highlighhtiteon of quandle covering
and its relationship to central group extensions, coverofd_ie groups, and coverings of
symmetric spaces, respectively. A more detailed analysidgtze calculation of adjoint and
fundamental groups will be the object of a forthcoming det[d 1].

3.1. Trivial coverings. Even though this is by far the least interesting case, we stzat
our tour with trivial coverings.

Example 3.1(trivial covering) Let Q be a quandle and Iét be a non-empty set. We
can consideF as a trivial quandle, and equip the prod@@t Q x F with the quandle
operation(a,s) x (b,t) = (axb,s). The projectionp: Q x F — Q given by(q,s) — qis a
guandle covering, calledivial coveringwith fibre F.

Remark 3.2. For every quandle homomorphispn Q — Q, each fibreF = p~i(q)is a
subquandle 0. If pis a quandle covering, thehis necessarily trivial. The fibres over
any two points of the same component are isomorphic. Theasoism is not canonical,
however, and covering theory studies the possible monoglrom

Remark 3.3(almost trivial covering) If Q decomposes into connected componé@t$ic,
then we can choose a non-empty Befor eachi € | and equip the unio® = Llicl Qi x F
with the previous quandle operati¢a s) x (b,t) = (axb,s). The result is a quandle cov-
eringQ — Q, (g,s) — qthat is trivial over each component, but not globally trivfdhe
fibres over different components are non-isomorphic (eeetdifferent cardinality).
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3.2. Conjugation quandles. As already noted in the introduction, every grdspecomes
a quandle with respect to conjugatiar b = b-tab. More generally, every non-empty
unionQ of conjugacy classes i@ is a quandle with these operations, & a connected
quandle if and only ifQ is a single conjugacy class in the generated subgibep(Q).

Remark 3.4 (central extenS|0ns)G|ven a quandl€® C G and a central group extension
p: G — G, the preimag&) = p~ 1(Q) yields a quandle covering: Q — Q. The kernel
A = ker(p) acts on the covering quandfesuch thatAa) b= A (axb) andax (Ab) = axb
foralla,b e QandA € A. This will be called a guandle extension, see Definidob4

Example 3.5(linear groups) Consider the special linear group SK over a fieldK. Its
centre isZ = {+id} and thus of order 2 if ch@ # 2. The quotient is the projective
special linear group PSIK = SL,K/Z, and by constructiop: SL,K — PSLK is a
central extension. We will assume th&t| > 4, so that SkK is perfect and PSIK is
simple. (SeeZ3, §XI11.8].) <

The conjugacy clas® = §C of § = ( ) defines a quandle i = SL, K. Its image
Q= p(Q) qCisthe conjugacyclassqf p(G) = £Gin G=PSLK. We haveG = (Q)
becausé is simple, and5 = (Q) becausé i is perfect. (This is a general observati¢®)
is normal inG and maps ont6, so thatG/(Q) is abelian, whenc& = (Q).)

Suppose that there exiatb € K such tha@? + b> = —1. (This always holds in finite
characteristic, and also f&t = C, but not fork = R.) In this case the matrig= (2 2) €
G conjugatesyto ¢ = —¢§, so thatZ-Q = Q. This means thap: O — Q is a two-fold
covering of connected quandles, and even an exte@siorQ — Q.

If a4 b? = —1 has no solution ifK, as for example ifK = R, theng'and—§ are not
conjugated inG = S, K, so thatp~(Q) = +QL —Q consists of two isomorphic copies
of Q. This is again a two-fold quandle covering, but a trivial one

3.3. Lie groups and Lie algebras. Every Lie groupG is tied to its Lie algebrg = T:G
by two maps: the exponential map exp:— G and the adjoint action ads — Aut(g),
denoted by af): x+— x8. This corresponds to a quandle structure in the followingsee

e The sefy is a quandle with respect toxy = x*P).
We recover the L|e bracket as the derlvatg’(@(*tyt 0= XYl
e The tripleg o0 G Ad Aut(g) is an augmentation of the quandte ).
The imageQ = exp(g) is a quandle in the grou@, with respect to conjugation.
e In general we have exp) C G. If Gis connected and exfdy,0) — (G,1) is a
local diffeomorphism, then we ha¥@= (exp(g)) and adG) = Inn(g, *).

Remark 3.6. In the finite-dimensional case, the manifdiis modelled onR" or C",
and the inverse function theorem ensures that exp is a lifé@bhorphism from an open
neighbourhood of & g onto an open neighbourhood o£1G. In the infinite-dimensional
case, this result still holds for Lie groups modelled on Bdnspaces. It may fail, how-
ever, for complete locally convex vector spaces, a settiotivaited and studied by Milnor
[29]. He notes that in some cases the conclusgiea (exp(g)) follows from the additional
property that the grou@® is simple, becaus@xp(g)) is a normal subgroup.

Remark 3.7 (central extensions again)f p: G — G is a connected covering of the Lie
groupG, thenG carries a unique Lie group structure such thas a Lie group homo-
morphism. The linear isomorphisp: T,.G = T,G prowdes an isomorphism of Lie
algebragy = g, and so we obtain another augmentagon—> G2 Aut(g). This can be
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summarized as follows:

expg inc . ags

G Inn @)

=14

<—<—,Oz
<—<—

Inn

AssumingG = (Q) andG = <Q> we recover a well-known fact of Lie group theory:
p: G — G is a central group extension, because bGtand G are intermediate to the
central extension Adg, ) — Inn(g, ), see Corollar2.41 In particular,p: Q — Qis a
guandle covering, see Rema3d.

3.4. Infinite-dimensional Lie algebras. Contrary to the finite-dimensional case, not ev-
ery infinite-dimensional Lie algebrd., [,]) can be realized as the tangent space of a Lie
groupG. This fails even for Banach Lie algebras, as remarked by gaaid Korthagen
[36). (See also Serre3p], Part 11, §V.8.) It is worth noting that the construction of the
quandle(L, x) can still be carried out.

The obvious idea is to definexy by the initial conditionx« 0 = x and the differential
equation% (xxty) = [x*ty,y]. This equation has at most one analytic solution, namely

Xxy = Z|3 XYLyl Y]

In order to ensure convergence, it suffices to impose sonsmmaale condition on the
topology ofL: all obstacles disappear, for exampld, is a Banach Lie algebra. It is then
an amusing exercise to verify thdt, ) is indeed a quandle:

(Q1) Antisymmetryix,x] = 0 translates to idempotengy x = x.

(Q2) The functional equation efy) o exp(—Yy) = id ensures invertibility.

(Q3) The Jacobi identity of the Lie brackgl translates to self-distributivity of the
quandle operatior.

We conclude that constructing the quan(lex) is a rather benign topological problem.
The natural group that appears her&is- (exp(L)) = Inn(L, %), but in general this need
not be a Lie group; and even if it is we can only expiég‘rs =adlL) =L/Z(L). The
much deeper problem of constructing a Lie grd@uipealizing the Lie algebré involves
the structure ot in a more profound way and leads in general to non-triviatrofotions.

The lesson to be learned from this excursion is that althaugle groupG may be
too much to ask, the less ambitious quandle structure) can still be rescued. The
construction is natural in the following sense:

Proposition 3.8. Let (K,[,]) and (L,[,]) be Lie algebras, and letK,x) and (L, ) be
the corresponding quandles. A continuous linear magKp— L is a Lie algebra homo-
morphism(K,[,]) — (L,[,]) if and only if it is a quandle homomorphisf, ) — (L, x).
Moreover, p is a central extension of Lie algebras if and afilyis a covering of quandles.
(In this case p is even an extension of quandles in the seri3efioition4.14) O

3.5. Reflection quandles. ConsidefR" with ax b = axb = 2b— a, which is the symmetry
about the poinb. This defines a connected involutory quan@le= (R", %), called then-
dimensionalreflection quandle Sinceb is the unique fix-point of infb), we see that
inn: Q — Inn(Q) is injective. More preusel;(R” is |somorph|c to conjugacy class of
reflections in the semidirect product I{RT", ) = (R",+) x {+id}.
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Example 3.9. The quandle structure passes to the quotient giiug R"/Z", where it
can again be formulated asb = 2b—a. In this way the toru&" inherits a unique quandle
structure such that the projectign R" — T" is a quandle homomorphism. The quotient
mapp is nota quandle covering, because d@is injective and does not factor through

Example 3.10. We can produce quandle coverin@® — T" as follows. Consider the
subgroupA = p(3Z") = {[0], [3]}" acting onT" by translation. Fob,b’ € T" we have
inn(b) = inn(b') if and only if b— b’ € A. The quotientA\T" carries a unique quandle
structure such that the projecti@® — A\T" is a quandle covering. (This quotient can be
identified withT" =% T".) Similar remarks apply to the quotient by any subgroup of

3.6. Spherical quandles. We can equip the unit spheB ¢ R™1 with the operation
axb = 2(a,b)b— a, which is the unique involution fixindp and mappingx — —x for
x orthogonal tob. This turns(S", x) into a connected involutory quandle, called tie
dimensionabkpherical quandle

Example 3.11.ForA =41 anda,b € S" we have(Aa) «b= A (axb) andax (Ab) = axb.
This means that the projective spaRB" = S"/{+1} inherits a unique quandle structure
[a] x [b] = [axb] such that the projectiop: S" — RP" is a quandle covering. The map
is, of course, also a covering of topological spaces.

Remark 3.12. The inner action defines a representation of the quaf&ile:) in the or-
thogonal group @+ 1), and into S@n+ 1) if nis even. This representation is not faithful
because infb) = inn(—b) for all b € S", but we obtain a faithful representation of the
projective quandl€RP", x). A faithful representation of the spherical quan¢ig, ) is
obtained by lifting to the double covering Pint- 1) — O(n+ 1), see R3, §XIX.4].

(S",%) —— Pin(n+1)

.

(RP", %) — O(n+1)

3.7. Symmetric spaces.Reflection quandles and spherical quandles have a beadiful
mon generalization: globally symmetric Riemannian mddgo They have been intro-
duced and classified U}}(Iie Cartan in the 1920s and form a classical object of Rigman
ian geometry. (See Helgasob§ §IV.3], Loos [24], Klingenberg R1, §2.2], Lang R2,
§XI11.5].) We briefly recall some elementary properties irder to characterize the quan-
dle coverings that naturally arise in this contéxt.

Definition 3.13. A symmetric spac& a smooth connected manifad equipped with a
Riemannian metric such that for each poir X there exists an isomets;: X = X that
reverses every geodesic arc(]—¢, +€[,0) — (X,x), meaning thas, o y(t) = y(—t).

In a symmetric space every geodesic arc can be prolonged tanplete geodesic
R — X, and the Hopf-Rinow theorem implies th4tis a complete Riemannian mani-
fold. Conversely, the fact that is connected and complete ensures that any two points
x,X € X can be joined by a geodesic, and so the symntiyunique for each.

2 |n the classification of symmetric spaces one usually paesasiversal coverings and then concentrates on
simply connected spaces. The observations that followason@on-simply connected symmetric spaces, because
we are particularly interested in the coverings themseMéswill not appeal to the classification, so our remarks
can be considered an elementary complement to the simphected case.
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Proposition 3.14. A symmetric space X is an involutory quandle with respedtemper-
ationx: X x X — X defined by the symmetry y = s,(x).

Proof. Axiom (Q1) follows froms,(x) = x, and Axiom (Q2) froms? = idx. For (Q3)
notice that the isometrg;s;s, reverses every geodesig,0) — (X,s,(y)), and so we con-
cludes;sys; = sg(y) by uniqueness of the symmetry abe(ty). O

Remark 3.15. For a symmetric space, topological connectedness entails algebraic con-
nectedness. The quandDé, ) is evenstronglyconnected: since any two points<’ € X

can be joined by a geodesic R — X with y(0) = x andy(1) = X, the symmetry about
y= y(%) mapsx to X'. In other words, we do not need a product of successive syriaset
to go fromx to X’; one step suffices. For the quan¢lie =) this means that = x? for some

g € inn(X), rather tharg € Inn(X) as usual.

_Infavourable cases a coveripg X — X of symmetric spaces is also a quandle covering
(X,x) — (X,*), as forS" — RP", but in general it need not be, as illustrated by the
exampleR" — T" above. For Lie groups this phenomenon is easy to understand:

Example 3.16. Consider a Lie grougs with a bi-invariant Riemannian metric, for ex-
ample, a compact Lie group. (Setg[ §1V.6]). In this caseG is a symmetric space: a
smooth magR,0) — (G, 1) is a geodesic if and only if it is a group homomorphism, and
the geodesic-reversing involution at1G is justs; (g) = g~1. For any other poinh € G
we finds,(g) = hg~th; we thus recover Cot&), the core quandle & of Example2.3.

We deduce from Examp2 45that a covering: G — G of connected Lie groups is a
quandle covering Cot&) — CorgG) if and only if ker(p) is a group of exponent 2. This
is actually the general condition:

Theorem 3.17. Let X be a symmetric space. For every connected covering g X the
covering spacé& carries a unique Riemannian structure such that p is a lésametry.
Equipped with this canonical structur¥, is itself a symmetric space and p is a quandle
homomorphism. Itis a quandle covering if and onlgift(p) is a group of exponeri

The proof relies on the following observation, which is netgting in its own right:

Lemma 3.18. Let X be a homogeneous Riemannian manifold. Then in evergtbpyn
class ce m(X,x) there exists a looy: [0,1] — X, with y(0) = y(1) = X, minimizing the
arc-length of all loops in c. Every such logpis a closed geodesic, satisfyigd0) = y/ (1),
so that its continuation defines a geodg$ic0) — (X, x) of period1. g

Notice that we do not consider free homotopy classes, bublmpy classes based»at
Moreover,X need not be compact; the crucial hypothesis is homogeri&tythe special
case of symmetric spaces, which is of interest to us heredhelusiony (0) = y/(1) can
be obtained by parallel transport alopgsee R1, Corollary 2.2.7].

Proof of the theoremThe symmetrys,: (X,x) — (X,X) acts as inversion o Op(X,x),
which implies that this group is abelian. Every connectededag p: (X,%) — (X,X) is
thus galois, and the symmetsy: (X,x) — (X,x) lifts to a symmetnysg: (X,%) — (X,%).
This turnsX into a Riemannian symmetric space, and we obtain a qudiXdie. The
projectionp is a quandle homomorphism: farb € X we havepos, = Sp(b) © P, Whence
p(axb) = posy(a) = sy © P(a) = p(a) = p(b).

Any two pointsa,b € p~(x) are related by a unique deck transformatioa Aut(p)
such thah(a) = b, and by a (possibly non-unique) geodegidR — X with y(0)=aand
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y(1) = b such thaty| (g 4 is length-minimizing. We thus havgs) * y(t) = y(2t —s) for all
s,t € R, and alschy(t) = y(t + 1) according to Lemm3&.18
If pis a quandle covering, theg = s, entailsh?(a) = y(2) = y(0) x y(1) = axb=a.
This shows that the deck transformatith X — X fixesa and is thus the identity.
Conversely, ifi? = id, thenaxb = y(0) x y(1) = y(2) = h?(a) = a. This implies that
S = Sa, because both are liftings 8f = pos; = po s, fixing a. O

Remark 3.19. The examples of Lie groups and symmetric Riemannian matsfale
manifestly of a topological nature, and the quandles thagrgmnaturally aréopological
guandlesanalogous to topological groups. It is conceivable to @effire adjoint group in
the topological category, so that the adjoint augmenta@ien Adj(Q) — Inn(Q) is contin-
uous and universal in an appropriate sense. Likewise, gwryhof (algebraic i.e. discrete)
guandle coverings can be adapted to continuous quandleiicgseand a topological Ga-
lois correspondence can be established. We postpone tiesajization and consider only
the algebraic aspect, that is, discrete quandles, in thicdear

3.8. Historical remarks. As early as 1942, M. Takasaks® introduced the notion of
“kei” (i.e. involutory quandle) as an abstraction of symrtetpaces, and later O. Lod24
extensively studied symmetric spaces as differential folds with an involutory quandle
structure. Racks first appeared around 1959 under the namaeKs/ in unpublished cor-
respondence between J.H. Conway and G.C. Wraith (e D. Joyce published the first
comprehensive treatment of quandles in 1982, and alsoa tiirename “quandle”. Inde-
pendently, S. Matvee\2[7] studied the equivalent notion of “distributive groupoi@hich
is not a groupoid in the usual sense, agdh Racks were rediscovered on many occasions
and studied under various hames: as “automorphic sets” Byiéskorn P], as “crossed
G-sets” by P.J. Freyd and D.N. Yettelrq], as “racks” by R. Fenn and C. Rourk&d, and
as “crystals” by L.H. Kauffman18]. For a detailed review sed J].

4. THE CATEGORY OF QUANDLE COVERINGS

This section initiates the systematic study of quandle 6ogs. They correspond
vaguely to central group extensions, but also incorpordtmsically non-abelian features.
The best analogy seems to be with coverings of topologiees Throughout this article
we will use this analogy as a guiding principle wherever fisies

4.1. The category of quandle coverings.We have already seen that the composition of
guandle coverings is in general not a quandle covering {$eé8. In order to obtain a
category we have to consider coverings over a fixed base tpiand

Definition 4.1. Let p: @ — Q and > Q — Q be two quandle coverings. Aovering
morphisnfrom pto P (overQ) is a quandle homomorphisgt Q — Q such thap = po ¢.

6—2—9

NG
Q

Proposition 4.2. A mapg: Q — Q with p= po @is a covering morphism if and only ¢f
is equivariant with respect tAdj(Q), or equivalently, its subgroupdj(Q)°.

Proof. Consideralb € Q andb = p(b) = pe(b). Since bothp and g are coverings, we
have on the one hanp(dx b) = ¢(&2%®)) and on the other hangl(&) * ¢(b) = @(&)24®),
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This proves the desired equivalence. It suffices to assumigance under the subgroup
Adj(Q)°, by replacing adp) with adja)~*adj(b) € Adj(Q)° wherea = p(&). O

Proposition 4.3. Given a quandle Q, the coverings R — Q together with their covering
morphisms form a category, called the categoryoferings oveR, denotedCov(Q).

Proof. The only point to verify is that, given three coverings Q; — Q with i = 1,2,3,
the composition of two covering morphisngs: Q1 — @, and@: @, — Qs is again a
covering morphism. We already know th@and is a category, sgp = o ¢ : Q1 — Qsis
a quandle homomorphism. Moreovps,o @ = pso @ o @ = P2o @ = P1. O

Remark 4.4. Every surjective covering morphisgt Q — Q is itself a quandle covering:
if 9(X) = @(¥) thenp(X) = pe(X) = pe(¥) = p(¥) and so i) = inn(y).

Definition 4.5. For a quandle covering: Q — Q we define Autp) to be the group of
covering automorphisms @ also called thgroup of deck transformatiorts the covering
p. We will adopt the convention that deck transformationp att on the left, which means
that their compositiopy is defined by(oy)(6) = @(y(g)) for all g € Q.

We let Aut(p) act on the left because this is the most convenient (anditadl) way
to denote two commuting actions:

Proposition 4.6. Given a quandle covering:pQ — Q, two groups naturally act on the
covering quandl&): the group of deck transformatiodsut(p) acts on the left while the

group of inner automorphisman(Q) acts on the right. Both actions commute.

Proof. Considerg € Aut(p) andx;j € Q. Theng(%x ) = @(X) * 9(§) = @(X) =¥, which
means thatp and inr(y) commute. Since the group I(Q) is generated by iniQ), this
proves that the actions of Ayt) and Inf(Q) commute. O

4.2. Pointed quandles and coveringsAs in the case of topological spaces, we have to
choose base points in order to obtain uniqueness propefteverings.

Definition 4.7. A pointed quandl€Q, q) is a quandl& with a specified base poigte Q.

A homomorphism (resp. covering): (Q,q) — (Q',q’) between pointed quandles is a
quandle homomorphism (resp. covering) Q — Q such thatp(q) = ¢. Pointed quan-
dles and their homomorphisms form a category, denQed,. Likewise, coverings
p: (Q,6) — (Q,q) over a fixed base quand(®,q) form a category, denote@ov(Q,q).

Definition 4.8. Let f: (X,x) — (Q,q) and p: (§,d) — (Q,q) be homomorphisms of
pointed quandles. Afting of f over p is a quandle homomorphisiit (X,x) — (Q, )
such thaipo f = f.

(Q.4)

(X0 ——— (Q0)

Proposition 4.9(lifting uniqueness) Let f: (X,x) — (Q,q) be a quandle homomorphism,
and let p (Q, §) — (Q,q) be a quandle covering. Then any two liftinfs f : (X,x) —
(Q, ) of f over p coincide on the component of x in X. In particulaX iis connected,
then f admits at most one lifting over p.
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Proof. The quandle homomorphisfrinduces a group homomorphigm Adj(X) — Adj(Q).
Sincep is a covering, the group AdR) acts onQ, and so does AdK) via h. In this way,

all the maps in the above triangle are equivariant with ressgethe action of AdjX). If

f1 and f, coincide on one point, they coincide on its entire orbit, which is precisely the
connected component &fin X. O

Corollary 4.10. Between a connected covering @5, §) — (Q,q) and an~arbitrar¥ cov-
ering p: (Q,§) — (Q,q) there can be at most one covering morphism(Q, §) — (Q,q).

Proof. The equatiorp = po ¢ means that is a lifting of p overp. O

Corollary 4.11. Let p: Q — Q be a quandle covering. @ is connected, then the group
Aut(p) of deck transformations acts freely on each fibre.

Proof. Choose a base poigtc Q and consider the fibré = p~1(q). Every deck transfor-
mationg € Aut(p) satisfiesp(F) = F, and so Autp) acts on the seft. If ¢ fixes a point
g € F, theng = id by the previous corollary. O

4.3. Galois coverings. As for topological coverings, the galois case is most pramin

Definition 4.12. A coveringp: Q — Q is said to begaloisif Q is connected and AUp)
acts transitively on each fibre. (It necessarily acts fréglyhe previous corollary.)

Numerous examples are provided by central group exten@rereark3.4and Example
3.5 and coverings of symmetric spaces (Exam@d®and3.11, and Theoren3.17).

Remark 4.13. Every galois coveringp: Q — Q comes with the natural actioh ~ Q of
the deck transformation group= Aut(p) satisfying the following two axioms:

(E1) (AR) % §= A (%x¥) andx (A§) = K= § for all X, § € QandA € A.

(E2) A acts freely and transitively on each filpe?(x).

Axiom (E1) says thaf\ acts by automorphisms and the left actiomotommutes with
the right action of In(Q) see PropositioA.6. We denote such an action simply Ay~ Q.
In this situation the quotier® := /\\Q carries a unique quandle structure that turns the
projectionp: Q — Q into a quandle covering. Axiom (E2) then says tpat) — Qs a
principal A-covering, in the sense that each fibre is a princlpakt.

4.4. Quandle extensions.The freeness expressed in (E2) relies on the connectedhess o
Q. As an extreme counter-example, consider the trivial doggy: O=QxF — Qwhere

Q is a connected quandle afdis a set with at least three elements. Here the deck trans-
formation group Autp) = Sym(F) is too large: it acts transitively but not freely.

If the covering quandl&) is non-connected, we can nevertheless salvage the above
properties by passing from the group Apit to a subgroup\ that satisfies (E2). We are
thus led to the concept of a principatcovering. Motivated by the terminology used in
group theory, we will call this a quandle extension:

Definition 4.14. An extension EA ~ Q LN Q of a quandleQ by a groupA\ consists of
a surjective quandle homomorphigm Q — Q and a group actioh ~ Q satisfying the
above axioms (E1) and (E2). This can also be callpdrecipal A-coveringof Q.

Quandle extensions are intermediate between galois cmsgeaind general coverings:

Proposition 4.15. In every extension EA ~ Q LN Q the projection pQ — Q is a
quandle covering. Itis a galois covering if and onlydfis connected.

Conversely, every galois covering @ — Q defines an extension of Q, with the group
A = Aut(p) acting naturally onQ by deck transformations. O
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We have already seen quandle extensions in the general Ees2mp 2.45 2.46 and
the more concrete Exampl&sl, 3.5 3.1Q 3.11 Here is another natural construction,
which essentially goes back to Joyde[§7] and will be proven universal ig5.1

Example 4.16. As in Example2.4we consider a grou@ with automorphisnT : G = G
and the associated Alexander quar@le: Alex(G, T). Suppose thatl C G is a subgroup
such thafl |y =idy. ThenH x G — G, (h,g) — hgdefines a free action ¢f on the quan-
dle Q satisfying axiom (E1) above. As a consequence, the quate@ = H\G carries a
unigue quandle structure such that the projecfiol® — Q is a quandle homomorphism,
andH ~ Q — Qs a quandle extension.

Coverings ofQ form a category, which provides us with a natural notion ofisr-
phism, i.e. equivalence of coverings. Here is the apprtgpriation for extensions:

Definition 4.17. LetQbe a quandle and létbe a group. Arequalenceorlsomorphlsm
between extensiors;: A ~ Qg LR QandEx: A~ Qo P2, Qis a quandle isomorphism
@: Q1 = Qy that respects projectiong; = p2¢, and is equivariantpA = A @forall A € A.
We denote by EXQ, /) the set of equivalence classes of extension@ bj A.

On could also define the seemingly weaker notiotafmomorphisnbetween exten-
sionsE; andE; as a quandle homomorphisgm Q; — Q» that respects projections and
is A-equivariant. This leads to the following observation, gthis a variant of the well-
known Five Lemma for short exact sequences in abelian cagsgcee 26, §VI11.4]).

Proposition 4.18. Every homomorphisnp: Q; — Q, between two quandle extensions
Ei: AN~ Qq LN QandB: A~ Q; -5 Qisan isomorphism of extensions. [l

The proof is a straightforward diagram chase, and will bettzmii

4.5. Pull-backs. Given quandle homomorphisnps O — Qandf: X — Qwe construct
their pull-back or fibred productX = X ><QQ as follows:

x 1.6
L
X ——Q
The setX = {(x,d) € Xx Q| f(x) = p(4)} can be equipped with a quandle operation
(x,8) % (y,b) := (xxy,axb) suchthatthe projectionxX; a)fxandf(x d) = aare quandle
homomorphisms and make the above diagram commute. The tKpp, f) is universal
in the usual sense that any other candidate uniquely fattosagh it, and this property

characterizes it up to unique isomorphism.
The quandle homomorphisfip:= p: X — X is called thepull-backof p alongf.

Proposition 4.19. If p is a covering, then its pull-back‘p is again a covering. Thus every
quandle homomorphism: X — Q induces a covariant functor*f Cov(Q) — Cov(X)
by sending each covering: © — Q to its pull-back fp: X — X, and every morphism
between coverings to the induced morphism between theibpaks.

Proof. Suppose thap: Q — Q is a covering, that isp is surjective andp(8) = p(B)
implies inn(&) = inn(b). Thenp* X — X is surjective, and for akk = (x,&) andy= (y, b)

the equalityp(X) = f(y) entailsx = y as well asp(&) = f(x) = f(y) = p(b). These in
turn imply that infX) = inn(§), as claimed. This construction is natural with respect to
covering morphisms, whend€ is a functor. O



QUANDLE COVERINGS AND THEIR GALOIS CORRESPONDENCE 27

For extensioné ~ Q — Q we record the following observations:

Proposition 4.20 (functoriality in Q). The pull-back of an extension:E\ ~ O P, Q
along a quandle homomorphlsm K — Q inherits a naturalA-action and defines an
extension fE: A ~ X —2 X. We thus obtain a natural map f Ext(Q,\) — Ext(X,A).

Proof. The action orf( is given byA (x,8) = (x,A8) for A € A. Axioms (E1) and (E2)
carry over fromQ to X, so thatf*E is an extension, as claimed. |

Proposition 4.21(functoriality in A). Every group homomorphism i\ — A’ induces a
natural map on extensions, hExt(Q,A) — Ext(Q,/\).

Proof. Given an extensio: A ~ Q LN Q, the induced extensiam.E is defined as the
product/A’ x @ modulo the relatiof(A’,A&) ~ (A’h(A),&) for A € A. The quotientQ
inherits the quandle structufd’ a] « [A” b] = [A’,axb], and the extensioh.E: N ~

G -5 Qis defined by the projectiop[A’,a] = p(a) and the action\’[A” a] = [A’A” a].
This construction is well-defined on isomorphism classesxténsions, so that we obtain
h.: Ext(Q,A\) — Ext(Q,/\") as desired. O

The preceding propositions can be restated as saying th@D2Y is a contravariant
functor inQ and a covariant functor in. In general EX{Q,A) is only a set, with the class
of the trivial extension as zero element. We obtain a growgsire if A is abelian:

Proposition 4.22(module structure)If A is an abelian group, or more generally a module
over some ring R, theBxt(Q,A\) carries a natural R-module structure, and the pull-back
f*: Ext(Q,\) — Ext(X,A) is a homomorphism of R-modules.

Proof. The groupA is abelian if and only if its multiplicatiom: A x A — A is a group
homomorphism. In this case we obtain a binary operation d{ER) as follows:

®: Ext(Q,A) x EX{(Q,A) —— Ext(Q,A x A) £ Ext(Q,A)

HereP is the fibred product ang. is the induced map as above. More explicitly, given
two extension&: A~ Qg LN QandEx: A ~ Q2 P2, Q, their compositiorEs = E; ®

E; is the fibred producQ; xgq Q. modulo the relatior{Aas,a) ~ (ag,Aap) for A € A.
The quotienQs mherlts the quandle structufay, az] « [by, by] = [ag x b1, 82 % by, and the
extensiorEz: A ~ Q3 LR Qis defined by the projectiopg[a;, a2] = p1(a1) = p2(az) and
the action [ag,ap] = [Aag,ap] = [a1,Aay).

The composition is well-defined and associative on isomismltlasses of extensions.
The neutral element is given by the trivial extensign A ~ A x Q LN Q. The inverse
of E; is obtained by replacing the action &fwith the inverse action via — A~1. The
details are easily verified and will be omitted. O
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5. CLASSIFICATION OF CONNECTED COVERINGS

In order to avoid clumsy notation, we will first classify cauted coverings. The pas-
sage to arbitrary coverings over a connected base quantlenistraightforward, and will
be treated in Sectio. Assuming that the base quandle is connected is techneadier
and corresponds most closely to our model, the Galois quoretence for coverings over
a connected topological space. The non-connected caskeniiéated in Section

5.1. Explicit construction of universal covering quandles. Our first task is to ensure the
existence of a universal covering quandle. As usual, usaliy is defined as follows:

Definition 5.1. A pointed quandle covering: (Q, §) — (Q,q) is universalif for each
coveringp: (Q, §) — (Q,q) there exists a unique covering morphism(é, q) — (Q, q).

In other words, a universal covering is an initial objectlie tategoryCov(Q,q). Two
universal coverings ofQ,q) are isomorphic by a unique isomorphism, so that we can
unambiguously speak dfieuniversal covering ofQ, q).

The following explicit construction has been inspired Byllemma 25].

Lemma 5.2. Consider a connected quandle Q with base poirt Q. Recall that the
commutator subgroupdj(Q)’ is the kernel of the group homomorphism Adj(Q) — Z
with e(adj(Q)) = 1. We define

Q:={ (a9 €QxAdj(Q’|a=¢?}, §:=(q.1)

The seQ becomes a connected quandle with the operations

(a,9) * (b,h) :== (axb, g-adja)~*-adjb) ),

(a,9) % (b,h) := (a¥b, g-adja)-adjb)*).
The quandleQ comes with a natural augmentati(@nL Adj(Q) - Inn(Q), where
p(b,h) = adj(b) and a is defined by the action

QxAdj(Q) —Q with (a,g)":=(a", adjiq) =™ gh).

By construction, the subgrousdj(Q)’ = ker(¢) acts freely and transitively 0. The

canonical projection pQ — Q given by pa,g) = a is a surjective quandle homomor-
phism, and equivariant with respect to the actiorAdij(Q).

Proof. SinceQ is connected, we have dd) tadj(b) € Adj(Q)’, which ensures that the
operations andx are well-defined. The first quandle axiom (Q1) is obvious:

(a.9)*(a,g) = (axa g-adja)*-adj@a) ) = (a,9).
The second axiom (Q2) follows using &y b) = adj(b) ' adj(a) adj(b):
((a,9) * (b,h)) % (b,h) = (&, g-adja)*-adj(b) - adjaxb) -adjb) ! ) = (a,g).

For the third axiom (Q3) notice that eac¢h,g) € Q satisfiesa = g9, which entails
adj(a) = g~*-adj(q) - g. The quandle operations can thus be reformulated as

(a.9) * (b,h) = (axb, adj(@)*-g-adj(b) ),
(a,9) % (b,h) = (axb, adj(g)-g-adjb) ).
This implies self-distributivity, because
((a,9) * (b,h)) = (c,k) = ( (axb) c, adj(q) *gadj(b)adj(c) ) equals
((2.9)* (c.K) * ((b.h) x(c.k)) = ((axc) * (b+c), adja) *gadj(c)adj(bc) ).
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The projectionp: Q — Q, p(a,g) = a, is a quandle homomorphism, which implies
thatp = adjop: Q — Adj(Q) is a representation. Moreover, the actmsatisfies(a, g) *
(b,h) = (a,9)2%b), so that(p,a) is an augmentation. Since 4@) generates the group
Adj(Q), this also shows that AdD) acts onQ by inner automorphisms, and thptis
equivariant with respect to the action of AQ). Under this action, the subgroup A))’
acts freely and transitively o, which shows tha® is connected. O

The reader will notice a close resemblance with the constmiof the universal cover-
ing for a connected topological space. In order to consuitbm Q, we keep track not
only of the pointsa € Q but also the pathg € Adj(Q)’ leading from our base poirfto
the pointa in question. Forgetting the extra information projectsii@aQ, while keeping
it defines the universal coverirg— Q, as we shall now prove:

Theorem 5.3. Let Q be a connected quandle with base poiat@and Iet(@, ) be defined
as in Lemm&.2above. Then the canonical projection Q. §) — (Q,q) is the universal
quandle covering ofQ, q).

Proof. It is clear from its construction that: (Q,d) — (Q,q) is a covering. We want
to show that for every other covering (Q, §) — (Q,q) there exists a unique quandle
homomorphismp: (Q, §) — (Q, §) with po @ = p. Uniqueness is clear from Corollary
4.1Q the crucial point is thus to show existence.

We recall from RemarR.48that every covering:"Q — Q induces an action of A¢Q)
onQ by inner automorphisms, and thats equivariant with respect to this action. For our
coveringp: Q — Q this action has been made explicit in the preceding LetSiraa

We definep: (Q,d) — (Q,d) by @(a,g) = §°. This is an equivariant map with respect
to Adj(Q)’. Both mapsp® and p are thus equivariant and coincidedn="(qg,1). Since
Q is connected we concludep™= p. Proposition4.2 now shows thatp is a quandle
homomorphism, and hence a covering morphism fpto p as desired. O

Remark 5.4. In Lemmab.2, all the information of(a,g) € Q is contained in the second
coordinatay, so we could just as well dispense with the first coordimateg®. This means
that we consider the groud = Adj(Q)’ equipped with quandle operations

gxh=x"'ghxh and g¥h=xgh xh,

wherex = adj(q). This is the (non-abelian) Alexander quandle AIBXT ) with automor-
phismT : G = G given byg — x1gx These formulae already appear in the work of Joyce
[17, §7] on the representation theory of homogeneous quandle=eThe natural choice
is G = Aut(Q), whereas the universal covering requiés- Adj(Q)’.

The notation proposed in the preceding lemma emphasizestéreretation ofQ as
a path fibration, wheréa, g) designates a pat) from q to the endpoing. This extra
information of base points will become necessary when weiden quandles with more
than one connected component, see Lerirhdbelow.

5.2. Fundamental group of a quandle. As announced in the introduction, once we have
understood the universal coveripg (Q,§) — (Q,q) of a quandlgQ,q), we can define
the fundamental groum (Q, q) as the group Ayip) of deck transformations:

Definition 5.5. We call i (Q,q) = {g € Adj(Q)’ | g® = g} the fundamental groupf the
guandleQ based af € Q.

Proposition 5.6. For the universal covering ;o(Q, 4) — (Q,q) as above, we obtain a
canonical group isomorphisip: 1 (Q,q) = Aut(p) from the left actiomq (Q,q) x Q— Q
defined by h(a,g) = (a, hg).
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Proof. The action is well-defined and induces an injective grouptmerphisns (Q, q) —
Aut(Q). By construction it respects the projectipnQ — Q, so we obtainp: m(Q,q) —
Aut(p). The action ofm (Q, ) is free and transitive on the fibge(q) = {(9,9) | a° = q}.
Given a covering automorphisme Aut(p) there exists thus a unique elembnt 75.(Q, Q)
with a(g) = h-§. This means that = ¢(h), becaus&) is connected (see Corolla#y10).

This proves thaip is also surjective. O

Proposition 5.7 (functoriality). Every quandle homomorphism £X,x) — (Y,y) induces
a homomorphism,f m (X, x) — mm(Y,y) of fundamental groups. We thus obtain a functor
m: Qnd, — Grp from the category of pointed quandles to the category of ggou

Proof. Every quandle homomorphisih: X — Y induces a group homomorphism=
Adj(f): Adj(X) — Adj(Y). In this way AdjX) acts onY, and f becomes equivariant.
In particular, evenyg e Adj(X)’ with X9 = x is mapped tch(g) € Adj(Y)’ with y"9 =y,
which proves the first claim. Moreover, this constructiosprects composition. O

Proposition 5.8. We haver (Q,q%) = m(Q,q)? for every ge Adj(Q), or more generally
for every ge Aut(Q). Thus, if Q is connected, or homogeneous, then the isonmmatiass
of the fundamental groufr (Q, g) is independent of the choice of base poimt @. O

5.3. Coverings and monodromy. As for topological coverings, two groups naturally act
on a quandle covering: Q — Q: the deck transformation group A acts on the left,
while the adjoint group Ad[Q) and in particular its subgroumm (Q,q) act on the right.
Both actions are connected as follows:

Proposition 5.9(monodromy action) Every galois covering pQ — Q induces a natural
surjective group homomorphism I (Q, q) — Aut(p).

More generally, every quandle extension & ~ Q — Q of a connected quandle Q
by a groupA induces a natural group homomorphism 1% (Q,q) — A. Moreover, h is
surjective if and only if) is connected; in this case p is a galois covering.

In both settings, h is an isomorphism if and only if p is theversal covering of Q.

Proof. Every galois coveringy: Q — Q defines an extension, with the grofip= Aut(p)
acting naturally orQ by deck transformations (see Propositi5. We will thus con-
centrate on the more general formulation of extensions.

Since the covering: Q — Q is equivariant under the natural action of AQ), every
g€ m(Q,q) maps the fibr& = p~1(q) to itself. In particular, there exists a unique element
h(g) € A such thag? = h(g)§. Forgs, g, € m(Q,q) we find that

%% = (h(g1)d)% = h(g1)(G%) = h(g1)h(g2)G,

since both actions commute (see Proposiidi). We conclude that(gi92) = h(g1)h(g2),
whenceh is a group homomorphism.

If Qis connected, there exists for eagle F a group elemeng € Adj(Q)’ such that
g% = § (see Remarl2.34. By equivariance this equation projectsdgd= g, and so we
haveg € m(Q,q). This implies that is surjective.

Conversely, i is surjective, thei is connected: giveq € O, there existg; € Adj Q)
such thatp(§)% = g, becaus® is connected. This implies thg#:"= A § for someA € A.
Sinceh is assumed to be surjective, there exggts m(Q,q) such thah(gy) = A 1. We
conclude thag®% = @, as desired.

Finally, if h is an isomorphism, then A@D)’ acts freely onQ. We thus obtain an
isomorphism betwee(ﬁ, §) and the universal covering constructed in Theokegn [



QUANDLE COVERINGS AND THEIR GALOIS CORRESPONDENCE 31

Proposition 5.10. For every quandle covering:p(Q, §) — (Q,q) the induced group ho-
momorphism p: 7(Q,d) — 7(Q,q) has imagem(p.) = {g € Adj(Q)° | & = §} and
kernelker(p,) = ker[ Adj(p): Adj(Q) — Adj(Q) |.

Proof. We know by Propositior2.49that ¢ = Adj(p): Adj(Q) — Adj(Q) is a central
extension. By Definitior2.33we haveeQ =£go qo, so thatp maps AdjQ)° onto Adj(Q)°.
The action of AdjQ) onQ is such thag® = §#9 for all § € Adj(Q), see RemarR.48

If g e m(Q,q) theng = ¢(g) satisfiesg € Adj(Q)° andd? = . Conversely, for each
g € Adj(Q)° with §9 = g, every preimage & ¢ 1(g) satisfiesg’e Adj(Q)° anddd = g,
whencege nl(Q, §) andg = p.(§). Existence ofyis ensured by the surjectivity af.

Finally, § € ker(p.) is equivalent tog’e Adj(Q)° anddd = § and@(§) = 1. This last
condition entails the two previous onesuifd) = 1 theng'e Adj(Q)° andd? = §¢9 = g,
so thatg'e ker(p,). We conclude that kép,.) = ker(Adj(p)). O

Warning 5.11. For a connected quandle coveripgQ — Q the adjoint group homomor-
phism Adj(@) — Adj(Q) can have non-trivial kernel, and §o: rrl(Q, g) — m(Q,q)isin
general not injective. In this respect the covering thedrguandles differs sharply from
coverings of topological spaces, whezeis injective for every covering.

Example 5.12. As in Example3.5, consider a groufs and a conjugacy clas3 ¢ G such
thatG = (Q). Assume that\ C Z(G) is a non-trivial central subgroup such thatQ = Q.
The quotient magp: G — G := G/A sendsQ to a conjugacy clas® = p(Q) in G with
G = (Q). We thus obtain an extensign~ o] LN Q.

SinceQ embeds into a group, the adjoint m&v— Adj(Q) is injective. The group
homomorphish = Adj(p): Adj(Q) — Adj(Q) is not injective becausg and A § with
A € A~ {1}, are distinct inQ but get identified iQ. The elemenz = adj(d) " adj(A ) in
Adj(Q)’ is thus contained in kén), and thus in the centre of A(di)). In particularcf = §,
and saze (Q, §) is a non-trivial element that maps (%) = 1 in (Q, q).

5.4. The lifting criterion. As for topological coverings, the fundamental group pregid
a simple criterion for the lifting over a quandle covering:

Proposition 5.13(lifting criterion). Let f: (X,x) — (Q,q) be a quandle homomorphism,
and let p (Q,d) — (Q,q) be a quandle covering. Assume further tttx) is connected.
Then there exists a lifting: (X,x) — (Q, ) if and only if f.7m(X,x) C p.m(Q,§).

Proof. We already know from Corollarg.10that f is unique, and so we only have to
consider existence. Let us begin with the easy case: Ifiadiff exists, thenf = pf
implies f, = p, f. and thusf, (X, x) = p. f,m(X,x) C p.m(Q, ).

Conversely, assumi (X, x) C p.m(Q,d). Sincep is a covering, the group A¢R)
acts onQ by inner automorphisms. The quandle homomorphfsnX — Q induces a
group homomorphisnf, = Adj(f): Adj(X) — Adj(Q), and in this way AdjX) also acts
on Q. By connectedness, every elemenkotan be written as9 with someg € Adj(X)'.
We can thus definé: (X,x) — (Q, g) by settingf: x8 — 9, and our hypothesis ensures
that this is well-defined. By construction, the mBjs Adj(X)'-equivariant. Both mappf
andf are AdjX)-equivariant and coincide ix sinceX is connected we obtaipf = f.
As in Propositiond.2we conclude thaf is a quandle homomorphism. O

Definition 5.14. A quandleQ is simply connected it is connected andn (Q,q) = {1}.

Notice that connectedness implies tia{Q,q) = m(Q,q) for all g, € Q. It thus
suffices to verify triviality of i (Q,q) for onebase poingg € Q; the property of being
simply connected is independent of this choice, and hentdedefned.
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Proposition 5.15. For a quandle Q the following properties are equivalent:
(1) The quandle Q is simply connected.
(2) Every covering pQ — Q is equivalent to a trivial coveringr;: Qx F — Q.
(3) Every quandle homomorphism {Q,q) — (Q, q) lifts uniquely over each quandle

covering p (Q,6) — (Q.q). _ -
(4) Every covering p (Q,q) — (Q,q) is universal in the categor@ov(Q, ).

Proof. (1) = (2): We choose a base poigtc Q and defineF := p~1(q). According

to the Lifting Criterion, for eachg € F there exists a unique quandle homomorphism
@ (Q,q) — ((j, @) such thaipo @ = idg. Its image is the connected component @f Q.

We thus have a bijectiogy: (Q) — F such thatp([d]) = ¢ for everyde F. Putting this
information together we obtain mutually inverse quandterisrphismsp: Q x F — 0,
®(x,G) = @y(x) andW: Q — Qx F, W(X) = (p(X), Y([x]))-

(2) = (3): By hypothesis (2) and Remaf&3 Q must be connected, which ensures
uniqueness. Existence follows from the pull-back consiba¢ becausé * p is a covering
over(Q,q) and trivial by hypothesis.

(3) = (4): Thisis clear from Definitiors.1

(4) = (1): The identity idy: (Q,q) — (Q,q) is a covering. If it is universal, the@
must be connected by Rema3i3. Moreover,(Q,q) must be isomorphic to the explicit
model (Q,d) of Theorem5.3 via the projection mamp: (Q,§) — (Q,q). This implies
m(Q,q) = {1}, whenceQ is simply connected. O

Example 5.16.For a long knot., the knot quandl€)y is simply connected byg Theorem
30]. The natural quandle projecti@) — Qx is thus the universal covering of the knot
guandleQg associated to the closed kritt

Warning 5.17. For a universal quandle coverimg (Q,6) — (Q,q) the covering quandle
Q need not be simply connected. This is another aspect in veuiahdle coverings differ
from topological coverings, where every universal covgissimply connected.

Example 5.18. We continue Exampl&.12using the same notation. The universal cov-
ering p: (Q,d) — (Q,q) of (Q,q) induces a goveringp:"(Q, g) — (Q,§). This means

that Adj(): Adj(Q) — Adj(Q) factors as AdiQ) 2 Adj(Q) — Adj(Q). We have al-
ready found a non-trivial elemente 75 (Q, §) with h(2) = 1 in m(Q,q). Every preimage
2c g~1(2) liesin centre of Ad|Q) and also in the commutator subgroup, and thus provides

a non-trivial element & 1 (Q, §).

5.5. Galois correspondence.Let (Q,q) be a connected quandle. We wish to establish
a correspondence between the following two categories. h®rohe hand, we have the
categoryCov,(Q,q) formed by pointed connected coverir]gs((j, d) — (Q,q) and their
pointed covering morphisms. On the other hand, we have tregagy Sub(m(Q,q))
formed by subgroups oft(Q,q) and homomorphisms given by inclusion. The Galois
correspondence establishes a natural equival€oeg(Q, q) = Sub(mm(Q,q)).

Remark 5.19. In Sub(7a(Q,q)) inclusion defines a partial order on the set of subgroups.
Likewise, in Cov,(Q,q) each set of covering morphisms Hoppp') is either empty or
contains exactly one element (see Corolkui0, which expresses a partial preorder.

Lemma 5.20. The[e exists a unique functdr: Cov*(Q, q) — Sub(m(Q,q)) mapping
each covering p(Q,§) — (Q,q) to the subgroup pr(Q,§) C ™ (Q,q).

Proof. Obviously® is well-defined on objects. Every covering morphigrfrom p to of
entails thatp, 75(Q, §) = p.@.m(Q,§) C p.mm(Q,§), so thatd is indeed a functor. [
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Lemma 5.21. There exists a unique funct&: Sub((Q,q)) — Cov.(Q,q) mapping
each subgroup K- m(Q, q) to the quotienQk := K\ Q of the universal coverin@.

Proof. We consider the universal coveripg (Q,d) — (Q,q) constructed in Lemm&.2
Given a subgroull C @ (Q,q), we identifyK with the corresponding subgroup of Ap},
via the monodromy action explained in Proposit®8. This allows us to define the quo-
tient Qx := K\ Q with base pointg = [d] and projectiorpk : (Qk,6k) — (Q,q) defined
by pk ([X]) = p(X). The result is the covering/(K) := px we wish to consider.

Moreover, ifK C L C (Q,q), then the coveringp, is a quotient of the coverinpk .
We thus have a covering morphism frgg to p_, so that¥ is indeed a functor. O

Theorem 5.22(Galois correspondence)et (Q,q) be a connected quandle. Then the
functors®: Cov,(Q,q) — Sub(mm(Q,q)) and¥: Sub(rm(Q,q)) — Cov.(Q,q) establish

a natural equivalence between the category of pointed atedecoverings ofQ,q) and
the category of subgroups of (Q, g).

Proof. We will first prove thatbW =id. Consider a subgroup C 1 (Q, q) and the associ-
ated coveringx : (QK,qK) — (Q,q). By Propositiorb.10we know that the image group
(PK )+ nl(QK,qK) consists of alf € Adj(Q) such thaqK = k. Comparing this with the
construction of the universal covern@@ §) and its quotlen(QK,qK) we obtain precisely
the groupK with which we started out.

Conversely, let us prove th&¢® = id. For every connected covering (Q q) —
(Q,q) the associated group = p. nl(Q 4) deflnes a coverln@K (QK,qK) (Q,q) as
above. We already know thépx ). 1 (Qk,bk) = K = p.m(Q,d). The Lifting Criterion
(Propositions.13 implies that there exist covering morphisths (O, 6k) — (Q,d) and
g: (Q, q) — (QK,GK). By the usual uniqueness argument (Corollar{Q we conclude
thatf og=ids andgo f =idg, O

Proposition 5.23 (monodromy and deck transformation groug@onsider a connected
covering g (Q,§) — (Q,q) and the associated subgroupKp..m(Q,§) C m(Q,q).

(1) The natural right action Fx m(Q,q) — F induces a bijection between the fibre
F = p~1(q) and the quotient set ¥m(Q,q). In particular, the cardinality of F
equals the index of the subgroup Krm(Q, q).

(2) Let N={ge m(Q,q) | K9 =K} be the normalizer of K iz (Q,q). There exists
a covering transformationiQ, §) — (Q,§) if and only if there exists an element
g€ N such thai® = §

(3) We have a natural short exact sequence-KN — Aut(p). The covering p is
galois if and only if the subgroup K is normal im (Q,q). In this case the deck
transformation group i\ut(p) = m(Q,q)/K.

Proof. SinceQ is connectedir (Q, q) acts transitively on the fibré = p~(q). The stabi-
lizer of G is precisely the subgrouf, see Propositiob.1Q Giveng € 74(Q, q) there eX|sts
a covering automorphismp: (Q,d) — (Q,§9) if and only if the subgroupp. 7 (Q, §) =
andp. nl(é, G?) = K9 coincide (see the Lifting Criterion, Propositiéiil3. In this casarp
is unique, and sg — ¢ defines a surjective group homomorphisim- Aut(p), as in the
proof of Propositiorb.9. O
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6. CLASSIFICATION OF NON-CONNECTED COVERINGS

6.1. Non-connected covering quandlesin this section we deal with coverings 0—0Q
where the base quandigis connected but the covering quan@ean be non-connected.
Non-connected base quandles are more delicate and wikaeett in the next section.

Proposition 6.1. Consider a family of quandle coverings. |LQ. — Qindexed by E 1. Let
Q=LJio Gi x {i} be their disjoint union with projection pQ — Q, p(a,i) = pi(a). There
exists a unique quandle structure @nthat extends the one on eachand turns p into
a quandle covering. The result is called theion of the given quandle coverings over Q,

denoted byQ, p) = Bic, (Q, pi)-

Proof. The point is to define the quandle structure @n Since eactp; is a covering,
the base quandi® acts onQ; such thataxb = ax pi(b) for all a,b € §;. If there is a
compatible quandle structure @hsuch thatp: Q — Q becomes a covering, théhacts
on Q and we must havéa,i) (b, j) = (a,i)  pj(b,j) = (a* pj(b),i). This shows that
there can be at most one such structure. In order to proveesgis, we equi® with the
operation(a, i) = (b, j) := (ax pj(b),i). If | is non-empty, then it is easily verified that this
definition turnsQ into a quandle, and thatbecomes a quandle covering®f O

Proposition 6.2. Let p: Q—Qbea covering of the connected quandle Q. We can de-
compos&) into connected componer@ts.).@ and define p §; — Q by restriction. Then
each pis a covering, andQ, p) = ®;., (@, pi) is their union.

Proof. Notice that eacth is an orbit under the action of A@D) on (5 and eaclp; is a
covering because it is an A@))-equivariant map. By construction we have the equality
of sets and maps$Q, p) = @i, (i, pi). The equality of their quandle structures follows
from the uniqueness part of the previous proposition. O

6.2. Galois correspondence.Theorem5.22 above established the correspondence be-
tween connected coverings and subgroups of the fundanggotgd. In the general setting
itis more convenient to classify coverings by actions offtrelamental group on the fibre.

Definition 6.3 (the category of>-sets) Let G be a group. AG-setis a pair(X,a) con-
sisting of a seX and a right actiom : X x G — X, denoted byx (x,g) = x9. A morphism
o: (X,a) — (Y,B) between twdG-sets is an equivariant map: X — Y, i.e. satisfying
@(x8) = @(x)9 for all x e X andg € G. The class ofz-sets and their morphisms form a
category, denoted bict(G).

Lemma 6.4. There exists a canonical functér: Cov(Q) — Act(75(Q,q)) mapping each
covering p Q — Qto(F,a) where F= p~1(q) is the fibre over g, and : F x m(Q,q) —
F is the monodromy action.

Proof. Given a covering: Q — Q, the natural action of AdQ) on Q restricts to an action
of 1 (Q,q) on the fibreF = p~ (q) This definesb on objects.

Every covering morph|srtp O—Qis eqU|var|antW|th respect to the action of A@j)
It maps the fibreF = p~1(q) to the fibreF = p~1(q), and the restrictiong,: F — Fis
equivariant with respect to the actionmf(Q,q). Hence® is indeed a functor. O

Lemma 6.5. There exists a canonical functé: Act(rm(Q,q)) — Cov(Q) mapping each

actiona: F x m(Q,q) — F to the covering p: Qq — Q with Qq = (F x Q)/m(Q,q),
whereQ is the universal connected covering of Q.
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Proof. We start with the universal connected cover'pug(@, d) — (Q,q). According to
Propositiorb.9we have a group isomorphism 5(Q,q) = Aut(p), such thah(g)§= §°
for all g € m(Q,q). Given (F,a) € Act(m(Q,q)), we quotient the produdt x Q by
the equivalence relationd,d) ~ (x,h(g)a) for all x e F, &€ Q, andg € m(Q,q). The
quotientQy := (F x Q)/.. inherits the quandle structufe a] «[y,b] := [x,dxb]. The
projectionpy: Qu — Q, pa([%,8]) := p(8) is well-defined and a quandle covering. As a
consequence, the action of AQ) onQq is given by[x, &9 = [x,&9] for all g € Adj(Q).

A morphismg: (X,a) — (Y, B) of G-sets induces a mapx id: X x Q — Y x Q that
descends to a quandle homomorphism on the quoti@nt®, — QB. This turns out to be
a covering morphism fronpg to pg, so that¥ is indeed a functor. O

Theorem 6.6(Galois correspondencelet (Q,q) be a connected quandle. The functors
®: Cov(Q) — Act(mm(Q,q)) andW: Act(mm(Q,q)) — Cov(Q) establish a natural equiv-
alence between the category of coverings of Q and the catefarets endowed with an
action ofrq (Q, q).

Proof. Before we begin, let us point out that strictly speaking tbepositions¥® and
dY arenot the identity functors. They are, however, naturally egleirato the identity
functors, in the sense 02§, §l1.4], and this is what we have to show.

We will first prove thatdW = id. Consider an actiom : X x @ (Q,q) — X and the
associated coveringy : Qu — Q with fibre Fy := p;1(q). Recall that Autp) acts freely
and transitively from the left on the fibone~1(q) of the universal covering: (Q, 4) —
(Q,q). The mapyqy : X — Fqu, X [x, ], is thus a bijection. Moreover, we find

Wa () = [x9,] = [x,h(g)d] = [x,§°] = [x,0]9 = Y (x)°
for everyg € m(Q,q). This shows thafyy : X — Fq is an equivalence of (Q, g)-sets, as
claimed. Naturality ina is easily verified.

Conversely, let us prove th&#® = id. Consider a quandle covering QO — Q with
fibre F = p~1(g) and monodromy actionr: F x 7 (Q,q) — F. The universal property
of the coveringp: ((5, §) — (Q,q) ensures that there exists a unique covering morphism
@ F x O — Q overQ such thatgs(x,6) = x for all x € F. More explicitly, this map
is given by(x,(q,g)) — x9 for all x e F andg € Adj(Q)’. By construction, this map is
surjective and equivariant with respect to the action of(&f].

Forg e m(Q,q) we find g5(x9,8) = @(x,h(g)d) for all x € F andd’e Q. This means
that g, descends to a covering morphigg: Q, — Q. Conversely, ifps(x, &) = @ (Y, b),

then both mapsgs(x, —) and gs(y, —) have as image the same componenQpfwhich
takes us back to the case of connected coverings. We thubae,8) and (y,b) get
identified inQq, which proves thatp is a covering isomorphism. Naturality mis easily

verified. O

Theorem 6.7. Let Q be a connected quandle with base poiat@Q and letA be a group.
There exists a natural bijectioBxt(Q,A) = Hom(m(Q,q),A). If Ais an abelian group,
or more generally a module over some ring R, then both obfsaty natural R-module
structures and the bijection is an R-module isomorphism.

Proof. Every extensiofE: A ~ Q N Q induces a group homomorphigm m(Q,q) —
A as in Propositior.9. Choosing a base pointifi the fibreF = p~1(g), we can identify
A with F via the bijectionA = F, A — A§. The monodromy action of (Q,q) then
translates to right multiplicatioo : A x @ (Q,q) — A with (A,9) — A -h(Q).

Conversely, every group homomorphisrdefines a right action : A x (Q,q) — A
by (A,9) — A -h(g). Via Theoren®.6the actionx correspondsto a covering : Qq — Q.
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Multiplication on the left defines an actlon ofon A x Q, which descends to the quotient
Q. and defines an extensi@ A ~ Qg P, Q.
These constructions are easily seen to establish a natj@etidn, as desired. O

7. NON-CONNECTED BASE QUANDLES

7.1. Graded quandles. So far we have concentrated on connected base quandlegen or
to develop a covering theory over non-connected quandldsweto treat all components
individually yet simultaneously. The convenient way to His s to index the components
by some fixed sel, and then to deal with-graded objects throughout. The following
example illustrates the notions that will appear:

Example 7.1. Consider a quandI® and its decompositio® = | Jic; Q; into connected
components. For every coverimpg Q — Q the quandl&) is graded, withQ; = p~ Q).
andp is a graded map, witl;: Qi — Qi given by restriction. Every deck transformation
¢: Q= Qis a graded map witlg : O = Q;. The deck transformation gro@= Aut(p)

is a graded group, withs; acting by covering transformations @h, and this action turns
Qinto a gradeds-set.

The following definitions make the notions of this examplpl@it. In the sequel we fix
an index set. Whenever the context determinies/ithout ambiguity, the term “graded”
will be understood to mear “graded”, that is, graded with respect to our fixedlset

Definition 7.2 (graded quandles)A graded quandlés a quandl€ = | |, Q; partitioned
into subsetgQ;)ici such thatQ; « Q; = Q; for all i,j € 1. This is equivalent to saying
that eachQ; is a union of connected components. A grading is equivateiat quandle
homomorphism grQ — | from Q to the trivial quandlé with fibresQ; = gr2(i).

A homomorphisnp: Q — Q of graded quandles is a quandle homomorphism such that
©(Qi) c Q foralli €I, or equivalently ge= gr og. Obviously,l-graded quandles and their
homomorphisms form a category, deno€gad, .

Definition 7.3 (graded groups)A graded grougs a groupG = [ Gi together with the
collection of groupsG; )ic| that constitute the composition 6fas a product. Aomomor-
phismof graded group$: G— H is a productf = [J;¢ fi of homomorphism$;: G — H;.
Obviously,l-graded groups and their homomorphisms form a categorptdd@rp,. A
graded subgroup @ = [Ji¢| Gi is a producH = [J;¢ Hi of subgroups$ C G;.

Definition 7.4 (gradedG-sets) A graded sets a disjoint uniorX = | |;.; X; together with
the partition(X;)ici. A graded mapp: X — Y between graded sets is a map satisfying
@(X) C Y foralli e 1. Graded sets and maps form a category, dendezgl.

A graded (right) action of a graded gro@®on a graded sex is a collection of (right)
actionsa;: X x G; — X, denoted by (x,g) = x9. This defines an action @& on X via
the canonical projections — G;. A graded G-sets a pair(X, a) consisting of a graded
setX and a graded actioa of G on X. A morphismg: (X,a) — (Y, [3) between graded
G-setsis agraded mag X — Y satisfyingp(x®) = ¢@(x)? for all x € X andg € G. Graded
G-sets and their morphisms form a category, denoteddiy(G).

Remark 7.5. If the index setl = {x} consists of one single element, then all gradings
are trivial, and the categories of graded quandles, grambsets coincide with the usual
(non-graded) notions.

Remark 7.6. As Mac Lane 25, §VI1.2] points out, it is often most convenient to consider
a graded objecM as a collection of objectéM;)ici; this is usually called aexternal
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grading Depending on the context and the category in which we ar&ingythis can be
reinterpreted as ainternally gradedobject, say[ic; Mi or | lic; M; or @ic| M etc.

For graded sets we usé, Xi, whereas for graded groups the appropriate structure
turns out to bg;¢; Gi. As we have already mentioned, for quandles the situatispésial,
because the decompositiGh= || Q; is not simply a disjoint union of quandl€g: in
general we have to encode a non-trivial acti@n< Q; — Qj, (a,b) — axb.

7.2. Graded extensions.

Definition 7.7. A graded quandI€) is connectedin the graded sense) if each gtis a

connected component & Likewise, a graded coverimgz © — Qis said to beonnected
if each setQ; = p~1(Q) is a connected component & The coveringp is said to be
galoisif, moreover, Autp) acts transitively on thih fibre p~%(q;) for eachi € 1.

Remark 7.8. Every galois coveringp: Q — Q comes with the natural actioh ~ Q of
the graded deck transformation grofip= Aut(p) satisfying the following two axioms:
(E1) (AR) *§ = A (Xx¥) andxXx (A§) = K« forall X, § € QandA € A.
(E2) A acts freely and transitively on each filgpe! (x) with x € Q;.
Axiom (E2) then says th&®; — Q; is aprincipal Aj-covering, in the sense that each fibre
is a principal/A;j-set. Notice, however, that we have to consider these acinatividually
over each componef;; the groupsg\; act independently and may vary for differert |.

Definition 7.9. A graded extension EA ~ Q LN Q of a graded quandl® by a graded
group A consists of a surjective quandle homomorphisnmQ — Q and a graded group
action/A ~ Q satisfying the axioms (E1) and (E2). They entail thig a quandle covering,
and the action oA\ defines an injective homomorphisin— Aut(p) of graded groups.

7.3. Universal coverings. As before we will have to choose base points in order to obtain
unigueness properties. To this end we equip each comporitaritswown base point.

Definition 7.10 (pointed quandles)A pointed quandl€Q,q) is a graded quandi® =
Llicr Qi with a base point; € Q; for eachi € 1. In other words, if the partition is seen as a
guandle homomorphism g — |, then the choice of base points is a sectipn — Q,
groq = id;. We call(Q,q) well-pointedif g specifies one base point in each component,
that is, the induced mampoq: | — 1 (Q) is a bijection betweehand the set of connected
components of.

A homomorphismp: (Q,q) — (Q,q) between pointed quandles is a quandle homo-
morphism@: Q — Q' such thatpoq= . Obviously,I-pointed quandles and their homo-
morphisms form a category, denot@dd;'.

Lemma 7.11. Let(Q,q) be a well-pointed quandle with connected componEditsy ic -
LetAdj(Q)° be the kernel of the group homomorphismAdj(Q) — Z with £(adj(Q)) = 1.
For each i€ | we define

Q:={ (a9 cQxAdi(Q"|la=q’}, G :=(q,1).
The disjoint unior = Llicl & becomes a graded quandle with the operations
(a,9) * (b,h) := (axb, g-adja)*-adjb) ),
(a,0) % (b,h) := (a¥b, g-adja)-adjb)*).

The quandled comes with a natural augmentati€) - Adj(Q) - Inn(Q), where
p(b,h) = adj(b) anda is defined by the action

Qi xAdj(Q — & with (a,g)":= (a" adjq) " -gh).
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The subgroupAdj(Q)° acts freely and transitively on eadd. As a consequence, the

connected components@fare the set€);, and soQ is connected in the graded sense.
The canonical projection ;o(@, §) — (Q,q) given by pa,g) = ais a surjective quandle

homomorphism, and equivariant with respect to the actioAd)fQ). O

Theorem 7.12. Let (Q,q) be a well-pointed quandle and I(a@, §) be defined as above.
Then the projection p(Q,§) — (Q,q) is the universal quandle covering @, q). O

The verification of this and the following results in the gedatase are a straightforward
transcription of our previous arguments for the non-grade# of connected quandles, and
will be omitted.

7.4. Fundamental group and Galois correspondence.

Definition 7.13. We call m(Q,q) = {g € Adj(Q)° | ¢f = gi} the fundamental group of
the quandl& based atj € Q. For a pointed graded quandi®,q) we define the graded
fundamental group to be the produg(Q, q) = [Tic| T(Q, ).

Proposition 7.14. For the universal covering ;o(Q, d) — (Q,q) as above, we obtain a
canonical isomorphisn: 4 (Q,q) — Aut(p) of graded groups from the graded left action
m(Q,qi) x Q — Qi defined by h(a,g) = (a, hg). O

Proposition 7.15 (functoriality). Every homomorphism:f(Q,q) — (Q',q’) of pointed
quandlesinduces a homomorphism fa(Q,q) — m(Q',q) of graded fundamental groups.
We thus obtain a functam : Qnd;" — Grp, from the category of I-pointed quandles to the
category of I-graded groups. O

Proposition 7.16(lifting criterion). Let p: (Q, §) — (Q,q) be a quandle covering and let
f: (X,x) — (Q,q) be a quandle homomorphism from a well-pointed quaf¥le) to the
base quandl¢Q,q). Then there exists a lifting: (X,x) — (Q,d), po f = f, if and only if
f,.m(X,x) C p.(Q,§). In this case the lifting is unique. O

Theorem 7.17(Galois correspondence for well-pointed coverinds3t (Q,q) be a well-
pointed quandle indexed by some set |. The canonical funCtor (Q,q) — Sub (1a(Q,q))
andSub (15(Q,q)) — Cov,(Q, q) establish a natural equivalence between the category of
well-pointed coverings dfQ, q) and the category of graded subgroups®{Q, q). O

Theorem 7.18(Galois correspondence for general coveringsk (Q, g) be a well-pointed
quandle indexed by some set I. The canonical fundBwg(Q) — Act(m(Q,q)) and
Act| (. (Q,q)) — Cov(Q) establish a natural equivalence between the category afreov
ings of(Q,q) and the category of graded actionsmf(Q,q). O

Theorem 7.19. Let (Q,q) be a well-pointed quandle indexed by some set |, and le¢
a graded group. There exists a natural bijectiBrt(Q,A\) = Hom(mq(Q,q),A). If Ais
a graded abelian group, or more generally a graded module seene ring R, then both
objects carry natural R-module structures and the natuigddtion is a graded R-module
isomorphism. O

Example 7.20. The covering theory of non-connected quandles allows usntptete the
discussion of the quand®mn = ZmU Zn begun in Exampld..6. We set/ = gcdm,n).
From Propositior?.38we deduce that

Adj(Qmn)° = {(é ’(1)5 thls) |sezte Z@} CH/ ().

The shown matrix acts &— a+sona &€ Zm, and ad — b—sonb € Z,, which entails
m(Q,a) = MZ x Z; andrq (Q, b) = nZ x Z,. The universal covering: Q — Qmn can be
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constructed as in Lemmall After some calculation this leads @ = AL B, whereA
andB are copies o x Z, with £ = gcd/m,n), and the quandle structure

(a.a)+ (b,b) {(a, a+b—a) if (a a’)_, (b,b') € Aorif (a,&),(b,b") € B,
(a+1,a —b) otherwise.

The quandleQ, has two connected componenfsand B, so it is connected in the
graded sense. The projectipn Q; — Qmn is defined byA — Zn, (a,&) — amodm, and
B — Zn, (b,b') — b modn. This is the universal covering 6mn, and any other covering
that is connected in the graded sense is obtained by quiatiemit some graded subgroup
of Aut(p) = m(Q,a) x m(Q,b).

Notice that in the special cage= 1 we obtain the obvious coveriQoo — Qmn,
but even in this toy example the general case would be difftoubnalyze without the
classification theorem.

7.5. Application to link quandles. Given ann-component linkk = Ky U--- LUKy C S3,
we choose a base poiq'g € Qk for each link componerK;. The adjoint group AdjQx)
is isomorphic to the fundamental groap = 7 (S° < K), and each elemelqt( maps to a
meridianmiK = adj(qi() € k. We denote byiK € Tk the corresponding longitude.

The universal covering: QK — Qg can formally be constructed as in Lemmal
Its geometric interpretation has been studiedirin terms of quandle homology,(Qk )
and orientation classéK] € H2(Qk ). We are now in position to go one step further and
determine the fundamental group:

Theorem 7.21. Over each component‘k(x Qk the automorphism group of the universal
covering p Qk — Qxk is given byAut(p)i = 74 (Qk, i) = (f). For the graded funda-
mental group this means thai (Qk, 0k ) = Aut(p) = 1 (%k)-

Proof. Fixing a link componenk;, we can construct a long link ¢ R3 by openingkK;
while leaving all other components closed. This is the sasmeemoving from the pair
(S3,K) a point onK; so as to obtain the paiiR3,L). In particular, the correspondence
(S3,K) < (R3,L) is well-defined when we pass to isotopy classes. The aseddatndle
Q. has two distinguished elememjs andqj, corresponding to the beginning and the end
of the open component, respectively. The natural quandteinoorphisnp;: QL — Qk is
the quotient obtained by identifyirgg andg;, both being mapped @, = pi(qL) = pi(q;)-

While pi: QL — Qk is in general not an isomorphism between the quar@lesndQx,
the induced map Adpi): Adj(QL) — Adj(Qk) is always an isomorphism between the
adjoint groups AdjQL) = 1. = ra(R3~. L) and Adj Qk) = Tk = (S~ K). In particular,
this implies thatp;: (Q,qL) — (Qk,dk) is a quandle covering, and an isomorphism over
all components exce .

Let i : (Qk,6k) — (Qk,d) be the covering that is universal ov@g and an isomor-
phism over all other components. Then one can constructamoigphism(Q.,q.) =
(QK,qu) of quandle coverings oveiQx,qy) as in P, Theorem 30]. In particular, we
obtain a canonical group isomorphism Apif) = rrl(QK,qL) as in Propositior7.14

The longitudet}, satisfies(dl )’ = g, so £k € 1 (Qk,q}). Moreover,(q )% = g},
so the quotient 0@, by the subgrougl ) c Aut(p;) yields (£ )\QL = Q. To see this,
notice that we have a canonical projecti@h )\QL — Qx as a quotient of the covering
QL — Q. Inversely, we have a canonical m@p — (¢i)\QL by the universal property
of the quotienQk = QL /(gL = g} ). We conclude that Agp); = Aut(pi) = (£ ). O
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A link componenk; C K is calledtrivial, if there exists an embedded dibkc S with
Ki = KND = dD. Using the Loop Theorem of Papakyriakopouldg|[we conclude:

Corollary 7.22. For a link K c S2 the following assertions are equivalent:

(1) The link componentiK= K is trivial.

(2) The fundamental groum (Qk , gy ) is trivial.

(3) The longitude, € 7K is trivial.
Conversely, if the link component is non-trivial, then the fundamental groun(QK,qu)
of the quandle Q based at { is freely generated by the longitudg.

Proof. The implications(1) = (2) < (3) follow from 75 (Qk, k) = (), established in
the previous theorem, whilg) =- (1) is a consequence of the Loop Theore3g[[ If K is
non-trivial, then? is of infinite order, and thus freely genera@$Qx , 0y )- O

8. FUNDAMENTAL GROUPOID OF A QUANDLE

As in the case of topological spaces, the choice of a basé gai in the definition of
m(Q,q) focuses on one connected component and neglects the otheesdo not want
to fix base points, then the fundamental groupoid is the gpjat tool. (See Spanied4,
§1.7], Brown @, chap. 9], and MayZ8, chap. 3]). We shall expound this idea in the present
section because it explains the striking similarity betwgeandles and topological spaces.

8.1. Groupoids. We recall that groupoidis a small category in which each morphism is
an isomorphism. In geometric language one considers iectbas “pointsa,b,... and
it morphismsa — b as “paths” (or, more frequently, equivalence classes dfg)at

Example 8.1. The classical example is the fundamental groupd{X) of a topological
spaceX: this is the category whose objects are the poxisX and whose morphisms
X — y are the homotopy classes of paths freto y. There exists a morphisgi— y if and
only if x andy belong to the same path-component. The group of automanghis an
objectx is exactly the fundamental group(X,x) of X based ak.

Example 8.2. Consider a se® with a group actiorQ x G — Q, denoted by(a, g) — aJ.
We can then define the groupoid

N(Q,G):={(agb)cQxGxQla%=b}.

Here the objects are given by elemeats Q, and the morphisms froito b are the triples
(a,0,b) € M(Q,G). Their composition is defined ba, g,b) o (b,h,c) = (a,gh,c). There
exists a morphisma — b if and only if a andb belong to the sam&-orbit. The group of
automorphisms of an objeatis exactly the stabilizer cdiin G.

Definition 8.3. For a quandI® we calll1(Q,Adj(Q)°) thefundamental groupoidf Q.

Remark 8.4(connected componentshlready Joyce noticed some analogy between quan-
dles and topological spaces when he introduced the teroggdtonnected component”
of Q to signify an orbit with respect to the inner automorphisrowgr Inn(Q). (This was
probably motivated by the example of symmetric spaces, evheth notions of connect-
edness coincide, see Rem&MK-5) This turned out to be a very fortunate and intuitive
wording, and connectedness arguments have played a adleidbr all subsequent inves-
tigations of quandles. The connected components of thedig@nare precisely those of
the groupoid1(Q,Adj(Q)°), see Remark.34
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Remark 8.5 (fundamental group)According to the previous remark one can partition a
quandleQ into the setrp(Q) of connected components, and with a little bit of naiveté
one could wonder what the fundamental graapQ, q) should be. In the above groupoid
we recover the fundamental group(Q,q) = {g € Adj(Q)° | ¢? = g} based ag € Q

as the group of automorphisms of the objgadh the categony1(Q,Adj(Q)°). For base
pointsg, d in the same component @f, these groups are isomorphic by a conjugation in
M(Q,Adj(Q)°). As usual this isomorphism is not unique, unlesfQ, q) is abelian.

Remark 8.6 (coverings) There exists an extensive literature on groupoids becénese t
generalize and simplify recurring arguments in seemingffigibnt situations, notably in
diverse Galois theories, just as in our setting of coverargsfundamental groups of quan-
dles. The universal covering quantﬂ(é, §) constructed in Lemmas2and7.11reappears
here as the set of paths based, &vith arbitrary endpoint). This is exactly the path fibra-
tion used to construct the universal covering of a topolaiggpace, or more generally of a
groupoid. We refer to the excellent introduction of M&B[chap. 3].

In conclusion, the “generic part” of quandle covering theaan be recast in the general
language of groupoid coverings. The initial problem, hogreis to construct the appropri-
ate groupoid. Several groupoid structures are imaginablg pne cannot easily guess the
appropriate one: a priori one can choose many groups actiriyy for example Ad(Q),
Aut(Q), Inn(Q), or Inn(Q)°, but only the choice AdRQ)° yields the groupoid that is dual
to quandle coverings. The difficulty is thus resolved by féisalyzing coverings, which
seem to be the more natural notion.

It should also be noted that the unifying concept of groupdides not cover the whole
theory of quandle coverings. Besides its “generic” aspéetslatter also has its distinctive
“non-standard” features. These have been pointed oilt.Band merit special attention.
This is why we have preferred to present all constructiorteiail.

8.2. Combinatorial homotopy. For future reference, let us give another derivation how
the group Ad{Q)° and the associated groupdidQ, Adj(Q)°) appear naturally — as the
groupoid of combinatorial paths modulo combinatorial hoopg.

DelLinition 8.7. Let Q be a quandle. Consider the graplhwith verticesq € Q and edges
a— cfor each triplea, b,c € Q with axb = c. A combinatorial patfromqtoq in T is
a sequence of vertices= ag,as,...,an_1,8n =g € Qand arrowsbil, .., bEr with b € Q
andg € {£1} for all i, such that;_1 «bj = & for § = +1 anda;_1 ¥ bj = & for § = —1.
The signg is just a convenient way to denote the orientation ofitherrow:

bt b b~ __ b
(a—axb)=(a—axb) and (a— axb)=(a<— axb).
Let P(Q) be the category having as objects the elemgmt®) and as morphisms from
gto g the set of combinatorial paths frogto ¢. Composition is given by juxtaposition:
(ao_)ﬁam)o(am_)ﬁan):(ao_)ﬁamﬁ_)an)
Two combinatorial paths afeomotopidf they can be transformed one into the other by
a sequence of the following local moves and their inverses:
(H1) a-% ais replaced by, ora<> ais replaced by.
b . _ .
(H2) a - ax b« ais replaced by, ora«— ax*b ——ais replaced by.
(H3) a— axb—> (axb) *cis replaced bya — a* ¢ — (axc) * (b*c).
We denote by1(Q) the quotient category having as objects the elemgrt§ and as
morphisms frong to g the set of homotopy classes of combinatorial paths fqdmg'.
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FIGURE 2. Elementary homotopies for pathsR(Q)

Proposition 8.8. The category1(Q) is a groupoid, that is, every morphism is invertible.
Moreover, there exists a natural isomorphigm M(Q) = M(Q,Adj(Q)°), given by

£1

b en . _5e . °
[a();)b—) ],_,(ao,g7an) with g:aOZ&bilbﬁn eAdj(Q)

Proof. The homotopy relation (H2) above ensures &) is a groupoid. It is straight-
forward to verify that the mag is well-defined: a homotopy (H1) does not change the
elemeng € Adj(Q)° due to the normalization with, 28 A homotopy (H2) translates to
b*b¥ = 1. A homotopy (H3) translates to one of the defining relation® = c) = b- ¢ of

the adjoint group AdjQ). By construction® sends composition ifl(Q) to composition

in M(Q,Adj(Q)°), so itis a functor. Obviousl is a bijection on objectg € Q, and it is
easy to see that it is also a bijection on morphisms. O

8.3. Classifying spaces.As usual, combinatorial paths and combinatorial homotapy c
be realized by a suitable topological sp#ceit suffices to take the grapghas 1-skeleton
and to glue a 2-cell for each relation of type (H1) and (H3)el@®on (H2) is automatic,
since botta 2 axbanda < axbare actually represented by the same edge.) This en-
sures thafl1(Q) is the edge-path groupoid of the resulting 2-dimensionai@al) complex

K; see Spanier34, §3.6] for the simplicial case.

When we go back to the sources of quandle and rack cohomal@gthus rediscover
yet another approach to the fundamental grou(®, q) of a quandle&Q, which is entirely
topological and has the merit to open up the way to a full-feebigomotopy theory: Fenn,
Rourke, and Sandersot¥] constructed a classifying spaB& for a rackX, which allowed
them to define (co)homology and homotopy groups for each rélokir construction can
be adapted to quandI€} so that the resulting classifying spa8®is a topological model
for quandle (co)homologhl..(Q) = H.(BQ) andH*(Q) = H*(BQ). Our construction of
K corresponds precisely to the 2-skeletorBa].

The homotopy groupsi(BQ) have not yet played a role in the study of quandles.
It turns out, however, that our algebraic fundamental grmy(,q) coincides with the
fundamental group of the classifying spacg(BQ,q), at least in the case of a connected
guandle. Starting from the algebraic notion of quandle doge we thus recover and
remotivate the topological construction of Fenn, Rourkel Sanderson.

8.4. Theft or honest toil? In order to define the fundamental group of a quar@lene
could thus take its classifying spaB& and setrn (Q,q) := m(BQ,q). Does this mean
that we could entirely replace the algebraic approach byjfislogical counterpart? Two
arguments suggest that this is not so:

e Even with an independeimpologicaldefinition of i (Q, q), one would still have
to prove that thelgebraiccovering theory of quandles behaves the way it does,
and in particular is governed by the fundamental group saééfiin order to
establish and exploit their relationship.
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e Quandle coverings differ in some crucial details from tagi¢al coverings{1.6),
which means that both theories cannot be equivalent in apgriaial way. It is
thus justified and illuminating to develop the algebraimttydndependently.

In conclusion it appears that algebraic coverings areesterg in their own right, and
that the algebraic and the topological viewpoint are comgletary.

9. EXTENSIONS AND COHOMOLOGY

Our goal in this final section is to establish a corresponddratween quandle exten-
sionsE : A ~ Q — Qand elements of the second cohomology grldQ, A). For abelian
groupsA this is classical for group extensions (see for example MaelP5, §1V.4] or
Brown [3, §IV.3]) and has previously been translated to quandle eidans This corre-
spondence has to be generalized in two directions in orceguty to our general setting:

e The usual formulation is most appealing for abelian grohpand has been inde-
pendently developed ir6] and [9]. For general galois coverings and extension,
however, the coefficient group can be non-abelian.

e For non-connected quandles the notion of extension musftreed in the graded
sense, because different components have to be treateddirally. The cor-
responding cohomology theoiy?(Q,A) deals with a graded quand@ and a
graded group\, both indexed by some fixed det

For racks such a non-abelian cohomology theory has prdyidaeen proposed by
N. Andruskiewitsch and M. Graid [§4]. In view of knot invariants, this has been adapted
to a non-abelian quandle cohomology H.[We will complete this approach by establish-
ing a natural bijection between EQ,A) andH?(Q,A) in the non-abelian graded setting,
which specializes to the previous formulation in the alvefian-graded case.

9.1. Non-abelian graded quandle cohomologyLet Q = | |, Qi be a graded quandle
and letA\ = i Ai be a graded group. We do not assuivi® be abelian and will thus use
multiplicative notation.

Remark 9.1. The first conomology(Q, ) consists of all graded mags Q — A with
0(Qi) C A, such thag(a) = g(axb) for all a,b € Q. These are the class functions, i.e.
functions that are constant on each connected componé&pt dfotice that the grading
of Q = li¢, Qi turnsH into a graded grougi1(Q,A) = [ic) HY(Q,A)i. If Q is graded
connected, i.e. eadd; is a connected component@f thenH(Q,A) = Miet Ni = A

In order to definé4?(Q,\) we proceed as follows.

Definition 9.2. The grading of the quandl@ = | Ji; Qi induces a grading of the product
Qx Q= Llic; Qi x Q. A 2-cochainis a graded mag: Q x Q — A with f(Q; x Q) C A,
such thatf (a,a) = 1 for alla € Q. We say thaf is a 2cocycleif

f(a,b)f(axb,c)=f(ac)f(axc,bxc) forallab,ceQ.

We denote byZ?(Q,A) the set of 2-cocycles. We say that two cocyde$’ € Z?(Q,A)
arecohomologou# there exists a graded map Q — A with g(Q;) C Ai such that

f(a,b) =g(a) *f'(a,b)g(axb) forallabeQ.

This is an equivalence relation @%(Q,A), and we denote bii?(Q,A) the quotient set.
Its elements areohomology classgs] of 2-cocyclesf € Z2(Q,A).
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Remark 9.3. Notice that the seE? of 2-cochains decomposes@$= [J;c; C? whereC?
consists of map$ : Q x Q — A;. Likewise, we obtairz? = [7i¢; Z? andH? = []i¢ HZ.

In the case wherA is an abelian group, or more generally a module over someR;ing
one can define in every degrees N an R-moduleC"(Q,/\) of quandlen-cochains with
values inA\, together withR-linear mapsd,: C" — C"*1 satisfyingé,d,_1 = 0. Such a
cochain complex allows us, as usual, to define the submoduleocyclesZ" = ker(d,)
and its submodule af-coboundarie®" = im(d,_1), and finally the cohomologi" =
Z"/B" as their quotient module. This construction respects-pading, and so cochains
C"=iai C", cocycleZ™ = [1;¢ Z", coboundarieB" = [1;¢, B, and finally cohomology
H" = Mic H" arel-graded modules.

In the non-abelian case we content ourselves thand H2. Notice thatH® can
be given a group structure by point-wise multiplicationr Fi¥ pointwise multiplication
works if A is abelian, but it fails in the non-abelian case. This mehas the quotient
H2(Q,A) is in general only a set. It has nonetheless a canonical wisg pamely the
class[1] of the trivial 2-cocycleQ x Q — {1}, which plays the rdle of the neutral element.

Remark 9.4 (functoriality in Q). Every graded quandle homomorphigm Q' — Q in-
duces a natural graded map: H?(Q,A) — H?(Q',A) mapping the trivial class to the
trivial class. More explicitly,¢p* sends[f] to [¢*f], wheref € Z?(Q,A) is mapped to
@' f € Z2(Q,N) defined by(¢* f)(a,b') = f(p(@), p(b').

Remark 9.5 (functoriality in A). Every graded group homomorphismA — A’ induces
a natural graded malp, : H?(Q,A) — H?(Q,/\’) mapping the trivial class to the trivial
class. More explicitlyg. sendgf] to [¢f], defined by composing: Q x Q — A with the
group homomorphismp: A — N'.

9.2. Classification of extensions.lt is a classical result of group cohomology that central
extensions of a grou@ with kernel A are classified by the second cohomology group
H2(G, ), see for example Browr8[ §IV.3], or Mac Lane 5, §1V.4]. We will now prove
that an analogous theorem holds for quandles and their beliaa graded extensions.

Lemma9.6. LetE: A ~ Q — Q be a graded extension of a graded quandle Q by a graded
groupA. Each set-theoretic section § — Q defines a unique graded map ® x Q — A
such that &) « s(b) = f(a,b) - s(axb). This map f is a quandIg-cocycle; it measures
the failure of the section s to be a quandle homomorphismtheamore, if §: Q — Q is
another section, then the associated quaridé®cycle f is homologous to f. In this way
each extension E determines a cohomology ofe(&s) := [f] € H2(Q,A).

Proof. Since the action oA\ is free and transitive on each fibpe?(a) with a € Q;, the
above equation uniquely defines the miapldempotency ofQ implies f(a,a) = 0, and
self-distributivity implies the cocycle condition:
[s(a) = s(b)] *s(c) = f(ab)f(axb,c) s[(axb)xc]  and
[s(a)xs(c)] * [s(b) xs(c)] = f(a,c)f(axc,bxc)s[(axc)«(bxc)].
Since both terms are equal, we obtéi@, b) f (axb,c) = f(a,c)f(axc,b«c), as desired,
which means that is a 2-cocycle. I is another section, then there exists a graded map
g: Q — A with S(a) = g(a)s(a). The defining relatios'(a) xS (b) = f'(a,b)s (a*b) thus
becomeg(a)s(a) = g(b)s(b) = f'(a,b)g(ax* b)s(axb). Comparing this tos(a) * s(b) =
f(a,b)s(ax b) we find thatf(a,b) = g(a)~*f’(a,b)g(a* b), which means that and f’
are cohomologous. In other words, the cohomology difisis independent of the chosen
sections, and hence characteristic of the extendton O
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Conversely, we can associate with each quandle 2-cohomolags[f] € H2(Q,A) an
extension ofQ by A:

Theorem 9.7. Let Q be a graded quandle and Ietbe a graded group. For each extension
E:A~Q—Qlet ®(E) be the associated cohomology class iA(&,A). This map
induces a natural bijectio®: Ext(Q,A) = H?(Q,A). If A is an abelian group, or more
generally a module over some ring R, thext(Q,A) and H*(Q,A\) carry each a natural
R-module structure, and is an isomorphism of R-modules.

Proof. We first note thatb is well-defined on equivalence classes of extensions. If two
extensionE: A ~ Qg LN QandEx: A~ Q, — Qare equivalent via a quandle iso-
morphismg: Q; — Qo, then every sectiog, : Q — Q1 induces a sectiog = @os;: Q—
Q2, and byA-equivariance the equatiaa(a) « s1(b) = f(a,b) - s;(axb) is translated to
s(a) *s(b) = f(a,b) - s2(axb), which means thab(E;) = [f] = P(Ez), as desired.

To prove the theorem, we will construct an inverse riapH?(Q,A) — Ext(Q,A) as
follows. Given a quandle 2-cocycle Q x Q — A, we define the quandl® = A x; Q as
the set |, @ with §; = A x Q; equipped with the binary operation

(u,a) % (v,b) = (uf(a,b), axb).

Idempotency is guaranteed lbya,a) = 1, the inverse operation is given by
(u,@)%(v,b) = (uf(axb,b)~%, axb),

and self-distributivity follows from the cocycle conditio

[(u,a@)*(v,b)] * (w,c) = (uf(a,b), axb) * (wc)
= (uf(a,b)f(axb,c), (axb)=c) and
[(u,@) * (w,c)]  [(v,b) * (w,c)] = (uf(a,c), axc) = (vf(b,c), bxc)
= (uf(a,c)f(axc,bxc), (axc)(bxc)).

The graded left action ok on the quandl€ = A x ; Qis defined by - (u,a) = (Au,a)
for all (u,a) € & andA € A;. Itis straightforward to verify that we thus obtain a graded
extensiom ~ A x 1 Q -~ Q with projectionp(u,a) = a.

Suppose thaf, ' € Z?(Q,A) are cohomologous, that is, there exigtsQ — A such
thatf'(a,b) = g(a)~*f(a,b)g(axb). Then the corresponding extensions are equivalent via
the isomorphisnp: A x; Q — A x ¢ Q defined byg(u,a) = (ug(a),a). Hence we have
constructed a well-defined map: H2(Q,A) — Ext(Q,A).

To see thatbW = id, let f € Z?(Q,A\) and consider the sectig Q — A x t Q with
s(a) = (1,a). The corresponding 2-cocycle is hencedW = id.

It remains to show tha#® = id. Given an extensioE: A ~ Q — Q, we choose
a sections: Q — Q and consider the corresponding 2-cocytle Z2(Q,A). The map
@: A x; Q— Q given byp(u,a) = u-s(a) is then an equivalence of extensions, which
provesW® = id.

Naturality and the module structure are easily verified. O

9.3. The Hurewicz isomorphism. On the one hand, the Galois correspondence estab-
lishes a natural bijection between quandle extensibnA ~ Q — Q and group homo-
morphismsm (Q,q) — A, see Theorem8.7 and7.19 On the other hand, the preceding
cohomology arguments show that the second cohomology g#3(@, ) classifies ex-
tensions, see Theoredn?. We thus arrive at the following conclusion:



46 MICHAEL EISERMANN

Corollary 9.8. For every well-pointed quandi@),q) and every graded groufy we have
natural graded bijections

H?(Q,A) = Ext(Q,A) = Hom(1a(Q,q),A).

If A'is an abelian group, or more generally a module over some Rnthen these objects
carry natural R-module structures and the bijections amnirphisms of R-modules[]

Finally, we want to prove thatl,(Q) = 1 (Q,g)ap. This is somewhat delicate @ has
infinitely many components: then the graded gram(®Q, q) is an infiniteproduct whereas
H2(Q) is an infinitesumof abelian groups. The correct formulation is as follows:

Theorem 9.9(Hurewicz isomorphism for quandles)et (Q,q) be a well-pointed quan-
dle with component&Q;, di)ici and graded fundamental group (Q,q) = [ic Ta(Q, Gi)-
Then there exists a natural graded isomorphispd®) = @i, 7(Q, Gi) ab-

Proof. In §8.3we have constructed a 2-compl€xhat realizes the fundamental groupoid
M(Q,Adj(Q)°) of a given quandI€, and thus the fundamental gromy Q, ¢) = 1 (K, G)
based at some given poigte Q. Notice that the connected component&aforrespond
to the connected components@f

We deduce an isomorphisii (K) 2 H»(Q) as follows. The combinatorial chain group
Ci1(K) is the free abelian group with basis given by the edges ofiidyetd , which is the 1-
skeleton oK. On the chain level we can thus defifieC; (K) — C,(Q) by mapping each
edge(a L, ax b) € C1(K) to the 2-chain(a,b) € C;(Q). (For the definition of quandle
homology, see] or [9]). It is readily verified that this maps 1-cycles to 2-cychasd
induces the desired isomorphisia(K) =2 H,(Q) on homology. We conclude that

H2(Q) = Hi(K) = @iei T (K, 0 )ab = @iei Ta(Q, Gi)ab
by appealing to the classical Hurewicz Theorem, see Spg8demTheorem 7.5.5]. [

9.4. Application to link quandles. Having the Hurewicz isomorphism at hand, we can
apply it to complete our study of link& ¢ S® and their quandleQk. In particular we
obtain an explicit correspondence between the Iongif{{dae nl(QK,q‘K), as explained in
§7.5 and the orientation clask] € H2(Qk ), as explained ing, §6.2].

Corollary 9.10. For every choice of base point'&@ QiK, the natural Hurewicz homo-
morphism h 1 (Qk,dk) — H2(Qk) is an isomorphism of graded groups, mapping each

longituder}, € m(Qx, ) to the orientation clasi] € Ha(Qx).

Proof. We know from Theoren7.21that 7 (Qk, 0k ) = 1 (f) is abelian, and sb is
an isomorphism. The Iongitudﬁ can be read from a link diagram, as explaineddn [
Theorem 13], as a word in the generatorgwf= Adj(Qx ), which corresponds to a path
in the complex associated to the link quan@e. Likewise, the homology clask;| €
H2(Qk) can be read from the link diagram, as explainedir§f.2], which corresponds to
a 1-cocycle in the same complex. The construction of thegtmmomorphisnh in the
proof of Theoren®.9shows thah(¢}) = [Ki]. O

Consider two oriented link& = Ky U--- LUK, andK' = K{ U--- LUK} in S3, and their
respective link quandle®x andQy:. We have a natural bijectiom(K) = m(Qxk ). Every
quandle isomorphisnp: Qx — Qg induces a bijectionr: m(Qx) = ™(Qk/) as well as
a graded isomorphism, : H2(Qx) = H2(Qs). We also know that for eachthe group
H2(Qk )i = ([Ki]) is either trivial or freely generated H¥i], and the same holds for its
isomorphic imageéi2(Qx )« = ([Kj]). This means thap, [Ki] = +[K};] for all i.
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Theorem 9.11. Two oriented links K= Ky LJ--- LUK, and K = K{ U --- LK}, in S® are
ambient isotopic respecting orientations and numberingoosfiponents if and only if there
exists a quandle isomorphisgn Qx = Q- such that, [Ki] = [K/] foralli =1,...,n.

Proof. Obviously, if K andK’ are ambient isotopic, then the quand@®s and Qx, are
isomorphic. Conversely, consider an isomorphismQk — Qg such thaip, [Ki] = [K/]
foralli=1,...,n. According to the characterization of trivial componemtsJorollary
7.22 we can assume that all componentskoind K’ are non-trivial. We number the
component,...,Qk of Qk such thatKi] € Ha(Qx) is supported byQl.. We choose
a base poinqiK € QiK for eachi = 1,...,n. In the adjoint group AdiQx ) this determines
group elements, = adj(q)). For eachi there are two generatofé,)* € m(Qx, ) of
the fundamental group, and we chodﬁa:orresponding to the given clai§] € Hx(Qk)
under the Hurewicz isomorphism. In this way we recover thk §roupmk = Adj(Qk)
together with the peripheral daten, ¢\ ) for each link componerk;. The quandle iso-
morphismg: Qk — Qg thus induces a group isomorphigm 71K = 7’ respecting the
peripheral data. According to Waldhausen’s resBilt [Corollary 6.5], there exists an ori-
entation preserving homeomorphidm (S3,K) = (S%,K’) such thatf, = ; for details
see [L9, Theorem 6.1.7]. Moreovef, can be realized by an ambient isotopy. O
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